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Abstract

For a finite ground set V, we call a set-function
r: 2 — Z7T monotone, if 7(X’) > r(X) holds for
each X' C X C V, where Z7 is the set of nonnegative
integers. Given an undirected multigraph G = (V, E)

and a monotone requirement function r : 2¥ — Z7F,
we consider the problem of augmenting G by a small-
est number of new edges so that the resulting graph
G’ satisfies dg/(X) > r(X) for each ) # X C V,
where dg(X) denotes the degree of a vertex set X
in G. This problem includes the edge-connectivity
augmentation problem, and in general, it is NP-hard
even if a polynomial time oracle for r is available. In
this paper, we show that the problem can be solved
in O(n*(m+nlogn+q)) time, under the assumption
that each ) # X C V satisfies 7(X) > 2 whenever
r(X) > 0, where n = |V|, m = [{{u,v} | (u,v) € E}|,
and ¢ is the time required to compute 7(X) for each
XCV.

Keywords: undirected graph, edge-connectivity, con-
nectivity augmentation problem, monotone require-
ment, polynomial time deterministic algorithm

1 Introduction

In a communication network, graph connectivity is a
fundamental measure of its robustness. The connec-
tivity augmentation problems have been extensively
studied as an important subject in the network design
problem (Grétschel, Monma & Stoer 1995) and so on,
and many efficient algorithms have been developed so
far (see (Frank 1994, Nagamochi & Ibaraki 2002) for
surveys).

Let G = (V, E) be an undirected multigraph and
de(X) be the number of edges between X and V — X
in G. A graph G = (V, E) is k-edge-connected if ev-
ery set ) # X C V satisfies dg(X) > k. We con-
sider the following problem of augmenting a given
graph to meet the required edge-connectivity (RE-
CAP): given a graph G = (V,E) and a nonnega-
tive integer set-function r : 2V — Z+ where Z* de-
notes the set of nonnegative integers, add a small-
est number of new edges F' so that the augmented
graph G + F = (V,E U F) satisfies dgyp(X) >
r(X) for every 0 # X C V. This formulation
includes the edge-connectivity augmentation problem
(ECAP) , the local edge-connectivity augmentation
problem (LECAP), the node-to-area edge-connectivity
augmentation problem (NAECAP), and so on.
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Let us briefly survey the developments in the edge-
connectivity augmentation problems. ECAP is equiv-
alent to RECAP in the case where every ) # X C V
satisfies r(X) = k for a given integer k € ZT. Watan-
abe and Nakamura (1987) showed that it is polyno-
mially solvable. The fastest known algorithm for it
achieves complexity O(mn + n?logn) due to Nag-
amochi (2003), where n = |V| and m = [{{u,v} |
u,v € V}.

In LECAP, we are given a local edge-connectivity
requirement function r’(u,v) € Z* on the set of pairs
of vertices u and v, and hence the function r in RE-
CAP is regarded as r(X) = max{r'(u,v) |u € X,v €
V — X}. Clearly, LECAP includes ECAP as a spe-
cial case. Frank (1992) showed that it is polynomially
solvable. The fastest known algorithm, proposed by
Gabow (1994), runs in O(n?mlog (n?/m)) time.

In NAECAP, we are given a family W of spec-
ified vertex subsets called areas and a requirement
function (W) on the family of areas W € W, and
asked to augment G so that the edge-connectivity
between each pair of W € W and v € V — W be-
comes at least 7/(W); in the augmented graph G,
every set ) £ X C V is required to satisfy dg/ (X) >
(W) for each area W € W with WN X = 0 or
W C X. Hence, the function r in RECAP is re-
garded as 7(X) = max{r' (W) | WNX = 0, or
W C X}. NAECAP is also an extension of ECAP,
because if (W) = k holds for each area W € W
and some area W’ € W satisfies |W’| = 1, then the
function r satisfies r(X) = k. Miwa and Ito (2004)
showed that even if /(W) = 1 holds for every area
W € W, NAECAP is NP-hard. On the other hand,
Ishii and Hagiwara (2006) showed that the case where
(W) > 2 for every area W € W can be solved in
O(n3|W|(m + nlogn)) time.

More generally, RECAP can be extended to a
problem of covering a given nonnegative integer set-
function p : 2¥ — Z7T by a smallest number of graph
edges, where we say that an edge set F' covers p if
dy,r)(X) > p(X) for every X C V. The pin RECAP
is regarded as p(X) = max{0, max{r(X),r(V-X)}—
de(X)} (note that the degree of each set ) £ X C V
needs to be augmented up to max{r(X),r(V — X)
since G is undirected). Benczir and Frank (1999
showed that if p is a symmetric supermodular set-
function, then such a problem of covering p can be
solved in polynomial time, where p : 2V — Z7T is
symmetric if p(X) = p(V — X) for every X C V, and
p is (crossing) supermodular if p(f) = 0 and

p(X) +p(Y) <p(XNY) +p(XUY) (1.1)

for every X, Y C V with p(X) > 0, p(Y) > 0 and
XNY#D#V —(XUY). Since —dg is symmetric
supermodular, ECAP is a special case of this problem.

On the other hand, the functions p defined in
LECAP and NAECAP are not symmetric supermod-



ular, but symmetric skew-supermodular, as observed
in (Frank 1992) and (Ishii & Hagiwara 2006), respec-

tively, where p : 2V — Z71 is skew-supermodular if
p(@) = 0, and at least one of (1.1) and

p(X)+p(Y) <p(X —V)+p(Y - X)  (12)
hold for every X, Y C V with p(X) > 0 and p(Y) > 0.
Note that the problem of covering symmetric skew-
supermodular functions is NP-hard since so is NAE-
CAP. Recently, Nutov (2005) proved that this prob-
lem is APX-hard and 7/4-approximable in polynomial
time under the assumption that a polynomial time or-
acle for minXgV{ZveX g(v) + d(V7F)(X) —p(X)} is
available, where g : V' — Z7T is a function on V and
F denotes a set of edges on V' (note that such an
oracle for a supermodular function p is always avail-
able as pointed in (Benczir & Frank 1999)). Some
other problems as the element-connectivity augmen-
tation problem (ELCAP) are also included in this
problem as its special case, and ELCAP was shown
to be NP-hard even if r € {0,2} (Kirdly, Cosh &
Jackson 1999, Nutov 2005). It remains a challenging
question which type of the problem of covering sym-
metric skew-supermodular functions is polynomially
solvable or not.

In this paper, we consider the edge-connectivity
augmentation problem with monotone requirements
(MECAP), which is RECAP with a monotone func-
tion r, where r : 2V — Z% is monotone if r(X’) >
r(X) holds for every two sets X', X C V with ( #
X' C X. NAECAP with W and ' : W — Zt
is equivalent to MECAP with r”, where r""(X) =
max{r’' (W) | WNX = 0} for each ) # X C V.
Indeed, the function r” is monotone and the function
r in NAECAP satisfies r(X) = max{r"(X),"(V —
X)}. On the other hand, MECAP with r is equiva-
lent to NAECAP with W ={W Cc V | »(V-W) > 0}
and r’'(W) = r(V-W), W € W. Indeed, for each () #
X C V, we have max{r' (W) | WNX =0, W € W} =
r(X) by the monotonicity of 7. In this sense, we may
say that MECAP is a reformulation of NAECAP. It
follows that the function p defined in MECAP is sym-
metric skew-supermodular and MECAP is NP-hard
in general. However, the method of applying Ishii and
Hagiwara’s algorithm (2006) to NAECAP with W =
{Wcv|r(V-W)>0}and (W) =r(V - W),
W € W is not a polynomial time one for MECAP, be-
cause their algorithm depends on the number of areas
and {W Cc V | r(V — W) > 0}| may be exponential
in n and m. In this paper, we propose an algorithm
for solving MECAP in O(n*(m + nlogn + q)) time,
under the assumption that each ) # X C V satis-
fies 7(X) > 2 whenever r(X) > 0, where ¢ is the
time required to compute (X ) for each X C V; this
gives rise to a polynomial time algorithm under the
assumption that ¢ is polynomial in the input size of
the problem. In NAECAP with W and r’, we have
r(X) = max{r' (W) | WNX = (0}, and hence r(X)
can be computed in O} ¢y [W]) time; our algo-
rithm is a polynomial time one also for NAECAP
under the assumption that (W) > 2 holds for each
W € W. Moreover, its time complexity improves
Ishii and Hagiwara’s one (Ishii & Hagiwara 2006)
in some case; e.g., in the case of n = o(|W]) and
>wew W] =0(m+nlogn).

