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Abstract

We show that the set B,, of balanced parenthesis
strings with n left and n right parentheses can be
generated by prefix shifts. If by, b, ..., bs, is a mem-
ber of B,, then the k-th prefix shift is the string
b1,bk, b2,y bg—1,bk41,...,b2,. Prefix shift algo-
rithms are also known for combinations, and per-
mutations of a multiset; the combination algorithm
appears in fascicles of Knuth vol 4. We show that
the algorithm is closely related to the combination
algorithm, and like it, has a loopless implementation,
and a ranking algorithm that uses O(n) arithmetic
operations. Additionally, the algorithm can be di-
rectly translated to generate all binary trees by a
loopless implementation that makes a constant num-
ber of pointer changes for each successively generated
tree.

Keywords: Gray codes, Catalan numbers, balanced
parentheses, binary trees, combinatorial generation,
loopfree algorithm.

1 Introduction

Balanced parenthesis strings are one of the most
important of the many discrete structures that are
counted by the Catalan numbers, C,, = (2:)/(71 +1).
The Catalan numbers and the objects counted by
them are extensively discussed in [Stanley (1999).
The online supplement lists 149 distinct discrete
structures counted by the Catalan numbers (Stanley
(2007)).

Binary trees and ordered trees are also counted
by the Catalan numbers; these tree structures are of
paramount importance to computer scientists. There
is a large number of papers dealing with the funda-
mental problem of exhaustively listing and ranking
binary trees. In this paper we develop an algorithm
that has a number of attractive and unique features
as compared with existing algorithms.

Let B¢, be the set of all bitstrings contain-
ing ¢t 1s and s 0Os and satisfying the constraint
that the number of 1s in any prefix is at least as
large as the number of 0s. For example, Bzo =
{11100,11010,11001,10110,10101}. In particular,
B, s is empty if ¢ < s. Furthermore, if ¢ = s then B, ,
can be thought of as the set of all balanced parenthe-
sis strings by mapping 1 to a left parenthesis and 0 to
a right parenthesis. In this case, we sometimes drop
the s from the notation; B, = By, .
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If bi,b2,...,0¢45s is a member of By,
then the k-th prefix shift is the string
b1,bk, b2, . bg—1,bk41, ..., brys. Note that the

first bit, b7 is not part of this definition; this is
natural since b; is always 1. Furthermore, it is
impossible to generate B, , if b; is included in the
shifts (e.g., 1Y0° is the only valid shift of both 17101
and 1710°7110). In order to entice the reader into
reading further, below we show the simple iterative
rule, whose successive application will generate By g
using prefix shifts.

Iterative successor rule: Locate the leftmost 01
and suppose that its 1 is in position k. If the (k+1)-
st prefix shift is valid (a member of B, ), then it is
the successor; if it is not valid then the k-th prefix
shift is the successor.

The only string without a 01 is 1*0°, which is the
final string. The initial string is 10171051, Apply-
ing the rule to Bs o gives the sequence 10110, 11010,
10101, 11001, 11100.

This is the first paper that considers whether bal-
anced parentheses can be generated by prefix shifts.
It is known that By ; can be generated by transposing
a pair of bits (Ruskey & Proskurowski (1990)), a pair
of bits with only Os in between (Bultena & Ruskey
(1998)), or by transposing one or two pairs of ad-
jacent bits (Vajnovszki & WalsH (2006)). In general
it is impossible to generate By s by transposing only
one pair of adjacent bits (Ruskey & Proskurowsk
([1990)). Our algorithm will be shown to generate B; 4
by transposing one or two pairs of bits, but those bits
are not adjacent in general.

An algorithm for generating combinatorial objects
is said to be loopless if only a constant amount of com-
putation is used in transforming the current structure
into its successor. Loopless algorithms are known for
various classes of discrete structures that are counted
by the Catalan numbers. See, for example, the pa-
pers [Roelantd (1991), [Korsh, T.aFolette, & Lipschui
2003), [Najnovszki (1998), [Vajnovszki & Walsh
(2006) and [Takaoka & Violich (200().

Binary trees in their conventional representation of
a node with two pointers can efficiently be generated
by only making a constant number of pointer changes
between successive trees (Lucas, Roelants, & Ruskey
(1993)). This algorithm can be implemented loop-
lessly and is presented in [Knuth (2006). The current
paper gives the basis for another such algorithm.

