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Abstract

The missing pattern pair problem, introduced in
(Inenaga, Kivioja & Mäkinen 2004), was motivated
by the need for optimization in Polymerase Chain Re-
action, a technique commonly used in bioinformatics.
The problem is to find a pair of patterns of the short-
est total length within a string of length n, where
the two patterns do not occur within a distance α
anywhere in the string. Inenaga et al. (Inenaga
et al. 2004) gave an algorithm with time complexity
O(min{αn log n, n2}) to solve this problem. In this
paper we propose an algorithm of time complexity
O(min{αn log n, n3/2}), improving on the quadratic
bound part of the earlier algorithm. We also design

a simple algorithm of time complexity O(n2

α log2 n),

which is O(n log2 n) if α = Θ(n).

Keywords: pattern discovery, complexity, algorithm.

1 Introduction

Pattern discovery problems are among the most in-
tensively studied problems in bioinformatics (Wang,
Shapiro & Shasha 1999). An example of such prob-
lems is that of finding a pattern which does not ap-
pear in a given string — this is known as the missing
pattern problem. This problem can be solved in time
O(n) where n is the length of the given string.

Inenaga et al. (Inenaga et al. 2004) introduced
the problem called missing pattern pair (MPP) prob-
lem, where we are to find a pair of patterns of the
shortest total length which do not appear in a given
string S within a predefined distance α. An algo-
rithm of time complexity O(min{αn log n, n2}) was
given in (Inenaga et al. 2004). The problem has prac-
tical use in optimizing the sensitivity of Polymerase
Chain Reaction methods — a standard technique for
producing many copies of a region of DNA. In this
paper we give an algorithm of O(min{αn log n, n3/2})
runtime, which should improve performance for the
cases where α is large.

In the following subsection, a brief review of the bi-
ological motivation of this problem is presented, for a
detailed version, please refer to (Inenaga et al. 2004).

1.1 Biological Motivations

Polymerase Chain Reaction (PCR) is used routinely
to producing multiple copies of a sub sequence of
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DNA. Primers in PCR refer a pair of short sequence.
The two primers hybridize to their binding side of
a target sequence, and this flanking the target se-
quence and makes the duplication of the flanked area
possible. One of the problem is that the primers can
bind to other sites rather than the targeting sites,
and result in incorrect flanking. In order to overcome
this problem, Adapter primers is designed. For spe-
cific primers, adapter primes bind short sequence to
them. It is argued in (Inenaga et al. 2004) that the
PCR process will be facilitated by identifying a short-
est missing pair as the adapter primers.

This paper is organized as follows: in Section 2 we
give the definitions and problem reviews. In Section 3
we propose a new method for solving the missing pat-
tern problem in time O(n), then we present how the
method can be extended to solve the missing pattern
pair problem in time O(min{αn log n, n3/2}) in Sec-
tion 4. In Section 5, an approach with running time

O(n2

α log2 n) is proposed, which has a complexity of

O(n log2 n) when α = Θ(n). Section 6 concludes this
paper.

2 Preliminaries

We try to follow as much as possible notations from
other literature. The symbol N denotes the set of
natural numbers. The symbol N+ denotes the set of
positive natural numbers.

Let Σ be a finite alphabet of size σ (σ is assumed
to be a constant in (Inenaga et al. 2004) and in this
paper 1). A word or a pattern is a string of symbols
over Σ, where the latter is more typically used to refer
to a substring of some (longer) word. The length of
a word S is denoted as |S|. The character at position
i of a string S is written S[i] (the starting position
being 0); while the substring of S from position i to
position j (i ≤ j) is written as S[i : j].

A pattern P of length k is said to occur at position
j of a string S if and only if j + k − 1 < n and
P = S[j : j + k − 1]. The set of all the positions that
a pattern P occurs in a string S is denoted Occ(P, S).
For example, Occ(AA,“AAATGCTAA”) = {0, 1, 7}.
A pattern P is a single missing pattern (SMP) w.r.t
a string S over Σif it does not occur at any position
of S, that is Occ(P, S) = ∅.