The paper is organized as follows. In Section 2,
we define MECAP, after introducing some basic nota-
tions. In Section 3, we derive lower bounds on the op-
timal value to MECAP, and state our main result that
MECAP is polynomially solvable under the assump-
tion that 7(X) > 2 holds for every X C V whenever
r(X) > 0. In Section 4, we introduce the so-called

edge-splitting operation, and give an algorithm for
solving MECAP, based on these lower bounds and the
edge-splitting operation. In Section 5, we prove the
correctness of the algorithm. In Section 6, we give
concluding remarks. Due to space limitation, some
proofs are omitted.

2 Problem Definition

Let G = (V, E) stand for an undirected graph with a
set V of vertices and a set E of edges. An edge with
end vertices v and v is denoted by (u,v). We denote
V| by n (or by n(G)) and [{{u,0}|(u,0) € E}| by
m (or by m(G)). A singleton set {z} may be sim-
ply written as x, and “ C ” implies proper inclusion
while “ C” means “ C” or “=". In G = (V, E),
its vertex set V and edge set E may be denoted by
V(G) and E(G), respectively. A maximal connected
subgraph G’ in a graph G is called a component of
G (for notational convenience, a component H may
be represented by its vertex set X = V(H)). For a
subset V' C V in G, the subgraph induced by V' is
denoted by G[V'] or G — (V — V’). For an edge set
E’ with E' N E = {), we denote the augmented graph
(V,EUE") by G+ E'. For an edge set E’, we denote
by V[E’] the set of all end vertices of edges in E’.

For two disjoint subsets X,Y C V of vertices, we
denote by E¢(X,Y) the set of edges e = (x,y) such
that z € X and y € Y, and also denote |Eg(X,Y)| by
de(X,Y). In particular, dg(X,V — X) may be writ-
ten as dg(X). Moreover, we define dg(0) = dg(V) =
0. For two sets X, Y C V in a graph G = (V, E), we
say that X and Y intersect each other in G if none
of XNY, X -Y, Y — X is empty. For a graph
G = (V,E), every two sets X,Y C V satisty the fol-
lowing equalities.

dg(X)+ dG(Y) = dg(X n Y) + dG(X @] Y)
P2de(X —Y,Y - X).  (2.1)
da(X)+dg(Y) = do(X -Y)+dg(Y - X)

+2da(X NY,V—(X UY))(2.2)

Given a ground set V, a set-function r : 2V — Z+
is called monotone if r(X’) > r(X) holds for each
set X, X’ with ) # X’ € X C V. In this paper,
we consider the following connectivity augmentation
problem with monotone requirements.

Problem 2.1 (Edge-connectivity augmentation
problem with monotone requirements, MECAP)
Input: An undirected graph G = (V, E) and a mono-
tone function r: 2V — ZT.

Output: A set E* of new edges with the minimum
cardinality such that each set ) £ X C V satisfies
dG+E*(X) Z’I"(X) O
We call a set X C V r-mazimal if r(X) > 0 and
r(X’) = 0 holds for each set X’ D X. Let R denote
the family of r-maximal subsets of V. A set ) # X C
V' is called properif X C M or V — X C M for some
M € R. Let A (resp. B) denote the family of proper
sets X such that X (resp. V — X) is contained in
some r-maximal set (note that some proper set may
belong to both of A and B). From the symmetry of
dg, a set F' of edges is feasible to MECAP if and only
if all proper sets X satisfy dgyp(X) > R(X), where
R(X) = max{r(X),r(V — X)}. For a set-function
p' 12V — Z*, we say that an edge set E’ covers p’ if
dev,py(X) > p/(X) for each set X C V. We remark
that a set E’ of edges is feasible to MECAP if and
only if E’ covers p, where

p(X) = max{0, R(X) — dg(X)} for every
set 0 £ X C V, and p(0) = p(V) = 0.



As mentioned in Section 1, p is symmetric skew-
supermodular. We here give its proof for completing
the paper.

Lemma 2.2 Let r 2V — ZT be a monotone
set-function on V.  Then p is symmetric skew-
supermodular. O

Let A* (resp. B*) denote the family of proper sets X

in A (resp. B) with r(X) > r(V — X) (resp. r(X) <
r(V — X)). Note that each proper set belongs to A*

or B* and that X € A* if and only if V — X € B*.

By the monotonicity of 7, it is not difficult to see the

following.

Lemma 2.3 Let v : 2¥ — ZT be a monotone set-

function on 'V and X be a proper subset in G =
(V. E).

(i) If X € A*, then any set ) # X' C X belongs to A
and R(X") > r(X') > R(X).

(ii) If X € B*, then any set V D X' D X belongs to

B and R(X') >r(V - X') > R(X). O

PROOF of Lemma 2.2: Clearly, p is symmetric by
the symmetry of dg and R. Since dg satisfies both
of (2.1) and (2.2), it suffices to show that R is skew-
supermodular. For this, we show that every two inter-
secting proper subsets X, Y of V with p(X),p(Y) > 0
satisfy the followings (note that the cases of X C Y
or X NY = 0 clearly satisfy (1.1) or (1.2)):

If( ) X, Y € A% (b) X, Y € B*, or (c)

e A*, Y e B*, and V = X UY, then (2.3)

R( )+ R(Y) <R(X —Y) +R(Y — X).
IfX €AY eB* V+#XUY, then 04
R(X)+RY)< RXAY)+R(XUY). &9
In the case of (a) (resp. (b)), Lemma 2.3(i) implies
that R(X-Y) >r(X-Y) > R(X) and R(Y — X) >
r(Y = X) > R(Y) (resp. R(Y —X)>r(Y —X) >
R(V-X)=R(X)and R(X-Y) > r(X-Y) > R(V—
Y)=RY) from V-X,V— YEA) mplying (2.3).
In the case of (c), R(X —Y) = R(V —Y) = R(Y)
and R(Y — X) = R(V — X) = R(X ) imply (2.3).
In the remaining case, we have R(X N Y) > R(X)
(resp. R(XUY) > R(Y) ) by Lemma 2.3(i) (resp. by

Lemma 2.3(ii) and V # X UY'), which implies (2.4).
O

3 Lower Bound on the Optimal Value

For a graph G and a fixed function r : 2V — Z+,
let opt(G,r) denote the optimal value to MECAP in
G, i.e., the minimum size |E*| of a set E* of new
edges which covers p. In this section, we derive lower
bounds on opt(G,r) to MECAP with G and r.

A family X = {X1,..., X} of nonempty vertex
sets in G = (V, E) is called a subpartition of V, if
every two sets X;, X, € X satisfy X; N X; = 0. If
X is proper, then it is necessary to add at least p(X)
edges between X and V — X. Let

a(G.r) =mpe{ 7 560},

Xex

(3.1)

where the maximization is taken over all subpartitions
of V. Then any feasible solution to MECAP with G
and r must contain an edge which joins two vertices
from a set X with p(X) > 0 and the set V — X.
Therefore we see the following lemma.

Remark 3.1 opt(G,r) > [a(G,r)/2] holds. O

We remark that there is an instance with

opt(G,r) > [a(G,r)/2]. Figure 1 gives an instance
where R = {M7, M2, M3} and all proper sets X sat-
isfies R(X) = 2. Each set {v;}, i = 1,2,3,4,5 is

proper, p(v;) = 2 —dg(v;) = 1 for i = 1,2,3,5 and
p(va) =2 —dg(vse) = 2. 1t is not hard to see that in
(3.1) the maximum is achieved for the subpartition
{{ui}, {Uz} {vs}; {va}, {vs}} and [a(G,r)/2] = 3. In
order to obtain a feasible solution of three edges, we
must add E' = {(v1,v2), (vs,v4), (vg,v5)} or B/ =

{(v1,v4), (v, v4), (vg,v5)} without loss of generality.
In both cases, E’ is infeasible because the proper set
X satisfies dG+E/ (X)=1for X = My — {v4,v5} in

the former case and X = M; — {v5} in the latter
case. We will show that all such instances can be

Figure 1: Hlustration of a graph G with opt(G,r) >
|—oz(C2¥,r) -| )

completely characterized.

Definition 3.2 We say that a graph G has prop-
erty (P) if there is a subpartition X of V with
Y xex P(X) = a(G,r) satisfying the following con-
ditions (P1)—(P3) :

(P1) a(G, r) is even.

gPQ; There is a set X* € X with p(X*) = 1.

P3) Let Xy denote the family of proper sets X € X
with dg(X) = 0 and p(X) = 2. For each X € X —
Xy — {X*}, there is a set Yx € B* such that the
following (i)—(iv) hold: (i) X UX* C Yx, (i1) V —
Yx — (Uxrex, X)) # 0, (100) D xicx xrcyy PX') <
p(Yx) + 1, and (iv) every set X' € X satisfies X' C
Yx OT'X/ﬂYX:@. O

Note that G in Figure 1 has property (P) because
a(G,r) = 6 holds and the subpartition X = {X* =
{vs}, Xa = {v1}, Xo = {va}, X5 = {v3}, Xy = {va}}
of V satisfies X1 = {X4}, Yx, = (V — Ms) U {ws},
= (V - Mg) @] {1)5}, and YX3 = (V - Ml) U105

Lemma 3.3 If G has property (P), then opt(G,r) >
[a(G,r)/2] + 1.