The approach taken in this paper was initiated
in the papers of [Ruskey & Williamd (2003, 2008) for
generating combinations that are represented by bit-
strings in the usual way. There the bitstrings are also
generated by prefix shifts. It is remarkable how many
of the results of those papers have close analogues
with the results of the current paper. The ordering of
combinations in (Ruskey & Williamd 2008, 2008) was


http://www.cs.uvic.ca/~ruskey

called cool-lex order because of its close connection
with the well-known colex order of combinations. In
a similar spirit, we have dubbed our order “CoolCat”
order because of its close connections with cool-lex
order and with the Catalan numbers.

Relative to a list of objects, the rank of a partic-
ular object is the position that it occupies in the list,
counting from zero.

To summarize, our method has the following prop-
erties:

1. Each successive string differs from its predecessor
by the rotation of a prefix of the string. Further-
more, the list of strings is circular in the sense
that the first and last also differ by a prefix ro-
tation.

2. Each successive string differs from its predecessor
by the interchange of one or two pairs of bits.

3. It has a simple recursive description. This de-
scription does not involve the reversal of sublist,
as is usually the case for Gray codes. The un-
derlying graph is a directed graph; that is, if by
differs from by by a prefix rotation, then in gen-
eral it is not the case that bs differs from by by
a prefix rotation.

4. Tt has a remarkably simple iterative successor
rule. This rule was stated above.

5. The iterative successor rule can be implemented
as a loopless algorithm. Also, the successor rule
can be translated to a loopless algorithm for
generating binary trees. No previous listing of
balanced parenthesis strings is simultaneously a
Gray code for the strings and for the correspond-
ing binary trees.

6. It has a ranking algorithm that uses O(n) arith-
metic operations. No previous Gray code for bal-
anced parenthesis strings has this property.

2 Generating Binary Trees

To give the reader a flavor of how useful the itera-
tive successor rule is, in this section we translate the
rule so that it applies to binary trees, as traditionally
implemented on a computer. The result is a loop-
less algorithm that makes at most 16 pointer updates
between successive trees. An implementation of this
algorithm is available from the authors.

The standard bijection between B, , and ex-
tended binary trees with n internal nodes is to as-
sociate each internal node with a 1 and each leaf with
a 0 and then do a preorder traversal of the tree, ignor-
ing the final leaf. If z is a node in a binary tree, then
we use [(z) and r(z) to denote the pointers to the left
and right children of z. Unfortunately, we also need
to maintain the parent of each internal node; this is
denoted p(z).

To update the tree we maintain three pointers: x,
the first node that is not on the leftmost path of inter-
nal nodes; y, the parent of x; and R, the root of the
tree. The assignments below represent parallel exe-
cutions, so that, for example, [a, b] < [b, a] swaps the
two values a and b. The algorithm terminates when
x becomes nil.

According to the iterative successor rule there are
three cases to consider: (a) the string is of the form
1P0911cy, (b) the string is of the form 170710«, with
p > ¢, and (c) the string is of the form 170710a.
Below we show the updates that are necessary in each
of the three cases. Important note: The updates to
the parent field are not shown explicitly below, but
every time that an update is done to r(.) or I(.), then

Figure 1: The

trees  corresponding to
111111000011... — 111111100001.... This is an
example of Case (a).

an update must be done to p(.). E.g., if the update is
r(v) < w, then it should be followed with if w # nil
then p(w) — v.

Case (a): The new string is 17*1091a. This case
occurs when [(z) # nil. The corresponding update to
the binary tree is

[r(y),r(x), U(z),1(y)]  [r(z), (), 1(y), ]

z —r(y);

Case (b): The new string is 1017~1091c. This case
occurs when [(z) = nil and R # y. The corresponding
update to the binary tree is

[( ( ,r(p(y) ( )7T(I)al(y)ar(y)] —
[(y ,ac,r( ) T(p(y)),nﬂ,R];

(R, z] — [y,7(y)];

Case (c): the new string is 17710P*1a. This case
occurs when [(z) = nil and R = y. The corresponding
update to the binary tree is

[[(z),r(y)] (R, y, ]

After this update the algorithm terminates if x = nil
(i.e., if v is the empty string).

These three cases are illustrated in Figures [ B
andBl Circles are used for internal nodes, squares are
used for leaves, and the triangles represent subtrees
whose structure is not specified (but whose preorder
order must be preserved).

