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Abstract

A rectangle-of-influence drawing of a plane graph G
is a straight-line planar drawing of G such that there
is no vertex in the proper inside of the axis-parallel
rectangle defined by the two ends of any edge. In this
paper, we show that any 4-connected plane graph G
with four or more vertices on the outer face has a
rectangle-of-influence drawing in an integer grid such
that W + H < n, where n is the number of vertices
in G, W is the width and H is the height of the grid.
Thus the area W x H of the grid is at most [(n—1)/2]-
[(n—1)/2]. Our bounds on the grid sizes are optimal
in a sense that there exist an infinite number of 4-
connected plane graphs whose drawings need grids
such that W+ H =n—1and Wx H =[(n—1)/2]-
[(n —1)/2]. We also show that the drawing can be
found in linear time.

1 Introduction

Recently automatic aesthetic drawing of graphs have
created intense interest due to their broad applica-
tions, and as a consequence, a number of drawing
methods have come out (Battista, Eades, Tamassia &
Tollis 1999, Chrobak & Kant 1997, Chiba, Onoguchi
& Nishizeki 1985, Chrobak & Payne 1995, Chiba, Ya-
manouchi & Nishizeki 1984, Fary 1984, de Fraysseix,
Pach & Pollack 1990, He 1997, Kant 1996, Schnyder
1990, Tutte 1963). In this paper, we deal with
the “rectangle-of-influence drawing” of a plane graph
(Biedl, Bretscher & Meijer 1999). Throughout the
paper we denote by n the number of vertices of a
graph G. The W x H integer grid consists of W + 1
vertical grid lines and H + 1 horizontal grid lines, and
has a rectangular contour. W and H are called the
width and height of the integer grid, respectively.
The most typical drawing of a plane graph G
is the straight-line drawing in which all vertices of
G are drawn as points and all edges are drawn as
straight line segments without any edge-intersection.
A straight-line drawing of G is called a grid drawing of
G if all vertices of G are put on grid points of integer
coordinates. Every plane graph has a grid drawing
on an (n—2) x (n—2) grid if n > 3 (Battista, Eades,
Tamassia & Tollis 1999, Chrobak & Payne 1995, de
Fraysseix, Pach & Pollack 1990, Schnyder 1990).
There are many results on straight-line drawings
under additional constraints. For example, a straight-
line drawing of a plane graph G is often pretty if every
face boundary is drawn as a convex polygon (Chiba,
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Figure 1: (a) Convex grid drawing, (b) open
rectangle-of-influence drawing which is a convex
drawing, and (c) closed rectangle-of-influence draw-
ing of a plane graph.
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Figure 2: A face of (a) a convex grid drawing, (b) an
open rectangle-of-influence drawing, and (c) a closed
rectangle-of-influence drawing.

Onoguchi & Nishizeki 1985, Tutte 1963). Such a
drawing is called a conver drawing of G. Not ev-
ery plane graph has a convex drawing, but every 3-
connected plane graph has a convex drawing (Tutte
1963), and such a convex drawing can be found in lin-
ear time (Chiba, Onoguchi & Nishizeki 1985, Chiba,
Yamanouchi & Nishizeki 1984). A convex drawing
is called a convez grid drawing if it is a grid draw-
ing. FEvery 3-connected plane graph has a convex
grid drawing on an (n — 2) x (n — 2) grid, and such a
grid drawing can be found in linear time (Chrobak &
Kant 1997, Schnyder & Trotter 1992). Figure 1(a) de-
picts a convex grid drawing of a plane graph obtained
by the algorithm in (Chrobak & Kant 1997). On the
other hand, a restricted class of graphs has a more
compact convex grid drawing. For example, if G is a
4-connected plane graph and has at least four vertices
on its outer face, then G has a convex grid drawing on
a W x H grid such that W 4+ H < n —1, and one can
find such a convex grid drawing in linear time (Miura,
Nakano & Nishizeki 2000). Figure 1(b) depicts a con-
vex grid drawing of the same graph obtained by the
algorithm in (Miura, Nakano & Nishizeki 2000).