PRrROOF: Assume by contradiction that G has prop-
erty (P) and there is an edge set E* with |E*| =
a(G,r)/2 such that E* covers p (note that a(G,r) is
even by the property (P1)). Let X = {Xi,...,X;}
denote a subpartition of V' satisfying )y, p(X) =
a(G,r), p(X) > 0 for each X € X, and the above
(P2) and (P3). Since |E*| = (G, r)/2 holds, each set
X € X satisfies dg/(X) = p(X), where G' = (V, E*).
Therefore, any edge (z,2’) € E* satisfies z € X and
a’ € X' for some two sets X, X' € X with X # X'.
Hence ), o xndar(v) = dar(X") for X" € {X, X'}
From this, there exists a set X; € X — {X*} with
Eq (X*, X1) # 0. Now note that X —X; — {X*} £ 0



holds since otherwise a(G, r) = 2|X1|+1 by the prop-
erties (P2) and (P3), contradicting that a(G,r) is
even.

Assume that X; € X — X] holds. Since G satis-
fies property (P), there is a set Yx, € B* which satis-
fies (P3), and hence Zuerl der(v) = ZX,GX}X,CYXI
dor(X') = ¥ xrewnrore, PIX') < p(Ya,) + 1. Since
G'[YXx, ] contains one edge in F¢ (X7, X*), the proper
set Yx, satisfies dg/(Yx,) < p(Yx,) — 1, which con-
tradicts that E* covers p.

Assume that X; € Xj. From the properties (P2)
and (P3), we have dg/(X* U X;) = 1, and this
implies that there exists an edge e € E* connect-
ing X; and some set in X — {X* X;}. Let X] =
{X*, X1,Xs,..., Xy, Xpy1} be the family of sets in
X such that we have X; € X} for each i =1,2,... ¢
and Xt’+1 € X — &7 and EG/(Xi,XiJrl) 7é () for
each i = 1,...,t (note that such X y; exists by
X — X — {X*} # 0). Note that such X} is deter-
mined uniquely by

de/(X*) =1 and dg/(X) = 2 for each X € Aj. )
From the definition of property (P), there is 25356‘2
Yx, ., € B satisfying (P3) for Xpy1. Let Yypq =
Yx,,, U (UXGX{X). Since we have Yy 41 2 Yx,, | €
B*and V —Yx,,, — (Uxex, X) # 0 (by the property
(P3)), Lemma 2.3(ii) implies that Y3 4, is also proper
and R(Yy4+1) > R(Yx,,,). Note that dg(Yy41) =
da(Yx,,,) by dg(X) = 0 for each X € X. It follows
that p(Yr41) > p(Yx,,,,). Thus, we have

> dar(v) < (p(Ypga) + 1) +2¢

vEYy 4y

(3.3)

by ZUEYXtUrl dG’(U) é p(YXt’+1) + 1’ (32)7 and
p(Yy+1) > p(Yx,,,)- Also by (3.2), we can observe
that each edge in E* incident to (UXexlz,{Xt,H}X)
is contained in E(G'[Yy 41]); E(G'[Yy+1]) contains at
least ¢ + 1 edges in E*. From (3.3) and this, we
have dg (Yy41) < (p(Yeq1) + 1) + 28 —2(¢ + 1)
= p(Yy11) — 1. Thus this contradicts that E* cov-
ersp. U

In this paper, we prove that MECAP enjoys the
following min-max theorem.

Theorem 3.4 Let G = (V, E) be an undirected graph

and r : 2V — Z7T be a monotone set-function on
V' such that v(X) > 2 holds whenever r(X) > 0.
Then, for MECAP, opt(G,r) = [a(G, r)/2] holds
if G does not have property (P), and opt(G,r) =
[a(G, r)/2] + 1 holds otherwise. Moreover, a so-
lution E* with |E*| = opt(G,r) can be obtained in
O(n*(m +nlogn + q)) time. O

4 Edge-Splittings and Algorithm
4.1 Extensions

We adapt the so-called “edge-splitting” method for
solving MECAP, which is known to be useful for
solving connectivity augmentation problems (Frank
1992). In the edge-splitting method, after creating
a new vertex s outside of G and adding new edges
between s and G, we find an appropriate edge set
to be added to G by splitting off a pair of edges in-
cident to s in the extended graph. Given a graph
G = (V, E) and a function 7 : 2" — Z* on V, a graph
H = (VU{s}, EUF) obtained from G by adding a

new vertex s and a set I’ of new edges connecting s
and V is called a p-extension of G if

all sets X C V satisfy dy(s, X) > p(X). (4.1)
In particular, a p-extension H = (V U {s},EUF) of
G is called critical if (V U {s}, E U F’) violates (4.1)
for any F/ C F. In (Frank 1992, Nutov 2005), it
was shown that if p is symmetric skew-supermodular,
then any critical p-extension H = (V U{s}, EUF) of
G satisfies |F| = a(G,r). From this and Lemma 2.2,
we have the following theorem.

Theorem 4.1 Let G = (V,E) be a graph and r :

2V — Z* be a monotone function on V. Any critical
p-extension H = (VU{s}, EUF) of G satisfies |F| =
a(G,r). a

4.2 Edge-splitting theorems

For a graph H = (V U {s},E) and a designated
vertex s ¢ V', an operation called edge-splitting (at
s) is defined as deleting two edges (s,u), (s,v) € E
and adding one new edge (u,v). That is, the graph
H' = (VU {sh (E — {(5.u), (5,0)}) U {(t,0)}) is ob-
tained from such edge-splitting operation. Then we
say that H’ is obtained from H by splitting a pair
of edges (s,u) and (s,v) (or by splitting (s,u) and
(s,v)). A sequence of splittings is complete if the re-
sulting graph H’ does not have any neighbor of s.
Given a p-extension H = (V U {s},E U F) of
G = (V,E), apair {(s,u), (s,v)} is called admissible if
the graph H' obtained from H by splitting (s, u) and
(s,v) is also a p“-extension of H' —s = G+ {(u,v)},
where p“?(X) = max{0,p(X) — 1} for each set X
with [{u,v} N X| =1 and p*?(X) = p(X) otherwise.
Notice that given a graph G, if there is a complete
admissible splitting at s in its critical p-extension
H = (VU{s},EUF), then the set E’ of split edges
is an optimal solution of MECAP to G and r. In-
deed, in H = (VU{s},EUE’), dy/(s) = 0 holds,
and every set 0 # X C V satisfies 0 = dg (s, X) >
max{0, R(X) —dg+r (X)}, implying that E’ is feasi-
ble to MECAP. Moreover, Theorem 4.1 implies that
|E'| = |F|/2 = [a(G,r)/2], which is a lower bound
on opt(G, 1) by Remark 3.1. However, as indicated by
Lemma 3.3, any critical p-extension of G with prop-
erty (P) does not have a complete admissible splitting.

every set X C V satisfies r(X) > 2 (4.2)
whenever r(X) > 0, :
then we can characterize a graph with property (P)
as follows.

Definition 4.2 A p-extension H = (VU{s}, EUF)
of G has property (P*) if H is a critical p-extension
of G satisfying the following (P1*) — (P4*) :

gPl*g dp(s) is even.

G has exactly one component C* C V' with
dH(S, C*) =1.

(P3*) For the edge (s,u*) with {(s,u*)} = En (s, C*),
u* s contained in a proper set X C C* with
(P4*) Let Cy be the family of all components C of G
such that dg(C) = dg(s,C) = 2 and C is proper.
For any edge e € Eg(s,V — Ucee,C), {(s,u*),e} is
not admissible in H. |

Theorem 4.3 Let G = (V,E) be a graph and r :

2V — Z%t be a monotone function satisfying (4.2).
Then, G has property (P) if and only if its critical
p-extension has property (P*). o



Moreover, the following properties hold about admis-
sible splittings.

Theorem 4.4 Letr: 2V — Zt be a monotone func-
tion on V satisfying (4.2) and H = (VU {s}, EUF

be a critical p-extension of G. Then the following (i

and (i) hold:

(i) Some graph H' obtained from H by adding at most
one extra edge to G and some one extra edge incident
to s to make the degree of s even (if necessary) has a
complete admissible splitting at s.