Yy

— [y, nill; — [z, 2, r(x)];

3 Recursive Structure

In this section we examine the recursive structure of
the CoolCat ordering on balanced parenthesis. In
particular, we provide two recursive formulae and
prove that they produce lists that are identical to
those produced by the iterative rule. A corollary to
this result is that the iterative rule generates every
string in By ;. For comparison purposes we also pro-
vide the recursive structure for co-lexicographic, or
colex ordering. We begin this section by giving a for-
mal definition of the iterative rule.

The CoolCat iterative rule maps a binary string
b € B; ; to another binary string o(b) € B; ;. When
b does not contain any 010 or 011 as a substring then



Figure 2: The trees corresponding

to

111111000010... — 101111100001.... This is an

example of Case (b).

Figure 3: The trees corresponding
111111000000101... — 111111100000001....
is an example of Case (c).

to
This

it is easiest to define o(b) using the following two spe-
cial cases, which simply move the rightmost symbol
into the second leftmost position.

{ 101%07 if b = 11°070 (1a)

o(b) = o o
1119070 if b= 1170701  (1b)

Otherwise, we can assume that b = 11°0071zb’ for
some symbol z and some (possibly empty) string b’.

{ 111°0072b"  ifi=j (2a)
o(b) = o

121000710’ ifi>j (2b)
We inductively let ¢°(b) = b and o%(b) =

o(c*=1(b)) for k > 0, so that we can define an it-
erative list R; ; that uses o.

R:;s = b, o(b), o%(b), ...,a" 1 (b) (3)

where b = 1'0% and k = |B|. We'll also find it
useful to start the iterative process at the successor
of b, and in fact our first recursive structure will equal
this secondary listing. Instead of starting the iterative
process at the successor of b, this secondary listing
can also be seen as the result of applying o to each
string in Ry ,.

St,s = U(b)a 02(b)a SRR Uk(b) (4)
= o(Rys) (5)

To better illustrate our first recursive formula, let
us begin by examining the recursive structure of the
colex list Ly 4 and then comparing it to the CoolCat
list S4 4. The term colex refers to the fact that the
strings in B; , are in increasing lexicographic order
when each string is read from right to left. The colex
list L4 4 can be built recursively from the smaller lists
Ls; for 0 < ¢ < 3. Each of these lists appears as a
column within Figure @l Notice that in each column
the suffixes beginning with 1 are underlined, and all
of the strings with a given underlined suffix appear
consecutively. In the case of Ly 4 (where t = s) the
suffixes beginning with 1 are 10000, 1000, 100, and
10. Notice that there is no suffix 1 since there is no
string in By 4 with that suffix. However, the suffix
1 does appear in Lz o (where ¢ > s) since there is a
string with that suffix in B3 >. Finally, in each case
the suffixes are ordered by decreasing number of zeros.
In general each of these observations holds true, and
it leads to the following recursive formula for L; ¢

L1105, Lyg 11057 000 Ly 50010 ifE=s
T Li—1,010%, Ly 11057 L Ly 61 ift > s.

To compact expressions of this kind we introduce ]
to combine short lists of strings into larger lists, and
we restate the recursive formula for L; ; as follows

s—1
H Li 1,10°7"  ift=s (6a)
Lt,s _ ijO
[[L:a10o  ift>s.  (6b)
=0

Now we turn our attention to the recursive struc-
ture of Wy 4 that is illustrated in Figure B As in
colex the suffixes beginning with 1 are underlined and
the strings with a given underlined suffix appear con-
secutively within each list. However, in this case the
suffixes beginning with 1 are ordered by decreasing



L3o L3i  Lap L33 Ly
111 1110 11100 111000 11110000
1101 11010 110100 11101000
1011 10110 101100 11011000
11001 110010 10111000
10101 101010 11100100
11010100
10110100
11001100
10101100
11100010
11010010
10110010
11001010
10101010

Figure 4: The recursive structure of colex.

Wiy W3,
111 1011
1101
1110

Wso
10110
11010
10101
11001
11100

W3
101100
110100
101010
110010
111000

Wy,
10111000
11011000
11101000
10110100
11010100
10101100
11001100
11100100
10110010
11010010
10101010
11001010
11100010
11110000

Figure 5: The first recursive structure of CoolCat.

number of zeros, except for the suffix 10° that ap-
pears last instead of first. Of course, there is only a
single string in By ; that has the suffix 10°, namely
1'0%. Amazingly, the alternate placement of this sin-
gle string fully captures the difference between the
recursive structure of CoolCat and colex. We define
the list W, , as follows, and we prove that it is equal
to S¢ s in Theorem [

s—1

[[Weri10°7% 1%0°  ift=s (7a)
Wt = =1

[T Weai10°7, 1f0° it £ > 5.(7h)

=1

Since the recursive structure of W, ; is a reorder-
ing of the strings in L; ; we have the following remark.