In this paper, we deal with a type of straight-line
drawings under another additional constraint, known
as the (open) rectangle-of-influence drawing; it is a
straight-line drawing such that there is no vertex in
the proper inside of the axis-parallel rectangle defined
by the two ends of any edge. A rectangle-of-influence
drawing often looks pretty, since vertices are inclined



Figure 3: Nested quadrangles attaining our bounds.

to be separated from edges. The convex drawing
in Fig. 1(a) is not a rectangle-of-influence drawing,
while the convex drawing in Fig. 1(b) is a rectangle-
of-influence drawing. A rectangle-of-influence draw-
ing is called closed if the axis-parallel rectangle de-
fined by the two ends of any edge contains no vertices
except the ends on its boundary. Figure. 1(c) de-
picts a closed rectangle-of-influence drawing of the
same plane graph as in Figs. 1(a) and (b). Fig-
ures 2(a), (b) and (c) depict a face of a convex
drawing, an open rectangle-of-influence drawing, and
a closed rectangle-of-influence drawing, respectively,
where the axis-parallel rectangle defined by the ends
of an edge is shaded.

Biedl et al. showed that a plane graph G has a

closed) rectangle-of-influence drawing on an (n—1) x
n — 1) grid if there is no vertices in the interior of
an any 3-cycle (Biedl, Bretscher & Meijer 1999). The
closed rectangle-of-influence drawing in Fig. 1(c) is
obtained by their algorithm. It is not a convex draw-
ing. Their result implies that any 4-connected plane
graph with four or more vertices on the outer face
has a (closed) rectangle-of-influence drawing on an
(n —1) x (n — 1) grid. However, the size of an inte-
ger grid required by a rectangle-of-influence drawing
would be smaller than (n—1) x (n—1) for 4-connected
plane graphs, but it has not been known how small
the grid size is.

In this paper we give an answer to this problem.
That is, we show that the convex grid drawing of a
4-connected plane graph G found by the algorithm
of Miura et al. (Miura, Nakano & Nishizeki 2000) is
always an (open) rectangle-of-influence drawing of G,
and hence one can find in linear time a rectangle-of-
influence grid drawing of G on a W x H grid such
that W + H < n — 1 if G has n vertices. Since
W + H <n—1, the area W x H satisfies W x H <
[(n —1)/2] - [(n — 1)/2]. The outer face boundary
of G is always drawn as a rectangle as illustrated in
Figs. 3 and 5(d). The assumption that a given plane
graph has four or more vertices on the outer face does
not lose the generality, because any 4-connected plane
graph with exactly three vertices on the outer face
has no rectangle-of-influence drawing. Our bounds
on W + H and W x H are optimal in a sense that
there exist an infinite number of 4-connected plane
graphs, for example the nested quadrangles depicted
in Fig. 3, any drawings of which need grids such that
W+H=n—1land WxH =[(n—-1)/2]-[(n—1)/2].
It should be noted that any 4-connected plane graph
with four or more vertices on the outer face has a
closed (and hence open) rectangle-of-influence draw-
ing on an (n — 1) x (n — 1) grid (Biedl, Bretscher &
Meijer 1999), but the drawing is not always a convex
drawing as illustrated in Fig. 1(c).

The remainder of the paper is organized as fol-

lows. In Section 2, we give some definitions. In Sec-
tion 3, we outline the linear-time algorithm in (Miura,
Nakano & Nishizeki 2000) for finding a convex draw-
ing of a 4-connected plane graph. In Section 4, we
prove that the convex drawing is an open rectangle-
of-influence drawing.

2 Preliminaries

In this section we introduce some definitions.