(it) If H does not have property (P*), then H has
a complete admissible splitting at s after replacing at
most one edge incident to s with some new edge in-
cident to s, and adding some one extra edge incident
to s to make the degree of s even (if necessary). O

We give proofs of these two theorems in Section 5.
Note that Lemma 3.3, Theorem 4.1, and Theo-
rem 4.4(ii) prove the necessity of Theorem 4.3. In-
deed, if a critical p-extension H of G does not have
property (P*), then by a complete admissible split-
ting according to Theorem 4.4(ii), we can obtain a fea-
sible solution E’ to MECAP with G and r such that
|E'| = [du(s)/2] = [a(G,r)/2] (by Theorem 4.1),
from which and Lemma 3.3 it follows that G does not
have property (P). Let us discuss its consequences.
Based on these two theorems, we give the follow-
ing algorithm which delivers an optimal solution to
MECAP with G and r satisfying (4.2).

Algorithm M-AUG

Input: A graph G = (V, E) and a monotone function
r:2Y — Z7T on V satisfying (4.2).

Output: A set E* of new edges with |E*| = opt(G,r)
which covers p.

Step 1: Find a critical p-extension H =
F)of G.

Step 2: If H does not have property (P*), then find
a complete admissible splitting at s after replacing
some one edge incident to s and adding some one
edge between s and V to make the degree of s even
according to Theorem 4.4(ii). Otherwise, after adding
some edge to G according to Theorem 4.4(i), find a
complete admissible splitting at s. Output the set E*
of all edges added to G as an optimal solution. O

(VU{s}, EU

The details for Step 2 and the analysis of the time
complexity of the algorithm will be given in Sec-
tion 5. We here only observe that the set E* ob-
tained by the algorithm is optimal. If H does not
have property (P*), then as observed above, we have
|E*| = [a(G,r)/2], which is equal to a lower bound
on opt(G,r) by Remark 3.1. If H have property
(P*), then |E*| = [a(G,r)/2] + 1. Theorem 4.3 and
Lemma 3.3 imply that also in this case, |[E*| is equal
to a lower bound on opt(G, ).

5 Correctness of algorithm M-AUG

For proving the correctness of algorithm M-AUG, we
have to show Theorems 4.3 and 4.4. After showing
several properties about admissible splittings, we first
show Theorem 4.4 in Section 5.1, which also proves
the necessity of Theorem 4.3. In Section 5.2, we prove
the sufficiency of Theorem 4.3; we give a proof that
if a p-extension of G satisfies property (P*), then G
has property (P).

Through this section, for a p-extension H of G =
(V, E), let C; be the family of all components C of G
such that dy (C') = di(s,C') = 2 and C is proper, and
Vi = Ucgec, C. Let Ca be the family of all components
C of G such that C ¢ C; and dg(s,C) > 0, and
‘/2 = UCECQO'

We first show preparatory properties for proving
the theorems. For seeking admissible pairs, we need
to analyze situations where some splitting fails. For
a p-extension H = (VU {s},EUF) of G = (V, E),
a pair {(s,u), (s,v)} C F of two edges is not admis-
sible if there is a proper set Y C V with {u,v} CY
and dg(s,Y) —p(Y) < 1 (note that the graph H’' ob-
tained from H by splitting (s,u) and (s,v) satisfies
di(5,Y) =du(s,Y) =2 <p(Y) - 1=p"(Y) - 1).
Also note that dp(s,Y) > 2 implies that p(Y) >
dp(s,Y) —1 > 0. Such set Y is called a dangerous
set. Conversely, a pair {(s,u),(s,v)} is not admis-
sible only if there is a dangerous set Y C V with
{u,v} CY.

As a corollary of Lemma 2.3, we can observe that
the following property holds.

Corollary 5.1 Letr:2Y — ZT be a monotone set-
function on' V and X,Y be proper subsets of V' with
p(X),p(Y) > 0.

(1) If (a) X, Y € A%, (b) X,Y € B*, or (¢) X € A,
YeB* andV =XUY, then p(X) +p(Y) < p(X —
Y)4+p(Y—-X)—2dc(XNY,V—(XUY)). In particular,
in the cases of (a) or (b), if the equality holds, then
RX-Y)=r(X-Y)and RY - X)=rY — X).
(i¢) In all other cases, p(X) +p(Y) < p(X NY) +
p(XUY). a

From the symmetry of p, we can observe that all
neighbors of s in H cannot be included in one dan-
gerous set.

Lemma 5.2 Let p: 2V — Z%t be a symmetric func-
tion and H = (V U {s},E U F) be a p-extension
of G = (V,E). If Y C V s dangerous, then
dH(S,V — Y) > dH(S,Y) —1>0.

PROOF: Since Y is dangerous and p(Y) = p(V —Y),
we have dg(s,Y) < p(Y)+1=p(V-Y)+1<
dg(V —Y) + 1. From the definition of dangerous
sets, it follows that dy(s,Y) >2. O

The next two lemmas show properties for proper
sets Y with dg(s,Y) — p(Y) <1 and p(Y) > 0 (note
that Y is not necessarily dangerous). We will be of-
ten referred to the next Lemma 5.3 in the subsequent
arguments, when we observe that a dangerous set of
A* induces a connected graph, or that a dangerous
set which does not induce a connected graph belongs
to B*.

Lemma 5.3 Let r : 2V — Z% be a monotone func-
tion and H = (V U{s},EUF) be a p-extension

of G = (V, ) For every set Y C V of A* with
du(s,Y) = p(Y) < 1, R(Y) > 2, and p(Y) > 0,
any set 0 # Y' C Y satisfies dg(Y’,Y -Y') >

R(Y) - =2 (> 1). D

The next lemma, is often used under a situation where
two crossing dangerous cuts Y7, Ys satisfies dy (s, Y1 N
Y2) > 0. Wecallaset Y C V withdg(s,Y) =p(Y) >
0 tight (note that each tight set Y with dg(s,Y) > 2
is dangerous).

Lemma 5.4 Let r : 2V — Z% be a monotone func-
tion and H = (V U {s},E U F) be a p-extension

of G = (V,E). Let Y1 and Ya be two sets with
dp(s,Y:) —pY:) < 1 and p(Y;) > 0 for i = 1,2,
and dg (Y1 NYa, (VU{s}) — (Y1 UY2)) > 0 such that

Yy and Ys satisfy (i) Y1,Ys € A* or (1) Y1,Y3 € B*.
If Y1 and Y5 cross each other in H, then the following
(a% — (d) hold:

a) Y1 - Y3, Y5 — Y, € A,

gb du(s, ;) =p(Y:) +1 fori=1,2.

(¢) du(s,Y; — Yk) p(Y; —Yy) for {j,k} ={1,2}. In
particular, if dg(s,Y; —Yz) >0, Y; —Y; zs tzght

(d) dp (Vi Y2, (VU {s}) = (1, UY2)) = 0



5.1 Proof of Theorem 4.4

We first define a new operation called hooking up,
which is a reverse operation of edge-splittings. We
say that H’ is obtained from H by hooking up an edge
(u,v) € E(H —s) at s, if we construct H' by replacing
an edge (u,v) with two edges (s,u) and (s,v) in H.

For proving Theorem 4.4, it suffices to show the
following Theorem 5.5 and Lemma 5.6.

Theorem 5.5 Letr: 2V — Zt be a monotone func-
tion satisfying (4.2) and H = (VU {s}, EUF) be a
critical p-extension of G = (V, E). Assume that there
is no admissible pair in H. Then the following (i) or
i1) hold:

i) du(s) = 3. After adding one edge incident to s,
there is a complete admissible splitting.

(#3) dr(s) =4 and G has ezactly two components Cy
and Co such that (a) dg(s,C1) =3 and dg(s,Cs) =
1, (b) every set ) # X C C satisfies dg(X) > 2, and
(c) every set ) # X C Cy with dy(X) = 2 1s a proper
set of A. O

Lemma 5.6 Let H and r satisfy the assumption of
Theorem 5.5 and dg(s) = 4, and Cy and Co be
components in Theorem 5.5. Then for every edge
e = (u,v) in G[V — C4] (if ewists), the graph H' ob-
tained from H by hooking up the edge e has an admis-
sible pair {ey,ea} with ey € Eg:(s,C1) = Eg(s,Cy)
and es € Eg/(s,V — C1). O

Before giving proofs of these theorem and lemma,
we give a proof of Theorem 4.4 as its consequences.

PROOF of Theorem 4.4: (i) Let H; denote the
graph from H by repeating admissible splittings as
possible, F; denotes the set of split edges, and G =
(V, EUE7); the py-extension Hy of G has no admissi-
ble pair at s, where p; (X) = max{0, R(X) —dg, (X)}
for every 0 # X C V and p1(0) = p1(V) = 0.

