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Abstract

A well known and effective approach to image segmentation
is based on the Mumford-Shah model, where finding an opti-
mal segmentation of an image is posed as the minimization of
an energy functional. The simplest of these models is math-
ematically tractable and desirable properties of the resulting
segmentations have been rigorously established. An important
step in the proofs involves establishing an “inverse isoperimet-
ric” type of bound. In particular, it can be shown that for
segmentations where it is impossible to decrease the functional
energy by merging any pair of regions, the length of the bound-
ary between two regions must be bounded above by their areas
and variation of the image itself. Recent work of one of the
authors has extended the Mumford-Shah segmentation model
to a Bayeasian setting. In this report we show that an “inverse
isoperimetric” type of bound also exists in this new setting.
The new bound can likewise be used to prove desirable prop-
erties of the corresponding segmentations.

Keywords: bound, image segmentation, region merg-
ing, Mumford-Shah, Bayesian.

1 Introduction

Image segmentation is a standard problem in the field
of image processing with many applications. The aim
is to partition an image into a set of regions that sat-
isfy desirable properties such as homogeneity within
regions and contrast between adjacent regions accord-
ing to some predetermined criteria. The value of seg-
mentation lies in the fact that it enables further pro-
cessing, such as image classification, to be performed
using higher-level structures of the image, rather than
individual pixels.

Many researchers have considered the problem
of image segmentation and a plethora of techniques
and algorithms exist. However, there is a lack of
work on evaluating and comparing the performance
of the various approaches and algorithms. Whilst
research is currently active in this area, as seen in,
say, (Zhang 2001) and (Martin & Fowlkes & Tal &
Malik 2001), few benchmark databases and standard
evaluation procedures exist, and selecting the best al-
gorithm for a particular application is usually a mat-
ter of trial and error. In light of this dilemma, it is
very useful to be able to establish the nature and
properties of segmentation algorithms analytically.
An analytic evaluation avoids the lack of rigour and
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objectivity in the alternative empirical approaches,
(Zhang 1996). The main aim of this paper is to
present an analytic result for the segmentation algo-
rithm described in (Crisp & Newsam 2000).

The particular approach to segmentation consid-
ered in (Crisp & Newsam 2000) is based on the well-
known Mumford-Shah energy functional. One of the
attractions of the Mumford-Shah functional is that it
is mathematically tractable and important properties
of its segmentations can be established analytically.
A good exposition of the analysis can be found in
the book (Morel & Solimini 1995). We will mainly
be concerned with the results in Chapter 5 where
Morel and Solimini present an in-depth study of the
simplest functional, the Mumford and Shah piecewise
constant model. This is the functional for which the
most complete and comprehensive theory is available.
The theory applies to a region merging approach to
minimizing the functional. A full description of the
algorithm and a demonstration of the quality of seg-
mentations produced is given in (Koepfler & Lopez &
Morel 1994).

It was observed by Crisp and Newsam, (Crisp &
Newsam 2000), that in a Bayesian setting the mini-
mizer of the Mumford-Shah functional with piecewise
constant image model can be re-interpreted as a max-
imum a posteriori (MAP) estimate within a class of
simple stochastic models for the image. By extending
the class of stochastic models, a new MAP segmenta-
tion functional was described.

In this paper, we address the obvious question
of the extent to which the analysis in (Morel &
Solimini 1995) and (Koepfler & Lopez & Morel 1994)
applies to the new MAP functional. Qur main in-
terest lies in a particular “inverse isoperimetric” type
inequality which is central to much of the Morel and
Solimini analysis. Our main result is that this in-
equality does indeed generalize (with some modifica-
tions) to the new functional. We also outline how the
new inequality can be used to establish some desirable
segmentation properties.