2.1 Sequence of k-mers

A k-mer is a word of length k. For any k ∈ N+, we let
Σ=k denote the set of all the words over Σ of length
k, that is, all the k-mers.

Given a string S and k ∈ N+, we can con-
struct a sequence of |S| − k + 1 k-mers by the po-
sitions which they occur, namely, S[0 : k − 1], S[1 :

1Σ is assumed to be {A, C, G, T} in the original application of
missing pattern.



k], . . . , S[n − k, n − 1] (k-mers in the sequence may
not be distinct). For any string S and k ∈ N+, we

let SEQk
S denote this corresponding sequence of k-

mers. The i-th k-mer in the sequence SEQk
S is writ-

ten SEQk
S [i] (the first k-mer being SEQk

S [0]). The

subsequence of SEQk
S from position i to j is written

as SEQk
S [i : j].

We let each character in Σ be represented by a
number from 0 to σ − 1. Each k-mer, say s, can then
be written as a string of numbers i0i1 . . . ik−1 where
each number ij in the string has a value from 0 to
σ − 1 which represents the character at s[j]. For ex-
ample, the 8-mer “AAATATGG” may be written as
“00020211” (or simply 20211), where 0 represents A,
1 represents G, and 2 represents T . In this way, for
any fixed k, there is a 1–1 mapping from Σ=k to the
natural numbers from 0 to σk−1. This representation
of k-mers is useful as indices to arrays or lookup ta-
bles. This coding is simplified version of the hashing
idea from (Karp & Rabin 1987), here we use a 1–1
mapping, as σ is assumed to be a constant.

Unless stated otherwise, for any k ∈ N+ and string
S, we assume members in Σ=k and SEQk

S to be of
this natural number form. Assuming that k is small
(k ≤ logσ n + 1, the same assumption is made in
(Inenaga et al. 2004) and a suffix tree is used, in which
each integer has O(log n) bits), each k-mer v ∈ Σ=k

uses only O(1) space. We shall now show that given

any S and k, the computation of SEQk
S in such a

representation can be performed very efficiently.
Given any S and k, we first compute SEQk

S [0],

then for any i > 0, SEQk
S [i] can be computed with

the value of the k-mer at position i−1 by the formula:

SEQk
S [i] = σ(SEQk

S [i − 1] − ⌊
SEQk

S [i − 1]

σk−1
⌋σk−1)

+ S[i + k − 1]

Thus we have the following result.

Lemma 1 For any string S and k ∈ N+, SEQk
S can

be computed in O(|S|) time.

Similarly, SEQk−1
S can be efficiently computed

from SEQk
S , by the following.

SEQk−1
S [i − 1] = ⌊SEQk

S [i − 1]/σ⌋ (1)

We let content(SEQk
S [i : j]) denote the set of

all k-mers which appears in the subsequence of k-
mers SEQk

S [i : j]. For simplicity, content(SEQk
S [0 :

|SEQk
S | − 1]) is written as content(SEQk

S). Let

SEQk
S(i, d) = SEQk

S [A : B] where A = max{0, i −
d + 1} and B = min{|S| − 1, i + d − 1}. Intuitively,

SEQk
S(i, d) are the k-mers of up to a distance d from

the position i. content(SEQk
S(i, d)) are the distinct

k-mers of up to a distance d from the position i.

Lemma 2 v ∈ content(SEQk−1
S ) if and only if there

exists v′ ∈ content(SEQk
S) such that v = ⌊v′/δ⌋, or

v = SEQk−1
S [|S| − k + 1].

Lemma 2 and Equation 1 together show that
content(SEQk−1

S ) can be computed completely from

content(SEQk
S) in time O(|content(SEQk

S)|).

3 Shortest Missing Pattern Problem

The shortest missing pattern problem, proposed
in (Inenaga et al. 2004), is to find the shortest sin-
gle missing pattern (SMP) w.r.t. a given string S.
(Inenaga et al. 2004) has proposed a solution based
on suffix trees which runs in time O(|S|) and space
O(|S|). It is well known that the suffix tree has a large
overhead and is difficult to implement. We propose
an alternative here which uses the same order of time
and space, but finds all the shortest SMPs w.r.t. to a
string S and easy to implement. Below we reproduce
a Lemma from (Inenaga et al. 2004) which we need
to show our result.