Theorem 5.5 implies that dg,(s) € {0,3,4}. If
dp, (s) = 3, then we can add one edge between s and
V so that the resulting graph has a complete admis-
sible splitting at s, by Theorem 5.5(i). If dg, (s) = 4,
then after adding one edge connecting two compo-
nents Cy and Cy satisfying (a) and (b) in Theo-
rem 5.5(ii), we can obtain a complete admissible split-
ting at s (note that in the graph H’ resulting from
adding the edge, all neighbors of s is contained in
one component in H' — s, and hence Theorem 5.5 en-
sures the existence of a complete admissible splitting
in H'). Thus, in any case, after adding at most one
edge in G or making the odd degree of s even, there
is a complete admissible splitting at s.

(ii) Assume that dg(s) is even, because the case
of odd dg(s) has been already seen in the above case
of dy, (s) = 3. Since at least one of (P2*)—(P4*) does
not hold, there are the following four possible cases:

I) Every component C of G satisfies dg(s,C) # 1.
IT) There are at least two components C of G with
dH S, C) =1.

(IIT) There is exactly one component C of G with
dp(s,C) = 1 where {(s,u)} = En(s,C) holds. In
H, {(s,u),(s,v)} is admissible for some (s,v) €
En(s,V—=V11) ={(s,u)}.

(IV) There is exactly one component C' of G with
ngs,C) = 1 where {(s,u)} = Ex(s,C) holds. There
is no set X C C with v € X and dy(s, X) = p(X).

Claim 5.7 In the case (IV), there is a p-extension
H = (VU{s}, EUF —{(s,u)}) U{(s,2)}) of G such
that x is a vertex in some component C' # C of G
with dg(s,C") > 0; H' belongs to the case (I).

PROOF: Omitted due to space limitation. O

In the case (IV), according to this claim, replace H
with H" which belongs to the case (I), and redenote
H' by H. In the case (III), split (s,u) and (s,v) in
H and denote the resulting graph by H’. Assume by
contradiction that H has no complete splitting at s.
Repeat admissible splittings as possible in H in the
cases (I) and (II) and in H’ in the case (III), and
again consider Hy defined as the above (i). Note that
since dy(s) is even, dg, (s) = 4.

Then we have only to consider the cases where

G1|V — C1] contains no split edge in Ey.  (5.1)
Consider the cases where G1[V — C] has a split edge
e € F,. The graph H, obtained from H; by hook-
ing up e has an admissible pair {e;,es} with e; €
Ep,(s,C1) and ey € Eg,(s,V — C1) by Lemma 5.6.
From the assumption, the graph Hj obtained from
H, by splitting e; and es has no complete splitting,
and has two components Cf and CY satisfying (a) and
(b) in Theorem 5.5. By C; C Cf, we can see that the
number of split edges in H3[V — Cf] is less than that
in H;[V — C4]. By repeating this observation, we can
assume that G1[V — C4] contains no split edge in F.

In the case (I), dg(s,Cs) = 1 implies that G[Ch]
contains a split edge in F; and hence such H; satisfy-
ing (5.1) does not exist; in this case, H has a complete
admissible splitting.

Consider the case (II). Let C’,C” denote compo-
nents of G with dg(s,C") = du(s,C") = 1. By
(5.1), C" = Cy and C” C C; without loss of gen-
erality. Then dy(C”) = 1 < 2 contradicts Theo-
rem 5.5(ii)(b). Hence also in the case (II), such H;
does not exist.

Consider the case (III). Let C’ denote the com-
ponent containing v in H. If dg/(s,CUC") # 1 in
the graph H' obtained from H by splitting (s, ) and
(s,v), then H' has no component C” of H' — s with
dp(s,C") =1 and belongs to the case (I), which indi-
cates that H' has a complete admissible splitting at s.
Consider the case of dp/ (s, CUC") = 1;dy(s,C") = 2.
From the choice of (s,v), C’ is not proper, since if C’
is proper, then C’ € C; would hold. By (5.1), in Hj,
we have ¢ C (4 and dp,(C') = 2, contradicting
Theorem 5.5(ii)(c). Hence also in this case, such H;
does not exist.

Consequently, in any case of (I)-(IV) such Hy does
not exist; H has a complete admissible splitting. O

In the rest of this section, we give a proof of The-
orem 5.5. The proof of Lemma 5.6 is omitted due to
space limitation. In (Nutov 2005, Proposition 5.3), it
was shown that a critical extension of G which has
no admissible pair has the following property if p is a
symmetric skew-supermodular.

Theorem 5.8 (Nutov 2005) Let p : 2V — Z*t be a
symmetric skew-supermodular set-function on V', and
H be a critical p-extension. If there is no admissible
pair in H, then p is {0, 1}-valued. O

For a graph G = (V, E), every three sets X, Y, and
7 satisfy the following inequality.

dg(X) +da(Y) + da(Z)
>da(X —Y = Z)+da(Y — X — Z)
+da(Z - X -Y)+de(XNYNZ)
+2da(XNYNZV - (XUYUZ)).

(5.2)

PROOF of Theorem 5.5: Lemma 2.2 and Theo-
rem 5.8 imply that p is {0, 1}-valued, and hence the
following claim holds (note that H is critical).



Claim 5.9 (i) Every set X C V satisfies dg(X) >
R(X) — 1. In particular, if X is dangerous, then
de(X)=R(X)—1 and dg(s,X) = 2.

(i) du(s,u) <1 holds for every u € V. O

Observe that dg(s) > 3 since dg(s) = 1 would con-
tradict the criticality of H and dg(s) = 2 would con-
tradict that no pair is admissible. There are the fol-
lowing two possible cases: (Case-1) dg(s) = 3 and
ECase—Q% dp(s) > 4.

Case-1) Let ug, u1,us be three distinct neighbours of
sin H (these vertices exist by Claim 5.9 (ii)). Let Hy
be the graph obtained from H by adding one edge
connecting s and ug; dg, (s,up) = 2. Then we claim
that {(s,up), (s,u1)} is admissible in H;. Indeed, for
any set Y containing ug and u; which is dangerous
in H, we have dy, (s,Y) = du(s,Y) +1=p(Y) + 2,
since Claim 5.9(i) implies that dg(Y) = R(Y) —1 and
dp(s,Y) = p(Y) + 1. Therefore, H; has a complete
admissible splitting at s; the statement (i) is proved.
(Case-2) Let ug,u, us, uz € V be four distinct neigh-
bours of s in H. Let Y; denote a dangerous set with

ug,ui} €Yy, i = 1,2,3. Note that En(s,Y;) =

(s,up), (s,u;)} by Claim 5.9, and hence we have u; €
Y1-Yo—-Y3,us € Yo—Y3—Y;,and ug € Y3—Y; —Y5.
Claim 5.10 (i) Each Y; € B* holds and we have
da(Y1NYaNYs) = 0 and dy (s, YiNYaNYs) = 1, or (i7)
{Y1,Y2} C A* and Y5 € B* without loss of generality,
da(Ys — Y1 —Y2) =0, and R(Y7) = R(Y2) = R(Y3).

PRrOOF: Without loss of generality, there are the fol-
lowing four possible cases:

I) }/153/27}/3 € A"

II) Y1,Y5, Y3 € B*.

1) Y7 € A%, Y5, Y3 € B*.

IV) Y1,Y, € A%, Y3 € B™.

(I) Lemma 2.3(i) implies that dg(Y; — Y2 — Y3) >

R(Y1 =Y, —=Y3)—1>R(Y))—1,dg(Yo—Y5—-Y;) >
R(Y; =Y5—-Y,)—12>R(Y3) -1, dg(Ys - Y1 —Y3) >
RYV37Y17YV2)71>R(Y3)71 anddg(YlﬂYgﬂ

Y3) > R(Yl NYaNYs)—12> R(Yl) —1. By (5 2) and
Claim 5.9(i), it follows that R(Yy) — 1+ R(Y2) — 1+
R(Y3)—1= dG(Y1>+dG(Y2)+dG(Y3) > dg(Y1—Yo—
Y3)+dg(Yo—Y3—Y1)+dg(Y3—Y1—Y2) +dg(Y1NYa2N
3) > 2R(Y1)+ R(Y2) + R(Y3) — 4. Hence R(Y7) <1
contradicting (4.2). The case (I) does not occur.

(I) By Y1 € B* V —Y; € A* holds and
Lemma 2.3(i) implies that Y2 — Y5 —Y¥; € A and
da(Yo=Y3-Y1) > R(Y>—Y3-Y1)—-1> R(V-Y1) -
1= R(Y;)—1. Similarly, de(Ys —Yi — Vo) > R(Ys) =1
and dg(Y1 — Yo — Y3) > R(Y;) — 1. Agaln by
(5.2), it follows that 3°°_ (R(Y;) —1) = 2%, de(Y))
> da(Y1—=Y2—Y3)+da(Ya—Y3—Y1)+da(Yas— Yl Y2)
+da(Y1 NYaNYs) > R(Y1) + R(Yz2) + R(Y3) — 3.
Thus, every inequality turns out to be an equality,
and hence dg(Y1 NY>2NY;) = 0. By di(s, Y1) =2
and ug € Y1 NYoNYs, dH(S,Yl NYs ﬂYg) =1.