In the next section, we introduce some basic nota-
tion, describe the original Mumford-Shah functional,
and discuss the relevant “inverse isoperimetric” in-
equality. In the following section we outline the re-
gion merging technique used for approximating the
minimizers of the Mumford-Shah functional. In Sec-
tion 4 and Section 5, we discuss the extension of the
Mumford-Shah model to a Bayesian setting and in-
troduce the MAP functional. Though much of these
two sections is a repeat of the work in (Crisp &
Newsam 2000), we include it here in order to set the
notation and context. While the MAP functional it-
self is well-behaved, the region merging technique for
minimising it can have initialisation problems. In Sec-



tion 6, we introduce a “variance offset” and show how
it provides a good solution to the region merging ini-
tialisation problems. Our main result is presented in
Section 7. This is followed by a discussion of its sig-
nificance in Section 8. We conclude with a section on
future work.

2 The Mumford-Shah Model

A formal definition of segmentation is as follows:
An image can be described by a vectorial function
g : 2 = R™ where (Q is the region of interest and the
values in the range represent data such as pixel in-
tensity. The segmentation problem is to determine a
“reasonable” pair of values (u, K') where v is a simple
approximation of g and K is the boundary set. Here,
for clarity of exposition, we only consider scalar in-
tensities where n = 1, in which case the function rep-
resents a gray-scale image. We also assume (2 is a 2-D
rectangular domain.

An important effort in analysing the problem
of segmentation was made by Mumford and Shah,
(Mumford & Shah 1989). The simplest version of
their model is:

B(u, K) = /Q (=g ()

where the problem is to determine the “best” segmen-
tation of an image by minimizing the functional. Here
A is a scale parameter, u is constrained to be piece-
wise constant in each of the individual regions, and
((K) is the length of the boundary K. The parameter
A is preselected and controls the scale of the resulting
segmentations — small values yield fine segmentations
while large values yield coarse segmentations.

Many theoretical results have been established.
For example, Morel and Solimini (Morel & Solimini
1995) proved an important theorem due to Mumford
and Shah:

Theorem 1 Let g be a measurable bounded function
in Q. Then the minimum of E(u, K) = [, (u—g)*dz+
M(K) is attained at some K. Moreover, the mini-
mal boundary sets have the following geometric prop-

erty: Either the points of K are reqular, C* and with
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curvature bounded by SOL/\(‘Q), or the singular points

are of two types, namely, triple points where three
branches meet with 120-degree angles and boundary
points where K meets the boundary of Q at 90 de-
grees.

One of the first results needed in their proof is a
lemma, that determines an upper bound for the length
of the common boundary between a pair of regions de-
pending only on properties of the regions in question.
More specifically, they showed that if a segmentation
is 2-normal® then

Lemma:
A(8(0,0") < min(|0],|0")osc*(g) (1)

where [(6(0, 0")) is the length of the common bound-
ary between the two regions O and O'. The oscillation
osc(g) is the difference between maximum and mini-
mum gray values of g and is thus independent of the
segmentation.

1A segmentation is 2-normal if it is not possible to merge a pair
of regions without increasing the energy functional.

3 Region Merging

The problem of determining the optimal segmenta-
tion according to the energy functional is intractable
because the search space of all possible segmentations
is extremely large. Hence we seek a fast algorithm for
producing only a “reasonable” segmentation which we
hope will have desirable properties even though it is
not optimal. A detailed description of region merg-
ing is given in (Morel & Solimini 1995) and we only
present a brief discussion here.

Starting with an initial segmentation with very
small regions, we repeatedly select a pair of regions
to be merged until it is no longer possible to do so
without increasing the energy functional. When this
happens, the segmentation is, in some sense, locally
optimal for a given choice of scale parameter. In this
way, a segmentation can be calculated given any value
of scale parameter. The simplest choice of initial seg-
mentation is the so called trivial segmentation, where
each pixel is considered an individual region. Al-
though there are other schemes for initializing the seg-
mentation, we consider only the trivial segmentation
here. Before region merging takes place, the relevant
equations, derived from the continuous setting, must
be discretized. For example, in the Mumford-Shah
functional, the term

| w—g)rax

becomes

D (u—ygx)?

xEQN

and the boundaries are treated as edges between pix-
els. Thus, boundary curves can only bend at right
angles and their length is computed accordingly.