Let G = (V, E) be a simple connected undirected
graph having no multiple edge or loop. V is the ver-
tex set, and F is the edge set of G. Let z(v) and y(v)
be the z- and y-coordinates of vertex v € V, respec-
tively. An edge joining vertices 4 and v is denoted by
(u,v). The degree of a vertex v in G is the number of
neighbors of v in G, and is denoted by d(v,G).

A graph is planar if it can be embedded in the
plane so that no two edges intersect geometrically ex-
cept at a vertex to which they are both incident. A
plane graph is a planar graph with a fixed embed-
ding. A plane graph divides the plane into connected
regions called faces. We denote the boundary of a
face by a clockwise sequence of the vertices on the
boundary. We call the boundary of the outer face of
a p(lar)le graph G the contour of G, and denote it by
Co(G).

The open rectangle of an edge is defined to be the
interior of the rectangle defined by the ends of the
edge. An (open) rectangle-of-influence drawing of G
is a straight-line planar drawing of G such that there
are no vertices in the open rectangle of any edge.

The “4-canonical decomposition” of a plane graph
G = (V, E) (Nakano, Rahman & Nishizeki 1997) play-
ing a crucial role in the algorithm in (Miura, Nakano
& Nishizeki 2000) is a generalization of two well-
known concepts: the “canonical ordering,” which is
used to find a convex grid drawing of a 3-connected
plane graph (Kant 1996); and the “4-canonical or-
dering,” which is used to find a “visibility represen-
tation” and a grid drawing of a 4-connected plane
graph (He 1997, Kant & He 1997, Miura, Nakano
& Nishizeki 1999). A 4-canonical decomposition
I = (Uy,Us,---,Us) is illustrated in Fig. 4 for a
4-connected plane graph. Let m be a natural num-
ber, and let II = (Uy,Us,---,Un) be a partition
of set V to m subsets Uy,Us,---,U,, of V where
UlUUQUUUm = V and UZQUJ = (b for any
i and j, i # j. Let Gg, 1 < k < m, be the
plane subgraph of G induced by the vertices in U; | J
Us -+ - U Uy, and let Gy, be the plane subgraph of G
induced by the vertices in Ug41 U Uky2 U - UUm.-

Thus G = G,, = Gy. We say that II is a 4-canonical
decomposition of G if the following three conditions
are satisfied:

(col) Uy consists of the two ends of an edge on
C,(G), and U, consists of the two ends of an-
other edge on C,(G);

(co2) for each k, 2 < k < m — 1, both Gy and G_1
are biconnected and

(co3) for each k, 2 < k < m — 1, one of the following
three conditions holds:

(a) Uy is a singleton set of a vertex u on C,(Gy) such
that d(u,Gy) > 2 and d(u,Gr—1) > 2.

(b) Uy is a set of two or more consecutive vertices on

C,(G}) such that d(u,Gr) = 2 and d(u, G—1) >
3 for each vertex u € Uy.



A 4-canonical decomposition of a 4-

Figure 4:
connected plane graph having n = 21 vertices.

(c) Uy is a set of two or more consecutive vertices on

C,(Gy) such that d(u,Gy) > 3 and d(u,Gr_1) =
2 for each vertex u € Uy.

By the condition (co3), one may assume that for
each k, 1 < k < m, the vertices in Uy consecutively
appear clockwise on C,(Gy). However, the clockwise
order on C,(G1) is not well-defined since G; = K». So
we assume that the two vertices in U; consecutively
appear counterclockwise on C,(G) as illustrated in
Fig. 4. We number all vertices of G by 1,2,---,n so
that they appear in Uy, Us, - --,U,, in this order, and
call each vertex in G by the number i, 1 < i < n.
Thus one can define an order < among the vertices in
G.