Lemma 3 For any string S, there exists an SMP of
length ⌈logσ(|S| + 1)⌉ w.r.t. S.

Proof: For any k, there are a total of σk possible
k-mers (that is, |Σ=k| = σk). A string S, on the
other hand, has at most distinct |S| − k + 1 k-mers.
If σk > |S| − k + 1, then there is a k-mer which does
not occur in S. Hence for any k ≥ ⌈logσ(|S| + 1)⌉,
there exists a k-mer which does not occur in S.

Below we list the algorithm which finds the short-
est SMPs. The algorithm conducts an exhaustive
search of all the k-mers, with decreasing values of
k, beginning from ⌈logσ(|S| + 1)⌉. The output is a
number k of the shortest length of the missing pat-
terns, and an array of bits B where for each v ∈ Σ=k,
B[v] = 1 if and only if v is a SMP.

Algorithm 1: Find all shortest SMPs
1. Let l = ⌈logσ(|S| + 1)⌉.
2. Compute content(SEQl

S).
3. For k = l to 1,
4. Allocate an array B of σk bits,

initializing each bit to 0.
5. For each v ∈ content(SEQk

S), set B[v] to 1.
6. (Note that elements in content(SEQk

S)
range from 0 to σk − 1.)

7. If all the bits in B are set to 1
(in which case there is no
missing pattern of length k or below),

8. output k + 1 and B′

(i.e. SMPs found in the previous iteration).
(Note: by Lemma 3 there is
at least one SMP at iteration k = l.)

9. Let B′ = B, and compute
content(SEQk−1

S ) from content(SEQk
S) (using

Equation 1 and Lemma 2).
10. End

Since content(SEQk−1
S ), B and B′ are of size σk for

the k-th iteration, the space requirement is O(σl) =
O(|S|). By Lemma 1, line-2 can be computed in time
O(|S|). There are a total of at most l iterations for
the loop at line-3, where each iteration takes time

O(σk). Thus the total time is O(
∑l

k=1 σk). Since
∑l

k=1 σk = σl +
∑l−1

k=1 σk = σl + σ(σl−1−1)
σ−1 ≤ 2σl, the

time complexity is O(σl) = O(|S|).

Theorem 4 Given any string S, Algorithm 1 finds
all the shortest SMP w.r.t S in O(|S|) time, using
O(|S|) space.

4 Missing Pattern Pair Problem

A missing pattern pair (MPP) P1 and P2 with thresh-
old α (written 〈P1, P2〉α) w.r.t. a string S is a pair of
patterns where:



1. either P1 or P2 is an SMP w.r.t S; or

2. both P1 and P2 occur in S, and ∀p1 ∈ Occ(P1, S),
∀p2 ∈ Occ(P2, S), |p1 − p2| > α. That is, no
occurrences of P1 occur within a distance of α
from P2 (and vice versa).

Our aim is to find a missing pattern pair with the
shortest total length.

Missing Pattern Pair (MPP)Problem
(Inenaga et al. 2004)

Input: String S and α ∈ N+.
Output: An MPP 〈P1, P2〉α w.r.t. S with

minimal |P1| + |P2|.

An algorithm for the MMP Problem with
time complexity O(min{αn log n, n2}) was given in
(Inenaga et al. 2004).

4.1 Preliminaries

We first introduce the Dynamic Perfect Hashing data
structure which will be used in our algorithm.

The Dynamic Perfect Hashing (Dietzfelbinger,
Karlin, Mehlhorn & Der 1994) is a data structure
which manages a dictionary (a set of key-data pair)
with O(1) amortized runtime cost in the following op-
erations: insert(k), delete(k), and getdata(k), where
k is the key used in the operation. Its space require-
ment is linearly proportional to the number of ele-
ments managed. We write k ∈ H just in case k is the
key for a key-data pair in H; H[k] denotes the data
part of the key-data pair in H with key k.