(ITI) Similarly to the above case, we have dg (Y1 —
Yo—Y3) > R(Y1)—1and dg(V; ng NY3) > R(Y;)—1
by Vi € A* and dg(Ys — Y] — Ya) > R(Y2) — 1 and
dg(Yo—Yz—-Y1) > R(Ys) 1 by Y2,Y3 € B*. Again by
(5.2), it follows that ,1( (Y;)—-1) = Z 1da(Y3)
> dg(Y1—Yo—=Y3)+dg(Yo—Y3-Y1)+dg(Ys— YI_Y2)
+dc(YiNY2NYs) > 2R(Y1)+R(Ya)+ R(Y3)—4. Hence
R(Y7) < 1, contradicting (4.2). Thus, the case (IIT)
does not occur.

IV) Similarly to the above cases, we can ob-
serve that dg(Yr — Yy — Y3) > max{R(Y1), R(Y3)}
—1, dg(Ya — Y3 — Y1) > max{R(Y2), R(Y3)} —1,
and dG(Yl N Yé n Yg) Z max{R(Yl), R(YQ)} — 1.
Again by (5.2), it follows that S (R(Y;) — 1) >
da(Y1 — Y2 = Y3) +dg(Y2 — Y3 — Y1) + da(Ys —

Y YYQ) +dG(Y1 N ng n Yg) > maX{R(Yl) (Yg)} +
maX{R(Yg) R(Y3)} +max{R(Y3), R(Y1)} — 3. Thus,
every inequality turns out to be an equality, and hence
da(¥ V1~ ¥2) = 0 and R() = R(YV2) = R(¥3)

Claim 5.11 There is at least one dangerous set of
A* in H.

PROOF: Assume by contradiction that every dan-
gerous set in H belongs to B*. By Claim 5.10,
for every (s,u) € FEg(s,V), there is a component
Cy of G with Ey(s,Cy) = {(s,u)}. Let Y be a
dangerous set and u,v be two neighbors of s with
u,v € V=Y (such u,v exist because dg(s) > 4 and
dp(s,Y) = 2 by Claim 5.9(i)). Then Y NC, # 0
holds, since otherwise Y € B* implies that C,, € A
and 1 = dy(s,Cy,) > p(Cy) = R(C,), Contradlctlng
(4.2). Hence dg(YUC’ )=da(Y)—de(Y,C,—Y) <

dg( )—1=R(Y)-2by dg(C,) = 0 and Claim 5.9(i).
On the other hand, by v ¢ YUC, and Y € B~,

Yyuc,) >

Lemma 2.3 implies that R( " R(Y). Tt fol-
lows that dg(Y UC,) < R(Y UC,) — 2, contradicting
Claim 5.9(). O

Rechoose u; and Y; so that Y7 € A*. Then

dp(s) = 4 holds. Indeed, if dy(s) > 5, then some
three dangerous sets containing ug satisfy the cases
(I) or (III) in the proof of Claim 5.10, in both cases
of Y, € A* and Y, € B*, where Y, denotes a dan-
gerous set containing ug and w4 with some neighbor
ug ¢ {ug,ur,uz,us} of s. According to Claim 5.10, let
Ys € A* and Y3 € B* without loss of generality. Let
Y;; =V —-Y, with {7,7,k} = {1,2,3} and i < j. Then
Y;; is also dangerous because Y;; is clearly proper
and satisfies dp(s,Y;;) = 4 — du(s,Yr) = 2 and
da(Yij) = da(Yr) = R(Yy) — 1 = R(Yj;) — 1. Hence,
Y12 is a dangerous set of A* and Y3 and Y3 are dan—
gerous sets of B*.

Lemma 5.3 implies that Y7 UY, U Yy, = V —
(Y3 —Y; —Y5) induces a connected graph. Claim 5.10
implies that dg(Ys — Y1 — Y3) = 0. It follows
that Y7 U Y5 U Yys is a component of G containing
{ug, u1,us2}, and that Y3 U Y2 U Y75 and the compo-
nent of G containing ug correspond to C7 and Cs of
the statement of this theorem, respectively.

We next show the statement (ii)(b); every set X C
C satisfies dy(X) > 2. Let C1 = Y1 UY2 UYio. We
first claim that C; = Y; UYs.

Claim 5.12 Cl = Yi UYQ.

PROOF: Omitted due to space limitation. O

For proving (11)(b), assume by contradiction that
there is a set X C € with dy(X) = 1. Clearly,
di(s,X) = 0 and dg(X) = 1 since dy(s,C1) = 3
and C; induces a connected graph. Moreover, X is
not proper since otherwise 0 = dg(s, X) > p(X) >
R(X) — dg(X) = R(X) — 1, contradicting (4.2).
Hence, X is not contained in any of Y; and Ys;
XNY1—Ys) #0 # XN (Yz—Y1) by Claim 5.12.
Now by applying Lemma 5.4 to Y7 and Y3, both of
Y; — Y5 and Yo — Y are tight sets of A* (note that
dp(s,Y1 —Ys) = p(Y1 — Y3) > 0,dpu(s, Yo — Y1) =
p(Y2 — Y1) > 0). Lemma 5.3 implies that G[Y7 — Y3]
and G[Y2 — Y] are both connected. Then it is not
difficult to see that dg(X) = 1 would contradict the
connectedness of G[Y; — Y] or G[Y2 — Y7].

We finally show (ii)(c); every set ) # X C C; with
dg(X) = 2 belongs to A. Assume by contradiction
that X C C; does not belong to A. By Lemma 2.3(i),
X cannot be included in any of Y7 and Y. Hence, we
can assume that X N (Y1 —Ys) #0 # X N (Y2 — Y7).



By dy(X) =2 and dy(C1) > 3, we have C1 — X #
Since G[C4] is connected, it follows that dg(X) >
from which dg (s, X) < 1. This implies that X and
cross each other in H. From (2.2) and X —Y; C Y
we have (R(Yy) — 1+ 2) + 2 = d (Y1) + dg(X
A (Y1 —X)+dp (X —Y1)+2d (XNY7, (VUs)— X —Y;
Z R(Yl — X) + R(X - Yl) Z R(Yl) + R(Y2) (note
that dg (X') = dp (s, X')+de(X') > R(X’) holds for
every X' CV by dg 5 X) > p(X')). Now observe
that R(Y) > 2 by (4.2) and that dg(X — Y;) >
R(Y3) = R(Y) by Claim 5.10. It follows that dg(Xn
YV U{st =X - V) = 0 and dy(¥; — X) < 3.
Hence we have Y1 — Yo — X # 0 # (Y1 NYs3) — X by
dp(s,Y1 —Y3) > 0 and dg(s, Y1 NY3) > 0. By these
and XN (Y7 —Y3) #0, Yy — X and Y; — Y5 cross each
other in H. From (2.2) and di(Y; —X) < 3, it follows
that dg (Y1 —Y2)+3 > dpy (Y7 — Yg)-l-dH(Yl X) >
dH((Y1 _1/2) ﬂX) +dH(Y1 01/2 —X)+2dH(S Yl
Y2 -X) > R(1 —Y2)NX)+ R(Y1NY; - X) 42
> R(Y7 — Y3) + R(Y2) + 2 (note that R((Y7 — Y2) N
X) > R(Y, - Y) and R(Y, N Ys — X) > R(Y2) by
Y, — YQ,YQ € A*) It follows from R(Y3) > 2 that
dp(Yh —Ys) > ( —Y5) + 1. Now as observed in
the above, dH( -Y; ) p(Y1 —Y3) > 0 and hence
dg(Y1 —Y3) = ( Y3), a contradiction. O
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5.2 Proof of the sufficiency Theorem 4.3

Let 7 : 2¥ — Z* be a monotone function on V and
H be a p-extension of G = (V| E) with property (P*).
In this subsection, we prove that G has property (P).
By (P4*), for each (s,v) € Fy(s, Vo — C*) there is a
dangerous set Y with {u*,v} C Y, which will play a
role as a cut Yy in Definition 3.2 in the subsequent
arguments. Note that any proper set X with XNC* =
(0 belongs to A*, since if X € B, then C* € A and
1 =dy(s,C*) > p(C*) = R(C*) > 2 by (4.2), a
contradiction. Hence, each C € C; satisfies C' € A*.
We first show properties of such dangerous sets in
Lemma 5.13, and show by Lemma 5.14 that G has

property (P).