In the remainder of this section, we define some
terms which are used in the algorithm in (Miura,
Nakano & Nishizeki 2000). The lower neighbor of u
is the neighbors of u which are smaller than u. The
upper neighbor of u is the neighbors of u which are
larger than u. Every upper neighbor v of any vertex
u satisfies y(v) > y(u) in our drawing. The num-
ber of lower neighbors of u is denoted by djow (u, G),
and the number of upper neighbors of u is denoted
by dup(u,G). Every vertex u except vertex 1 satis-
fies djow(u, G) > 1, and every vertex u except vertex
n satisfies dy,(u,G) > 1. Let 2 < k < m — 1 and
Ur = {ur,us,---,up}. If Uy satisfies the condition
(co3)(a), then h =1 and diow(u1), dup(u1) > 2. If Uy,
satisfies condition (co3)(b), then djoq(u;) = 1 for each
ui, 1 <i < h—1, digw(un) =2, dup(u;) > 3 for each
u;, 1 <i < h—1,and du,(un) > 2. If Uy, satisfies con-
dition (co3)(c), then djpw(u1) > 2, diow(u;) > 3 for
each u;, 2 < i < h, dyp(u1) = 2, and dyp(u;) = 1 for
each u;, 2 < i < h. We denote by w,,(u) the largest
neighbor of u, 1 <u <n — 1. The in-degree of a ver-
tex u in a directed graph D is denoted by d;,(u, D),
while the out-degree of u is denoted by dy:(u, D).

3 Algorithm

In this section, we outline the algorithm in (Miura,
Nakano & Nishizeki 2000). The algorithm first de-
cides the z-coordinates of all vertices, and then decide
the y-coordinates.

3.1 How to compute z-coordinates

The following procedure Construct-F' constructs a
directed forest ' = (V,Ep). All vertices in each
component of F' have the same z-coordinate; if there
is a directed edge (i,j) in F, then z(j) = z(i) and
y(j) > y(i).

Figure 5: Illustration of algorithm.

Procedure Construct-F
begin {F = (V,Ep)}
1  Ep:= ¢ ; {the initial forest F' = (V, ¢) consists
of isolated vertices}
2 fori:=1tondo
if vertex ¢ has upper neighbors j such that
din (4, F) = 0 then
3 let j be the largest one among them, and
add a directed edge (7, j) to the directed
graph Fa that iS, EF = EF U{(laj)})

end.

Fig. 5(b) illustrates the directed forest F' of the
graph G in Fig. 5(a). Both the path 1,13,20 going
clockwise on C,(G) from 1 to n—1 = 20 and the path
2,14, 21 going counterclockwise on C,(G) from 2 to
n = 21 are directed paths in F', and hence these two
paths are put on vertical grid lines as shown in the
bottom figure of Fig. 5(d). Each of the other paths
in F is put on a vertical grid line, too.

We then show how to arrange the paths in F' from
left to right. The algorithm decides a total order
among all starting vertices of paths in F. For this
purpose, using the following procedure Total-Order,
the algorithm finds a directed path P going from ver-
tex 1 to vertex 2 passing through all starting vertices
of F. In Fig. 5(c), the directed path P is drawn by
dotted lines.

Procedure Total-Order
begin
1 let P be the path directly going from vertex 1
to vertex 2;
2 fori:=3tondo



if d;n (i, F) = 0 then {i is a starting vertex
of a path in F'}
begin
3 let j be the first lower neighbor of 7 in the
i’s adjacency list in which the ¢’s neighbors
appear counterclockwise around 7, and the
first element of which is w, (7);

4 let j’ be the starting vertex of the path in
F containing vertex j; {2 # j < i}
) let k be the successor of jl in path P;

{the path starting from vertex k in F has
been put next to the right of the path

starting from vertex j’}

6 insert ¢ in P between j’ and k; {the path
starting from ¢ in F' is put between the path

starting from j and the path starting from
k}
end
end.

The algorithm constructs a weighted tree 7" rooted
at vertex 1 by adding the path P to the forest F'; every
edge of F" has weight 0, and every edge of P has weight
1in T. Then the z-coordinate z(i) of each vertex i,
1 < i < n, is the length of the path from root 1 to ¢
in T. Thus z(1) =0, and W = z(2).