4 Extension to a Bayesian Model

One of the shortcomings of the Mumford-Shah Model
is that it can only handle simple “cartoon-like” im-
ages where the essential regions are nearly constant.
Said differently, if two adjacent regions had compara-
ble mean gray-values but different higher-order statis-
tics such as Gaussian variance, then a region-merging
algorithm will either merge both regions into one or
“undersegment” both, depending on the scale param-
eter A. This shortcoming was addressed in (Crisp &
Newsam 2000) by viewing the Mumford-Shah Model
from a Bayesian setting and then extending the image
model in an appropriate way. In order to introduce
notation and set the context for later sections, we re-
peat (with variations) the relevant contents of (Crisp
& Newsam 2000).

The original Mumford-Shah functional consists of
two terms, where the data fidelity competes with the
simplicity of the model. In a Bayesian setting, it is
natural to consider both the model and the condi-
tional data as random variables. Thus our problem is
to find the best segmentation model given the data.

Mopt = maxargu,s p(Mlg)
= maxarg,, p(g|M)p(M)/p(g)
= maxarg,, p(g|M)p(M)

min argy, { ~ In(p(gl M) - 1n<p<M>)}.

Observe the similarity between this model and the
Mumford-Shah functional. The former term corre-
sponds to data fidelity and the latter the model com-
plexity. Although there is no scale parameter, it is



implicit in the latter term since we have yet to define
a measure for the complexity of the model. Our task
is to minimize the functional:

—In(p(g|M)) — In(p(M)).

One difficulty with the Mumford-Shah functional
is in reconciling both terms with common mea-
sures, because the data-fidelity term requires a two-
dimensional measure to compute the integral whereas
the boundary between regions is one-dimensional.
Similar considerations hold for the Bayesian setting,
hence we introduce a new parameter and define

—In(p(M)) = ~I(K)

where K is the boundary set corresponding to M.
This is a natural choice since it equates the likelihood
of a model with its complexity and therefore encap-
sulates an “Ockam’s Razor” type of principle — i.e.
the simplest segmentation is the best. Note that this
argument can be put on a rigorous footing using the
Minimum Description Length (MDL) principle, as in
done in (Kanungo & Dom & Niblack & Steele 1994),
although a slightly different and more complicated
energy functional results.

Now we consider an image model which incorpo-
rates known data errors using stochastic methods.
For each region R; in the segmentation, we model

the image by
9(x) = pi +€(x)

where x = (2, y) is the coordinates of a pixel and the
noise €(x) is a zero mean Gaussian random variable.
In order to distinguish two regions with similar values
of p; but different noise variance, we allow the noise
variance to vary from region to region. Thus each
region R; has two model parameters, p; and ;. If we
assume the data errors are independent from pixel to
pixel, then we have

1 —(9(x) — mi)®

p(g(x)|pi, 04) = .

p(g|M) = HHP

i=1xER;

x)| i, 04)

where x € R;, 0; and p; are the parameter values for
R;, and N is the number of regions. Thus

—In(p(g|M)) ZZ(ln %)

i=1 xER;

In fact, it can be shown that this model is a direct
generalization of the Mumford-Shah functional. Con-
sider the simplification where the noise variance is
constant across the entire image. In other words o; is
replaced with a constant . Then

—In(p(g|M)) Z 3 (ln (oV21) + %)
i=1 xER;

The term In(o+/2m) is constant, so does not affect the
minimization. Hence, (ignoring the constant)

- ((glM))— (p(M))

—y Y

i=1 xER;

+vl( )-

Thus, by setting v = A/(202) we can recover the
Mumford-Shah functional.