Lemma 5.13 Let H be a p-extension of G = (V, E)
with property (P*), and (s,v) € Ey(s, Vo — C*) and
Y, be a dangerous set with {u*,v} C Y, (such Y,
exists by the property (P4*)). Then

i) dp(s,Va —Y,) > 1 holds.

i1) For some (s,w) € Eg(s,Vo — C*) — {(s,v)}, Y,
and Y, cross each other in H, where Y,, denotes a
dangerous cut with {u*,w} C Y, in H. Moreover,
veY,—Y,andY, CV —V; hold and Y, — Y, is a
tight set of A* with Y, —Y,, C V5.

(i27) Y, U C* is a dangerous set of B*.

PRrROOF: Note that Y, € B* holds by Lemma 5.3 since
Y, does not induce a connected graph. Also note
that dg(s,Va) > 4 holds since dp(s, Va) is even by
the property (P1*) and the property that dg (s, V1) is
everi,) and dg(s, Vo — C*) # 1 holds by the property
P2*).
( (i) Assume by contradiction that dg (s, Vo —Y,) =
0 holds. Let Y, be a dangerous set with Y, C Y.,
such that no Y” O Y’ is dangerous. Note that
Y, € B* and dH(s Vo —Y,) = 0 also hold. We have
(Y’) >dp(s,Y))—1 ZdH(s,Vg)—l > 3 holds, from

which R(Y)) 2 3. Lemma 5.2 and dg(s,Y,)) > 4 im-
ply that dg (s, V —Y,) > 3. It follows that there exist
at least two sets Cp,Cy € C; with dH(s C;-Y))>0
for i = 1,2. We have C1; NY, # 0, since otherwise
Cl CV-Y € A" and Lemma 2. 3(i) imply that
R(Ch) > R(V —-Y]) = R(Y,)) > 3, a contradic-

tion. Now by C1 € A*, every ) # X c C satisfies
dp(X) = du(s,X) +da(X) = R(X) > R(C1) = 2

This indicates that dg (Yy)) = duy (Y, NC1) +du (Y, —

Cy) > 2+dy(Y) — C1) =du(Y]UCy). Tt follows
from Lemma 2.3(ii) and dg(s,Cy —Y,) > 0 that
Y/UC, € Band R(Y!) < R(Y! UC,). This indi-

cates that Y] UC is also dangerous by di (Y, UC;) <
dp(Y)) < R(Y))+ 1< R(Y, UCy)+ 1. This contra-
dicts the maximality of Y, .

(ii) Let Y, be a dangerous set with {u*,v} C Y,
and Y, C Y, such that no Y” DY, is dangerous in
H. By @), dH(s Va—Y)) >0 holds. Let w € Vo—Y,
be a vertex with dp (s, w) > 0 and Y,, be a dangerous
set with {u*,w} C Y,,. Then Y, and Y,, cross each
other in H since we have u* € Y’ NYy,, weY, —Y,,
and Y, — Y, # () by the max1mahty of Y’ Note that
Y, € B*. Lemma 5.4 1mphes that dg (s, Y’DY )=
and it follows from u* € Y, NY,, that v € Y,, — Y
Hence, Y, and Y,, also cross each other in H.

Again by Lemma 5.4, we have p(Y, — Y,,) =
dy(s,Y, —Y,) > 0, and hence Y, — Y, is a tight
set of A* and Lemma 5.3 implies that G[Y, — Y,,] is
connected; Y, —Y,, C V5. Similarly, G[Y,, —Y,] is con-
nected. Finally, we prove that Y,NY,NV; = () in order
to show that Y, C V V1 (note that V —V; =Y, # 0
holds by dg(s,Va —Y,) > 0). Assume by contradic-
tion that Y, NY, N C # () holds for some C € C;.
From dg (s, Vo — Yv) >0, dg(s,Vo —Y,) > 0, and
the similar arguments in the above (i), it is not dif-
ficult to see that Y, UC and Y,, U C are both dan-
gerous sets of B* and cross each other in H. Then
dp (s, (Y,NY,)UV;) > 3 would contradict Lemma 5.4.

(iii) Omitted due to space limitation. O

Lemma 5.14 If H = (VU {s},EUF) is a p-
extension of G = (V, E) with property (P*), then G
has property (P).

PROOF: Lemma 5.13 implies that for each v € V[F]—
Vi — {s,u*}, there are two proper sets X, C V —V;
and Y, C V — Vi with v € X,, C Y, satisfying the
following (a) and (b).

(a) X, is a tight set of 4*, and noset § # X' C X,
with v € X’ satisfies this property.

(b) Y, satisfies u* € Y, and C* C Y, C V —V; (by
(ii)(ii1) in Lemma 5.13) and is a dangerous set of B*.
Let X, be a tight set with u* € X« C C* such
that no set X’ C X,» satisfies this property (such
X, exists from the property (P3*)). Let X be the
family of all sets X,,, v € V[F]| — {s} — V; such that
UxexX D V[F] — {s} — V5 and X, € X does not
satisfy X, C X for any X € X, and Y be the family
of the corresponding Y,. We will show that (G, ) is
even, implying (P1), and the family X U C; is a sub-
partition of V' satisfying )y cyie, P(X) = a(G,r)
and (P2) and (P3), which proves the lemma.

We claim that

X is a subpartition of V' — Vj. (5.3)
Assume by contradiction that there are two sets
Xu, X, € X which cross each other in H. By
Xy, X, € A* and Corollary 5.1, we have 0 >
dH(Sv Xu) _p(Xu) +dH(3» Xv) _p(Xv) > dH(Sa Xu—
v) — D( Xy — Xo) +du(s, Xy — Xu) — p( Xy — Xy
22X, NX,,V-X, - X,) +2dH(5 X NnX,) >
0. It follows that dg(s, X, — X,) = (X X)
dy (s, X, — Xu) = p(X, — X,), and dH(XuﬂXv, (VU
s}) — Xy — Xy) = 0. Hence u € X, — X, and
p(Xu—Xy) =dp(s,Xu—X,) > 0. Now X,, — X, € A4
holds by Lemma 2.3(i). Since X,,— X, ¢ B, X,,— X, €
A*. Thus, X, — X, is also tight of A*, contradicting
the minimality of X,.

Now each C € C; is tight since 2 = dy(s,C) >

p(C) = R(C) > 2 holds by (4.2). Hence, by (5.3), XU
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C; is a subpartition of V and a family of tight sets such
that V[F] — {s} € Uxexuc, X. Since |F| = a(G, 1)
holds by Theorem 4.1, }_ v v ¢, P(X) = du(s,V) =
|F| = a(G, r). Since |F| is even, a(G,r) is even.
Moreover, XUCj is a subpartition of V satistying (P2)
by taking X* = X,~. Now for every dangerous set
Y € Y which does not cross with any X € X' in H, we
have ZX’GX,X’QY p(X') = ZX’GX,X’QY du(s, X') =
dp(s,Y) < p(Y)+1. Moreover, note that each Y € Y
satisfies V — V1 =Y # (0 by Vo — Y # . Therefore, by
regarding C; as & in Definition 3.2, in order to show
that X UC; satisfies (P3), it suffices to prove that for
any X, € X with u # u*, there is a set Y,, € ) with
X, C Y, such that for any set X € X, Y,, and X
do not cross each other in H (note that each Y € Y
satisfies CNY =0 forany C € C; by Y C V — V).
For this, we show that

if there is a set Y,, € ) which crosses with
some X, e X¥in H,v#u"and Y, CY,,. (5.4)
Since each Y € )Y satisfies X,;» C C* C Y, v # u*
holds. Assume by Contradlctlon that Y, — Y, # 0. By
X,-Y,#0+#X,NnY,, Y, and Y, cross each other
in H. From Lemma 5.4, it follows that Y,—-Y, € A",
dp(s,Y,-Y, ) =p(Y,—Yy), and di(s,u*) = dg (YN
Y,, VU{s}f w—Y,) = 1. Hence we have v € X, Yu,
from which X, N (Y, —Y,) # 0 holds and Y,, — Y,, is
tight. Note that X,—(Y,—Y,) # () holds since X, and
Y., cross each other in H. Moreover, (Y, —Y,)—X, #
(0 holds since if Y,, —Y,, C X, holds, then the tight set
Y, =Y, contradicts the minimality of X,. This means
that X, and Y, — Y, cross each other in H. Now
dp(X,N(Y,-Y,),VU{s}—X,—(Y,—Y,)) > 0 holds
by v € X, —Y,. By applying Lemma 5.4 to X, and
Y, —Y,, we have dy (s, X,,) = p(X,)+1, contradicting
that X, is tight (note that X, and Y,, — Y,, are both
tight sets of A*). Hence (5.4) holds. O

5.3 Step 2

According to the proof of Theorems 4.4, Step 2 of
algorithm M-AUG is described as follows.