3.2 How to compute y-coordinates

We now show how to compute y-coordinates. For
each k£, 1 < k < m, y-coordinates of all ver-
tices in Up = {ui,us, --,up} are decided as
the same integer, which is denoted by y(Up).
Thus the path wuy,us,---,up on C,(Gg) is drawn
as a horizontal line segment connecting points
(2(u1),y(Us)) and (a(up),y(Uy)). (See Fig. 5(d).)
Furthermore, the algorithm decides the y-coordinates
y(U1),y(Us), -,y(Up) in this order. Thus H =
Y(Unm).
The algorithm first decides the y-coordinate y(Uy)
of Uy = {1,2} as y(Ur) = 0. Thus it draws Gy =
K, as a horizontal line segment connecting points
((1),0) and (x(2),0), as illustrated in the top fig-
ure of Fig. 5(d).

Suppose that y(U1)7 y(UQ)v T 7y(Uk—1)7 k > 2,
have already been decided, that is, Gx_; has already
been drawn, and one is now going to decide y(Uy)
and obtain a drawing of G} by adding the vertices
in Uy to the drawing of Gi—;. Let C,(Gr—1) =
Wy, W, -, wy, where w;y = 1 and w; = 2. Let
CO(Gk) = Wi, W2, ", W, UL, U2, " Uh, Wp,* ", W,
where 1 <[ < r <t. Let ymq. be the maximum value
of y-coordinates of vertices wy, wiy1,- -+, w,; all these
vertices were on C,(G—_1), but all these vertices ex-
cept w; and w, are not on C,(G}). Clearly one must
decide y(Ur) > Ymae to obtain a plane drawing of
Gr. The algorithm decides y(U) to be either ymaz
O Ymae + 1 so that the height H of the drawing be-
comes as small as possible. There are the following
six cases.

Case 1: Ymaz > y(wr), y(w,). (See Fig. 7?(a).)

In this case, if one decided y(Ux) = Ymaz, then
G} could not be a plane drawing. Therefore the al-
gorithm decides y(Ux) = Ymaz + 1.

Case 2: Ymaz = y(wi) = y(w,).

In this case, if one decided y(Ux) = Ymaz, then Gy
might not be a plane drawing. Therefore the algo-
rithm decides y(Ug) = Ymaz + 1.

Case 3: Ymar = y(wi) > y(w,), and F has a directed
edge (wy,uq), that is, z(w;) = z(uy).

In this case, if one decided y(Ur) = ¥maz, then
vertices w; and u; would overlap each other. There-
fore the algorithm decides y(Ux) = Ymae + 1.

Case 4: Ymaz = y(w;) > y(w,), and F' does not have
a directed edge (wi, u1), that is, z(w;) < z(uq)-

In this case, the algorithm decides y(Ux) = Ymaz-
Case 5: Ymar = y(w,) > y(wy), and F has a directed
edge (w,,up), that is, z(w,) = z(up).

In this case, if one decided y(Uk) = Ymasz, then
vertices w, and u; would overlap each other. There-
fore the algorithm decides y(Ux) = Ymae + 1.

Case 6: Yo = y(w,) > y(w;), and F does not have
a directed edge (wy,up), that is, z(up) < z(w,).
In this case, the algorithm decides ¥(Ux) = Ymaz-

4 Proof for open rectangle-of-influence draw-
ing

In this section, we prove that the convex drawing of
a 4-connected plane graph G found by the algorithm
of Miura et al. (Miura, Nakano & Nishizeki 2000) is
an open rectangle-of-influence drawing of G.