It is well known that once the boundary set K is
determined for Mumford-Shah segmentation, the op-
timal estimated parameter values p; are determined
analytically by:

Hi = |R| Z

Similarly, it is easily shown that for the Gaussian
model the estimated values of u; are as given above
and the variances o; are determined by:

o} = |R|Z . (2)

5 Region merging in the Bayesian Model

For region merging algorithms, we wish to calculate
the change in energy corresponding to a merge be-
tween two regions.

E(K') —

E(K) = —Inp(g|M")

Inp(M')  (3)

In p(g|M)
+Inp(M) —

where K and K’ are the boundary sets corresponding
to M and M', respectively. In our notation we will
use the boundary set K as input to the energy func-
tion and the actual model as input to the probability
function p.

Because the negative log-likelihood is calculated
as a sum of contributions for each region, we see an
important advantage of region merging: Whenever
two regions are merged, the difference between the
log-likelihoods of the segmentation before and after a
merge depends only on the two regions in question.
It is easy to see that:

In p(M) — Inp(2’)

In other words, the second term of (3) is just the
length of the common boundary between two regions
multiplied by the scale parameter.

Given the optimal mean and variance parame-
ters above, it can be shown that the negative log-
likelihood for a segmentation M satisfies:

=7I(0(Ri, Ry)).

N

—In(p(g|M)) = > (In(2707) + 1) “; i
i=1
It follows that:
In(p(g|M)) —In(p(g|M"))

<|Rm|lna — |Ri|lno} — |R;|Ino} )
Therefore the change of energy induced by a merge is

E(K) - E(K') = <|R,,\1na — |R;|Ino? —

IR, Ino? ) AR Ry))- ()

For region merging algorithms, it is also necessary
to be able to update the model parameters after each
merge. In other words, if we use R;; to denote the
region obtained by merging R; and R; then we re-
quire update formulae for p;; and oy; in terms of



Wi, [5,04,0;5. It can easily be shown that:

2 ; (A2 N2
%ij = |Rz| + |R]| |R1|(Uz' + (i ,uz]) )
IR 02 + (y m“‘)) 5)
\Rilus + | B 1
i = e 6
i P (©)

To complete the description of the region merg-
ing algorithm, it only remains to specify the order in
which the regions are merged. Here, there is an im-
portant choice. The usual technique (see (Kanungo
& Dom & Niblack & Steele 1994) for instance) is
to take a greedy approach and to always merge the
pair of regions which yield the largest decrease in the
energy functional. Note that, the decrease is easily
calculated using equation (4). However, Crisp and
Newsam (Crisp & Newsam 2000) use a different tech-
nique. They associate with each pair of regions, a
critical value of A\ where the energy change associated
with the merger becomes zero. This critical value of A
is called the merge cost of the region pair. They then
select region pairs according to the size of the merge
costs, not AE. The cheapest merges are done first
and merging continues until the merge costs exceed
the stopping value of A. They refer to this algorithm
as the Full Lambda Schedule Algorithm (FLSA). Note
that FLSA was first reported in (Redding & Crisp &
Tang & Newsam 1999) and that the original motiva-
tion was in the work of Koepfler et al. (Koepfler &
Lopez & Morel 1994). Experimental results lead us to
suspect that FLSA is superior and it is the algorithm
we use.

6 An Offset for the Variance Estimates

It was noted in (Crisp & Newsam 2000) that the
region merging algorithm for minimizing the MAP
functional presents a problem as it stands. The algo-
rithm is initialized with each pixel being a separate
region, implying the initial estimates of the region
variances are all zero. However, the change in energy
in equation (4) involves taking logarithms of the re-
gion variances. While one way around this dilemma is
suggested in (Crisp & Newsam 2000), we have since
found that better results are obtained by using the
simpler approach of merely initializing the variance
estimates at some prescribed non-zero value. We de-
note this value by 02 and call it the variance offset.
The variance offset must be chosen carefully. If it
is too small, then experience shows that the segmen-
tations are dominated by a few large regions which ab-
sorb the remaining single pixel regions one at a time.
On the other hand, if the offset is too large, then the
resulting segmentations are similar to those from the
Mumford-Shah functional and so region variances are
not taken into account at all. It is easy to see why
the latter is so. If o7 and o} in (5) are replaced with

0} + 03, and 03 + 0§ then o} is likewise replaced by
03 +05. It follows that all region variances are offset

by the same amount, namely o3. If the offset is large
enough, it will dominate the true variances.