4.2 Finding Missing Pattern Pair

This is our strategy for solving the MMP problem.
We first run Algorithm 1 on the input string S. If it
returns an SMP of length ℓ (note that by Lemma 3
Algorithm 1 must return some ℓ ∈ N+), we know:

1. any shortest MPP 〈P1, P2〉α must have |P1| +
|P2| ≤ ℓ.

2. for any shortest MPP 〈P1, P2〉α, if |P1|+|P2| < ℓ,
then both P1 and P2 occurs in S.

Based on the output of Algorithm 1, we then exhaus-
tively search for all MPPs 〈P1, P2〉α of total length ℓ,
ℓ − 1, . . . 1.

We first give a subroutine (Algorithm 2) that looks
for MPPs 〈P1, P2〉 where the lengths of P1 and P2 are
fixed to, say, l1 and l2 respectively. Without loss of
generality we let l1 ≥ l2. By the argument above
we assume that P1 and P2 both appear in the given
string.

The subroutine first computes the sequences of k-
mers SEQl1

S and SEQl2
S . It then computes, as output,

a σl1 × σl2 matrix BBl1,l2 where for all u ∈ Σ=l1 and
v ∈ Σ=l2 , BBl1,l2 [u][v] = 1 iff there exists some i,

j ∈ N such that SEQl1
S [i] = u and SEQl2

S [j] = v and
|i − j| ≤ α. That is, 〈u, v〉α is an MPP just in case
BBl1,l2 [u][v] = 0. For notation simplicity BBl1,l2 [u]
refers to the array entries BBl1,l2 [u][v] with 0 ≤ v ≤
σl2 − 1. When it is clear from the context, BBl1,l2 is
written as BB.

Algorithm 2: Find all MPPs 〈P1, P2〉
where |P1| = l1 and |P2| = l2

1. Compute SEQl1
S , SEQl2

S , content(SEQl2
S (0, α)).

2. Allocate a σl1 × σl2 1-bit matrix BB,
initialize each bit in BB to 0.

3. Prepare dictionary H.
4 For each u ∈ content(SEQl2

S (0, α))
5. Let H[u] be the number of occurrences of

u in SEQl2
S (0, α).

6. For i = 0, 1, . . . , |SEQl1
S | − 1,

7. Let u = SEQl1
S [i],

8. For each key v ∈ H
(Note: v ∈ H ⇒ v ∈ content(SEQl2

S (i, α)).
9. Let BB[u][v] = 1.
10. The following updates H so that

v ∈ H ⇒ v ∈ content(SEQl2
S (i + 1, α)).

11. If i − α ≥ 0
12. Let v = SEQl2

S [i − α].
13. Decrease H[v] by 1.

If H[v] = 0 remove v′ from H.
14. If i + α + 1 < |SEQl1

S |
15. Let v = SEQl2

S [i + α + 1].
16. If v 6∈ H, let H[v] = 1,

else increment H[v] by 1.

In Algorithm 2, line 1 runs in time O(|S|); while
line 2–3 takes O(|BB|) time, that is, O(σl1 · σl2) =
O(σℓ). Line 4–5 runs in O(α) time. There a total
of |S| iterations for the loop at line 6. At each itera-
tion i, H contains at most min{2α + 1, σl2} distinct
entries. Thus line 8–9 runs in O(min{2α + 1, σl2})
per iteration. Line 10–16 runs in constant time
for each iteration. Algorithm 2 hence runs in time
O(|S|min{2α + 1, σl2}).

Lemma 5 Given string S, l1, l2 ∈ N+ where l1 ≥ l2,
Algorithm 2 takes time O(min{|S|σl2 , |S|α}) to find
all the MPPs 〈P1, P2〉α w.r.t. S where |P1| = l1 and
|P2| = l2.

4.3 Identify Missing Pattern Pair with Min-
imum Length

Firstly the following lemma can be deduced:

Lemma 6 Given BBl1,l2 , BBl1,l2−1 can be computed
with time O(σl1+l2 + α).