We first show that, each face of the convex draw-
ing found by the algorithm of Miura et al. (Miura,
Nakano & Nishizeki 2000) is a particular convex poly-
gon called an “trimmed rectangle.” We call a polygon
a trimmed rectangle if it can be obtained from an axis-
parallel rectangle by trimming off some of the four
corners, as illustrated in Fig. 6. Thus it has at least
three sides and at most eight sides, and at most two
of them are horizontal, at most two are vertical and
at most four are oblique. We will prove the following
lemma later.
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Figure 6: Trimmed rectangles.

Lemma 4.1 In the convex drawing of G found by the
algorithm of Miura et al. (Miura, Nakano & Nishizeki
2000), every face boundary is drawn as a trimmed
rectangle, and each of the oblique sides is exactly one
edge of G as illustrated in Fig. 6.

We immediately have the following theorem from
Lemma 4.1.

Theorem 1 The convex drawing found by the algo-
rithm of Miura et al. (Miura, Nakano & Nishizeki
2000) is an open rectangle-of-influence drawing of G.

Proof If an edge is drawn as a horizontal or vertical
line segment, then there is no vertex in the open rect-
angle of the edge. We shall thus show that there is
no vertex in the open rectangle of any edge e drawn
as an oblique line segment.

Assume for a contradiction that there is a vertex
u in the open rectangle-of-influence of e. We may
assume without loss of generality that e is drawn
as a line segment of positive slope as illustrated in
Fig. 7. The edge e divides the open rectangle of e into
two right-angled triangles, the upper triangle and the
lower one. One may assume that « is in the upper
triangle.

We now claim that both edge e and vertex u are
assumed to be on the boundary of the same face F,
as illustrated in Fig. 7. Suppose conversely that the
boundary of the upper face F' containing edge e does



Figure 7: Illustration for the proof of Theorem 1.

not contain vertex u. Then by Lemma 4.1 F is a
trimmed rectangle, having one or two oblique sides of
positive slope, including e The face F' has the other
oblique side of positive slope; otherwise, the open
rectangle of e would be contained in F and hence
would not contain any vertex. Clearly, the open rect-

angle of ¢ contains u. If both ¢ and w are not on
the contour of the same face, then one can find an

edge e such that e is oblique side of a face and the

open rectangle of e contain u. Repeating these argu-
ments, one can eventually find an edge e and a vertex
u such that u is in the open rectangle of e and both
e and u are on the same face.

We then derive a contradiction, as follows. Denote
the boundary of the face F' by C,(F). C,(F) contains

e and u. Let u' be the preceding vertex of u on C,(F),

and let u" be the succeeding vertex of u on C,(F).
Since F' is a convex polygon and = is in the open

rectangle of e, we have z(u') < z(u) < z(u') and
y(u ) < y(u) < y(u'). Thus both edges (u',u) and

(u,u’") are drawn as positive line segments of positive
slope. Hence F' would have an oblique side of two or
more edges, contrary to Lemma 4.1. Q.E.D

In the remainder of this section,
Lemma 4.1.

The algorithm in (Miura, Nakano & Nishizeki
2000) finds the drawing of G1,Gs, - ,Gm(= G) in
this order, as illustrated in Fig. 5(d). Thus, assuming
that each face of the drawing of G—1, k > 2 is drawn
as a trimmed rectangle, we shall show that each face
of the drawing of GG, is drawn as a trimmed rectangle.
However, it is difficult to show that each face of the
drawing of (G} is drawn as a trimmed rectangle for
the case where either k = m or Uy, 2 < k <m — 1,
satisfies the condition (co3)(c). Therefore, subdivid-
ing all such sets Uy, we obtain another partltlon of V
as follows. Let IT = (Uy,Us, -+, Up) be a 4-canonical
decomposition of G. For each Uj such that either
k = m or U}, satisfies the condition (co3)(c), let Uy =
{u1,u9,---,u;, } and replace Uy in II with singleton
sets {u1}, {ua},---, {us, }. We call the resulting par-
tition HI = (U17U217U227' ! '7U527U?}7U??7' ! '7Ué37 T
UL,U2) of V a refined decomposition of G. If either
k = m or Uy satisfies the condition (co3)(c), then