We conclude this section by noting that there are
other solutions to the initialisation problem. See for
instance Kanungo et al., (Kanungo & Dom & Niblack
& Steele 1994) and (Kanungo & Dom & Niblack &
Steele & Sheinvald 1995), where the problem of poor
estimates of variance for small regions was consid-
ered and possible solutions suggested. See also ear-
lier work of the authors, (Crisp & Tao 2002) where
a variation of FLSA called Synchronous Locally Best

Merging (SLBM) was suggested. The idea of SLBM
is to treat the initial merges as local processes operat-
ing independently. Other algorithms in the literature
look for globally best merges. These algorithms suffer
from “region domination” where large regions tend
to swallow individual pixels one by one before they
have a chance to merge with “correct” neighbours.
SLBM automatically avoids these problems by forc-
ing a merged region to wait for all other existing LB
merges by placing them in a queue.

7 A New Bound for the Bayesian Model

Recall that Morel and Solimini established a bound
given by equation (1) for 2-normal segmentations.
Equation (1) says that the length of the common
boundary between two regions is bounded above by
their areas, choice of scale parameter and oscillation
of the entire image itself. In other words, a 2-normal
segmentation will not have overly complex boundaries
given a reasonable choice of A and a well-behaved im-
age g. We seek to establish a similar bound for the
common boundary length in our Bayesian formula-
tion.

To prove our main result, we will require the region
variances to be bounded. In fact, we require

0 < off*(g) < of < 0s¢’(g) (7)

for all regions R; during every step of the segmenta-
tion. Note that the RHS inequality is always true.
The LHS is also clearly true for our algorithm if we
set

off?(g) = o

because o < o7 holds for the initial trivial segmenta-
tion and inspection of the update formula (5) shows
that merging a pair of regions can only increase the
variance (o;; > max(0;,0;)). Similarly, (7) holds for
any region merging algorithm which begins with re-
gions whose variances are non-zero as long as off*(g)
is set below the smallest variance.

We are now in a position to state our main result:

Lemma:

osc’(g) .
YI(6(Rs, Rj)) < o2 () min(|R;|, | R;]). (8)

Proof: By 2-normality, we have

0 > B(K)- B(K ©)
_ —(lnp<g|M)—1np<g|M'>)
AU6(Ri, By)). (10)

Hence, using the facts that |R;;| = |R;| + |R;| and
In(z) <2 —1 for all real z, we have

291(6(R;, Ry))

< 2Inp(g|M) —Inp(g|M’)
= <|R,~j|1nai2j - |Rz| In UiZ - |RJ| anJZ')
o2, o2,
= R:|ln Y R:lln 2L
(17im % + ms1m %%
o2 — g2 o2 — g2
< (IS m T )



From the update formulae for the model parameters
(5) and (6), we easily obtain

1
2 _g2 = ——~ [ |R:l(c2 =02
0“ 0; |Rz|+|R]|(| J|(a_7 az)
| Ril (i — pij)? + | R | (5 — Mz‘j)2>
|R;| (5 — i)
Mij — M s 5
! |Ri| + | R

and the analogous equations hold with indices ¢ and
j swapped. Therefore:

271(0(R;, R;))
o2 —o? o2 —o?
(|&'|(ﬁ7) + |Rj|(%)>
j

IN

— |Ri||Rj| 2 2 i i
- |R'|+|R-| @i\ zZ 2

_IRIRy| Kg__i)
71851 [\ " o

(s — ;)2 (5 R_)]
MR+ R \? T 22

|[Ril| R KOSC(Q)

|Ri| + |R;| [\ off(g)  osc(g)
osc™(9) |R|+|R|
|R|+IR|( off )]

20sc (g) )
off*(g) /-

IA

< min(el 17
from which (8) follows.