Step 2: (1) Check whether H has property S(P*)
(2) The case where H has property (P*): Re-
peat admissible splittings as possible. In the resulting
graph, after adding one edge between C7 and C5 ac-
cording to the case of dg, (s) = 4 in the proof of The-
orem 4.4(i), find a complete admissible splitting (note
that dg(s) is even from the property (P1*)). Halt af-
ter outputting the set E* of all edges added to G as
an optimal solution, where |E*| = [a(G,r)/2] + 1.
3)*;I‘he case where H does not have property

P*):

3-1) If dy(s) is odd, then according to the proof

of Theorem 4.4(i), find a complete admissible split-
ting by adding one edge incident to s and halt after
outputting the set E* of all edges added to G as an
optimal solution, where |E*| = [a(G,r)/2]
(3-2) Otherwise one of the cases (I)-(IV) in the proof
of Theorem 4.4(ii) hold. In the case of (IV), we re-
place one edge incident to s so that the resulting
graph belongs to the case (I), according to Claim 5.7.
In the case of (III), first split the edges (s,u) and
(s,v) in H.

After that, in all cases repeat admissible splittings
as possible. If the resulting graph H; still has an edge
incident to s, then according to the statements imme-
diately after (5.1), find a complete admissible split-
ting while hooking up some edges in H{[V — C4] and
resplitting (note that the proof of Theorem 4.4(ii) im-
plies that Hy [V —C4] has a split edge and that hooking

up and resplitting operations can find a complete ad-
missible splitting). Halt after outputting the set E*
of all edges added to G, where |E*| = [a(G,r)/2]. O

Finally we show that algorithm M-AUG can
be implemented to run in O(n*(m +nlogn + q))
time. Note that H satisfies (4.1) if and only if
mingzxcv,xeaus{da(X) — R(X)} > 0. We can
prove the following lemma by using the family of all
extreme sets (Nagamochi 2003), where in G, a set
0 # X C V is called extreme if any ) # X' C X
satisfies dg(X') > dg(X).

Lemma 5.15 It can be checked in O(n?*(m +
nlogn + q)) time whether a given H satisfies
(4.1) or mot. Moreover, if H wiolates (4.1), then
mln@?gXCVXeAUB{dH( ) — R(X)} can be obtained
in the same time. ad

PrROOF: Let Z(H) denote the family of all extreme
sets in H. It is known that Z(H) is laminar and hence
|Z(H)| = O(n(H)). It was shown in (Nagamochi
2003) that Z(H) can be found in O(m(H)n(H) +
n(H)?logn(H)) time. Note that m(H) < m(G) +
n(G) and n(H) = n(G) + 1.

Let H(v) denote the graph obtained from H by
adding max{r(u) | v € V'} multiple edges to Ex(s,v)
for a vertex v € V, and Z°(H(v)) denote the family
of extreme sets X € Z(H(v)) in H(v) with s € X.
For a given H, let g(H) = min{min{dy(X) — R(X) |
X € Z(H),s ¢ X}, min{dyg(X) —R(X —s) | X €
Z%(H(v)),v € V}}. Note that given Z(H) and
Z5(H(v)), v € V, we obtain g(H) by computing
dy(X) — R(X) or dg(X) — R(X — s5) O(n?) times;
O(n?) times computation of r suffices. For proving
this lemma, we will show that H satisfies (4.1) if and
only if g(H ) > 0, and that if H violates (4.1), then
ming.ex v x causddir(X) — R(X)} = g(H) < 0.

For this, we first show by Claims 5.16 and 5.17
that ming.:y v, xeaus{d (X) —~R(X)} > g(H).

Claim 5.16 Every proper set X C V of A satisfies
dp(X)—r(X) > dg(X")—r(X") for some X' € Z(H)
with X' C X.

PROOF: From the definition of extreme sets, there is
an extreme set Y € Z(H) with Y C X and dH( ) <
dp(X). By the monotonicity of r, r(Y) > r(X).
Hence, dg(X) —r(X) > du(Y) — r(Y). O

Claim 5.17 Assume that min{dg(X) —r(V — X) |
X € B} < 0. Then, every proper set X C V of B
satisfies (a) dg(X) —r(V — X) > dg(X') — r(X’)
for some X' € Z(H) with X’ C V — X or (b)
dg(X)—r(V = X) > duy(X') = r(X’' — ) for some
X' € Z°(H(v)) andv € V.

PrROOF: Let X C V be a proper set of B such that
dg(X)—r(V-X) =min{dg(X")—-r(V-X") | X' €
B} and any set V # X" D X satisfies dg (X")—r(V —
X") > dg(X)—r(V —X) (note that each V # X" D
X belongs to B). Let X =V — X. Note that X € A.
By dp(X) = duy(X U {s}), we have dy(X) — r(V —
X) =dy(X U{s}) —r(X) = min{dy (X' U {s}) —
r(X') | X' € A}, and any set ) # X" C X satisfies
dg (X" U{s}) —r(X") > dyg(X U {s}) — r(X).

First we consider the case where some () # X' C
X satisfies dg(X’) < dg(X U {s}). Since X € A,
we have X’ € A and hence r(X’) > r(X) by the
monotonicity of r. It follows that dg(X U {s}) —



r(X) > dg(X') — r(X’). Claim 5.16 implies that
dp(X')—r(X') > dy(Y)—r(Y) for some Y € Z(H)
with ¥ C X', B

Next consider the case where some () # X' € X
satisfies dy (X’ U {s}) < dg(X U {s}). Similarly to
the above, r(X’) > r(X). Hence, dg (X U{s}) —7r(X)
> dp(X'U{s}) —r(X’), contradicting the minimality
of X.

Finally, we consider the case where every () # X’ C
X satisfies dy (X') > dg (X U{s}) and dy (X'U{s}) >
dg(X U {s}). Let u € X (note that X # (). In
H(u), we can observe that X U {s} € Z%(H(u)) or
dg(X) = dg(X U {s}) > »(V — X). Indeed, if
diruy (8) > dg (X U{s}) = dp(u)(X U{s}), then every
set X' C XU{s} satisfies dpy(u)(X') > dp(u)(XU{s}),
and otherwise then dy (X U {s}) > max{r(w) | w €

V} > r(V — X) (note that from the monotonicity of
r, max{r(X) | X CV}=max{r(v) |veV}). O

Clearly, if g(H) > 0, H satisfies (4.1). Consider the
case of g(H) < 0. Since every X C V with X ¢ AUB
satisfies R(X) = 0 and dy(X) — R(X) > 0, we have
ming x cv,xeauvs{da(X) — R(X)} = g(H) < 0. H
violates (4.1) and ming x v, xcaus{du (X) — R(X)}
is also obtained. O

It suffices to show that the following
(A) (resp. (B)) can be done by computing
ming:xcv,xeaus{dn(X) — R(X)} at most n
times (resp. once):

(A) The computation of a critical p-extension of a
given G.

(B) The computation of how many pairs of

{(s,u), (s,v)} are admissible for a given pair {u,v} C
V' of two vertices in a p-extension H of G.
Indeed, Step 2(1) can be done by the computation (B)
for O(n) pairs, a sequence of greedy admissible split-
tings in Step 2(2)(3) can be done by the computation
(B) for O(n?) pairs, and the hooking up operations in
Step 2(3-2) are executed at most n times (since the
statements immediately after (5.1) indicates that one
hooking up decreases |V — C1]| at least by one).

(A) A critical p-extension of G can be obtained
as follows. First we add max{r(v) | v € V} edges
between s and each v € V. From the monotonicity
of r, max{r(X) | X C V} = max{r(v) | v € V},
and hence the resulting graph H’ is a p-extension
of G. After that, for each v € V, after deleting all
edges between s and v, we check whether the result-
ing graph H” satisfies (4.1) or not. If not, we add
—ming.xcv, xeaus{da (X)—R(X)} edges between
s and v in H”. Thus, a critical p-extension of G can
be found by computing ming.xcv, xeaus{du(X) —
R(X)} for some H at most n times.

(B) Given a p-extension H of G, we can check
how many pairs of {(s,u), (s,v)} can be split as fol-
lows. This can be done by checking whether the
resulting graph H’ satisfies (4.1) or not after split-
ting min{dg(s,u),dm(s,v)} pairs {(s,u),(s,v)}. If
(4.1) is violated, then we have only to hook up

[—1 ming.xcv,xeaus{dn (X)—R(X)}] pairsin H'.

6 Concluding Remarks

In this paper, given a graph G = (V, E) and a mono-
tone function r : 2¥ — Z7T, we considered the prob-
lem of asking to augment G by adding a smallest num-
ber of new edges F' such that the resulting graph G+F
satisfies dgip(X) > 7(X) for every ) # X C V.
We have shown that the problem can be solved in

O(n*(m+nlogn+q)) time under the assumption that
r(X) > 2 holds for every X C V whenever r(X) > 0.
It is a future work to consider RECAP with a more
general R, such as one including both of LECAP and
NAECAP.
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