we prove

Uy =UJUZU U, Iy = |Uy| and |Uj| =1 for
each i, 1 <i <. Otherwise, [, =1 and U, = U}.
For each k, 2 < k < m, and for each

i, 1 < i < I, we denote by G the
plane subgraph of G induced by the vertlces in

U1UU2U UUk71UU UU2U UUZ More-

over, for each k, 2 < k < m, and for each

i, 0 < ¢ < Iy — 1, we denote by G’ the
plane subgraph of G mduced by the vertlces in

Uzi“ U U}é” U---u Uk UUk+1 U --UUnm. For no-
tational convenience, let G% = Gj_; and G} = Gj.

Let k > 2 and Uj {ur,u2, -+ ,up}. By
the definition of a refined decomposition, vertices
U1, Uz, -, up consecutively appear clockwise on

C,(GY) in this order. Let Co(Gh ') = wy,wa, - -, wy,

where w; = 1 and w, = 2. Let Co(Gi) =
W1, W2, W, UL, U2, 75 Up, Wey =, W, where 1 <
I < r <t. We call w; the left leg of U}, and w,

the right leg of U;.. By the definition of a 4-canonical
decomposition and a refined decomposition, the left
leg of Uy, is different from the right leg of U;.

We now have the following lemma for the drawing

of Gi.
Lemma 4.2 For each k, 2 < k < m, and each 1,

0 <i < g, the following ( )—(iii) hold:

(i) the path going clockwise on C, (G} ') from ver-
tex w; = 1 to vertex wy = 2 is “x-monotone,” that is,
z(wy) < z(w2) < --- < x(wy) (such a path is drawn
by thick solid lines in Fig. 8);

(i) the path going clockwise on C, (G} ') from w;
to w, is “quasi-convex,” that is, there is no vertex w,
such that I < p <7 and y(wp—1) < y(wp) > y(wpt1)
(all vertices in such a path are drawn by gray circles in
Fig. 8), and w;, w41, -, w,,w; is a convex polygon
in particular if U}, satisfies the condition (co3)(b) (as
illustrated in Fig. 8(a)); and

(iii) if a vertex v on C, (G}, ') is an inner vertex of

G, that is, v is not on C,(G), and satisfies one of the
following three conditions (a)-(c), then v has at least

one neighbor in Gﬁ;l (the edges joining v and such
neighbors are drawn by thin dotted line in Fig. 8).
(a) v is a common end vertex of two edges consec-
utively appearing on C, (G 1Y having positive slopes.
(b) v is a common end vertex of two edges consecu-
tively appearing on C, (G ) having negative slopes.

(c) The interior angle of the polygon C,(Gi 1) at
vertex v is less than 180°.

Proof [Investigating the algorithm in detail, one
can prove the lemma. The detail is omitted in this
extended abstract. Q.ED

Proof of Lemma 4.1 Using Lemma 4.2, one can
prove Lemma 4.1. Note that all inner face bound-

aries newly formed in G% are trimmed rectangles as
illustrated in Fig. 8 (all such faces are not shaded in

Fig. 8). Q.E.D
u % 0
oo © Q -9 o ©° @
0 w00 O w00

(@) wlz2 (b) 1ul=1

Figure 8: Illustration for Lemma 4.3.

5 Conclusion

In this paper we show that any 4-connected plane
graph G has an open rectangle-of-influence drawing



on an integer grid such that W+ H < n —1if G
has four or more vertices on the outer face boundary,
and one can find such a drawing in linear time. Since
W + H < n—1, the area W x H of the grid is at
most [(n—1)/2]-[(n—1)/2]. Our bounds on W+ H
and W x H are optimal in a sense that there exist
an infinite number of 4-connected plane graphs which
need grids such that W+ H =n+1and W x H =

[(n=1)/2]- [(n —1)/2].
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