8 Discussion

Our result only differs from (1) by the presence of
the offset term in the denominator. The offset repre-
sents a trade-off between the tightness of the bound
and data fidelity. If the offset is too small, then the
bound is meaningless. If the offset is too large, we
have recovered the Mumford-Shah formulation. Note
also that our bound depends only on the ratio of oscil-
lation and offset, which implies that a linear transfor-
mation in gray-scale values will not alter the bound.
This property does not hold for the original Mumford-
Shah model.

In (Morel & Solimini 1995), the authors deduce
from their original bound that for a large scale pa-
rameter, small regions will be eliminated when the
segmentation becomes 2-normal. More specifically,
they establish a lower bound for the area of any re-
gion O:

288|2|osc (g) ()
exx = /|0losc?(g)

CO\®
ol>—-2
o= 2882|Q|20sc!2(g)
where C' is the isoperimetric constant in Q. By fol-

lowing the proof in (Morel & Solimini 1995), we can
easily arrive at a similar bound:

or

Lemma:
0] > 06760512( )
~ 2882|02|20sc!?(g)

This result is useful from an image processing point of
view since it establishes that a small cluster of pixels
will never be treated as a separate region provided
the scale parameter is sufficiently large.

9 Future Work

Now that we have established the bound (8), an ob-
vious question is: Can the bound be used to prove
a result for the MAP functional which is analogous
to Theorem 1?7 We believe that such a result does
indeed hold by adapting the proofs in (Morel &
Solimini 1995). We intend to follow up on this soon.

One significant difficulty with the Mumford-Shah
functional is that there is no automatic method for se-
lecting the scale parameter which controls the trade-
off between data fidelity and model complexity, and
our Bayesian framework fails to address this. At
present, the algorithm is run with different values
of A and a human operator must decide the “best”
segmentation. Minimum Description Length (MDL)
avoids these problems by equating the cost of a seg-
mentation with the number of bits necessary to en-
code it, see (Kanungo & Dom & Niblack & Steele &
Sheinvald 1995), but the resulting functional is dif-
ferent. We believe that the differences do not affect
the validity of our algorithm and that MDL offers a
sound way of choosing the stopping value of A\. We
hope to investigate this further in the future.

Another method of removing the choice of scale-
parameter is the method of L-curves. This requires
that segmentations be computed for all values of A
and then a graph can be drawn showing the relation-
ship between model complexity and data fidelity. The
optimum segmentation can be defined as that corre-
sponding to the point with some desirable property
such as “greatest curvature” on the L-curve. Obvi-
ously this method depends on the ability to calculate
segmentations for many values of A quickly and effi-
ciently. In this respect, a useful property of segmen-
tation algorithms is causality, i.e. given two values
of parameter A\; < A2 and corresponding segmen-
tations My, Ms, the set of curves in the segmenta-
tion M3 should be contained in that of M; (Morel &
Solimini 1995). One of the advantages the FLSA al-
gorithm has over a greedy approach is that causality
holds and hence L-curves are easily calculated.

Another question concerns the choice of initial
variance o3, which should only depend on the data g.
As noted before, we must not set the initial variance
too large or too small. Clearly we should also avoid
the loss of useful information in the image. Hence we
enforce the condition that if one pixel has intensity
greater than that of a neighbour, then it should be
“highly probable” the inequality will not be reversed
when the error noise N (0, 0p) is taken into account. If
we define the gray-scale resolution € to be the mini-
mum non-zero difference between pixel intensities for
a discretized image, then it is reasonable to assume
that the initial variance is porportional to the gray-
scale resolution with o9 = keg. There is no obvious
choice of k and this needs to be addressed.
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