Proof: There are two cases that BBl1,l2−1[u][v] = 1:

1. There exists v′ such that BBl1,l2 [u][v′] = 1 and
with v = ⌊v′/σ⌋

2. u ∈ content(SEQl1
S (n − l2 + 1, α)), and v =

SEQl2−1
S [n − l2 + 1].

Totally there are σl1+l2 entries in BBl1,l2 and we just
need to scan through all the entries of BBl1,l2 (which

takes time cost σl) and to obtain content(SEQk
S , n−

l′ + 1, α) (which takes time O(α)) to compute
BBl1,l2−1.

With these, we are now ready to wrap everything
to obtain a better algorithm. Firstly we use the al-
gorithm for Section 3.1 to identify ℓ. Then we iter-
ate through all the possible combinations of (l1, l2)
(l1 + l2 ≤ ℓ) to obtain all the shortest MPPs.

As the two cases for (l1, l2) and (l2, l1) are sym-
metric, we just need to search the cases where l1 ≥ l2.
Denote δ(l) = min{l1, ℓ−l1}. The pseudo code is pre-
sented in Algorithm 3. For each l1, the algorithm will
search through all the possible values l2 (while avoid-
ing the symmetric cases) by using the result from
Lemma 6 to avoid recomputation. Algorithm 2 will
be employed for the combination (l1, δ(l1)) (given l1,
the largest possible value for l2 is δ(l1)).



Algorithm 3: Find the Shortest MPPs
1. Identify the shortest missing pattern length ℓ

with Algorithm 1.
2. Compute content(SEQl

S).
3. For l1 = ℓ − 1 to 1
4. Compute BBl1,δ(l1) with Algorithm 2.
5. For l2 = δ(l1) − 1 to 1.
6. Compute BBl1,l2 with Lemma 6
7. Record if there is a length l1 + l2

missing pattern is found.

The time cost is dominated by line 3-7 for Al-
gorithm 3. For each value of l1, line 4 takes
time O(|S|min{σδ(l1), α}), and line 5-6 takes time

O(
∑δ(l1)−1

l2=1 (σl2 + α)).

δ(l1)−1
∑

l2=1

(σl2 + α) ≤ σδ(l2)
1

σ − 1
+ (δ(l1) − 1)α

= O(σδ(l1) + (δ(l1) − 1)α)

As l1 < ℓ = O(log n), which means σδ(l1) =
O(|S|), also we know that δ(l1) = O(σδ(l1)) and
α ≤ |S|. Combine all these in, we have:

|S| min{σδ(l1), α} + σδ(l1) + (δ(l1) − 1)α

= O(|S|min{σδ(l1), α} + |S| + δ(l1)α)

= O(min{|S|σδ(l1) + δ(l1)α, |S|α + δ(l1)α})

= O(|S|min{σδ(l1), α})

Thus for each iteration of the outer loop, line 4-6
takes time O(|S|min{σδ(l1), α}). Lastly, sum up the
terms over the possible l1 values, we have:

∑

l1≤ℓ

|S|min{σδ(l1), α} ≤ |S|min{
∑

l1≤ℓ

σδ(l1),
∑

l1≤ℓ

α}

≤ |S|min{
∑

l1≤ℓ

σmin{l1,ℓ−l1}, ℓα}

≤ |S|min{
∑

l1≤⌈ ℓ

2
⌉

2σl1 , ℓα}

= O(|S|min{σ⌈ ℓ

2
⌉, ℓα})

= O(|S|min{
√

|S|, α log n})

For the space complexity, it is clear that it is
O(|S| + △), where △ represents the output size. If
we just want to identify one shortest MPP, the space
complexity is O(|S|). Formally, the time and space
complexity are concluded in Theorem 7.

Theorem 7 The missing pattern pair problem with
a given string S of length n and a threshold α can
be solved with time complexity O(min{n3/2, nα log n})
and space complexity O(n) with Algorithm 3.

5 Faster Algorithm with Large α

It may be noticed if we can replace Algorithm 2 in
Algorithm 3 with a faster subroutine, Algorithm 3
will result in less running time. In this section, a
faster procedure for large α is presented. A simple
data structure named Range Union Tree is defined to
serve the purpose of this algorithm.

5.1 Range Union Tree

For k-mer sequence SEQk
S , a report(i, j) query re-

ports the set of distinct elements of the subsequence
SEQk

S [i : j], that is content(SEQk
S [i : j]). At the

first glance, an array representation of SEQk
S will be

good enough to handle the queries. However this ap-
proach will not be efficient when the report queries
are numerous and there are high duplications for the
elements of SEQk

S . To serve the usage of this pa-
per, a balanced binary tree is adopted to represent
SEQk

S . An example is illustrated in Figure 1. Each

element of SEQk
S is assigned to a leaf node. For each

internal node v, we store an ordered list of the dis-
tinct integers contains in the leaf node of the subtree
which is rooted at v. The smallest and largest in-
dices in SEQk

S under each subtree is also maintained
at each internal node respectively. The space usage
for this tree is O(n log n) since each level of the tree
requires space O(n). To construct the tree, time cost
O(n log n) is enough by a bottom-up manner (which
is similar as the merge sort). For a report query, it
is easy to see that we just need to union O(log n)
ordered lists, which can be accomplished with time
complexity O(σk log n), as σk is the upper bound of
result list size. This tree is referred as the Range
Union Tree (RUT) in this paper.

Figure 1: A RUT for sequence SEQk
S =

{1, 3, 2, 4, 3, 1, 2, 3, 4, 1, 3, 2, 1, 4}.
To answer the query report(3, 9) the element between

SEQk
S [3] to SEQk

S [9], we just need to compute the
union of these sets associated with the shaded nodes.

5.2 An Algorithm Based on RUT

Denote SEQl
S(Q,α) =

⋃

i∈Q SEQl
S(i, α). Let Ql

u =

Occ(u,SEQl
S). The task to compute BB[u] is essen-

tially equivalent to compute content(SEQl2
S (Ql1

u , α)).

SEQl2
S (Ql1

u , α) consists a set of disjoint intervals (an
interval here means a consecutive subsequence of in-
dices eg. 1, 2, 3, 4, 7, 8, 9 is considered as two max-
imal disjointed intervals [1, 4], [7, 9]). The set of
maximal disjointed intervals can be stored as an or-
dered list for each u and can be computed for all the
u values simultaneously with time cost of O(n) by

scanning SEQl1
S once. An array A with size σl1 with

each entry indexed with u, 0 ≤ u ≤ σl1 − 1 may be
employed. The array entry at position u records the
last interval’s end index for u for the current scan-
ning. While scanning the l1-mer with u = SEQl1

S [i],
by comparing max{0, i − α} with A[i], we will know
whether a new interval should be open, or the last
interval should be just extended for u.

To compute content(SEQl2
S (Ql1

u , α)) (we extend
the content notation to a set of intervals), the set

of intervals contained in SEQl2
S (Ql1

u , α) can be com-
puted first, then with the RUT , the content of each
interval can be obtained. Lastly the union of the con-
tent of the intervals can be identified. The number of



disjointed intervals for each u is bounded by |S|/α+c
(from some constant c). For each u, we need query
the RUT at most |S|/α + c times. Each query will
cost time O(σl2 log n) and the time cost for each u,
0 ≤ u ≤ σl1 is O(|S|/ασl2 log n). Thus this approach
for computing BB will result in an method with time

complexity O(σl1 |S|/ασl2 log n)=O(n2

α log n).
Substitute it into Algorithm 3, we have:

Theorem 8 Based on RUT, the missing pattern
pair problem can be solved with time complexity of

O(n2

α log2 n)

6 Conclusion

In this paper, we proposed two deterministic algo-
rithms for the missing pattern problem and have im-
proved the bound for the MPP problem from O(n2)
to O(n3/2). Also we have demonstrated with a faster
subroutine for a MPP for given lengths, a faster al-
gorithm can be obtained under our framework.
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