Remark 1. W, ; contains each string in By s exactly
once.

An important step towards proving Theorem [ is
the following lemma, that explicitly identifies the first
and last strings that appear in W, , when s > 0.

Lemma 1. For s >0

first(Wes) =
last(Wy s)

10110t (8)
1'0°. (9)

Proof. The value of last(W; ) follows immediately
from ([@). To determine the value of first(W; ) we

have the following

first(Wys) fz'rst(Wt,Ll)lOs_l
first(W;_9.1)110°7 "

first(W;_31)11105*

= first(Wy)1t7105!
= 101t '0° L.

O

Now we are in a position to prove the main result
of this section.

Theorem 1. S, = W, .

Proof. To prove the result we need to show that
within W 4 the first string in each sublist is obtained
by applying o to the last string of the previous sublist.
The sublists in W, ; are slightly different depending
on whether ¢ = s (@) or t > s (), so we proceed in
two cases. First we prove the result when ¢ > s. For
the last transition we have

o(last(Wi_1,1)) = o(1'710°1)

10°
which follows from Lemma [ and the definition of

o ([[@M). For the remaining transitions we have, for
1<1<s—1,

o(last(Wi_1 c;10Y) = o(1710%7410%)
1011720574101

= f’L'TSﬁ(Wt_l,s_i_;_l 102-71)

which follows from Lemma [ and the definition of o
@h). In particular, @H) applies here since ¢ > s and
1> 1 imply that t —1 > s — 3.

Next we prove the result when t = s. For the last
transition we have

o(last(W;_1,5-110)) = o(1'710°"10)

1t0®
which follows from Lemma [Il and the definition of o

@a). In particular, ([Zal) applies here since ¢t = s. For
the remaining cases we have, for 1 <17 < s — 2,

o(last(W;_1..:10%) o(1710°7"10%)
101t—20$—i10’i—1
= fZ.T'St(Wt,LS,Z‘Jrl].Oi_l

which follows from Lemma [0l and the definition of o
@H). In particular, 2H) applies here since ¢t = s and
1> 2 imply that t — 1 > s — 1. O

Theorem [ allows us to show that the iterative
definition of CoolCat produces lists that are circular.
That is, in both R;, and S;,, the first string can
be obtained by applying ¢ to the last string. More
generally we have the following corollary.

Corollary 1. For any b € By s and k = |By 5|
o®(b) =b.
Proof. We can prove this result by showing that the

list S¢ , is circular. This proves the statement of the
corollary and also proves that R, s is circular by (@)



and @). We accomplish our goal through the fol-
lowing chain of equalities that reference Theorem [

Lemma [ and (Tal)

o(last(Sts)) = o(last(Wys))
a(1'0%)

— 101t1o!

first(Wy )

first(S.s).

O

Theorem [ also allows us to prove that the iterative
definition of CoolCat generates every string in By ;.

Corollary 2. R and S; s contain each string in
B, s ezactly once.

Proof. The result for S; s follows from Remark [l and
Theorem [l The result for R, follows from the fact
that

a_k(ltos) — 1t0$
for k = |By,s| by Corollary [l and thus R, is a re-
ordering of S; s by @) and @). O

Although the recursive definition of W, , has its
benefits, sometimes it is more convenient to work with
a recursive definition that contains fewer terms. For
example, in Section B we rank the order of the strings
within CoolCat utilizing the following definition

K10 ift=s
K;s =< K11, 177101 ifs=1
K10, Kio1 41, 17710°1  if 1l <s <t

(10)
In Theorem Bl we prove that K; s is identical to Wy ¢
except that it is missing the string 1*0°. The proof
is involved, so we provide an illustration for each of
the three cases of () in Figure @ In each column
the overlined and underlined strings denote whether
the number of zeros or ones are being recursively de-
creased, respectively. Strings without an overline or
underline are of the form 1?~10°1 and are not involved
in the next lower level of recursion, while the strings
below the horizontal line are of the form 1¢0¢ and rep-
resent the unique string that is in W, , but is not in
K, . For the sake of saving space we only produce
the columns with a smaller number of zeros, until the
number of zeros equals one.

Ksi Kii Kio  Kuaz Kia _
1011 10111 101110 1011100 10111000
1101 11011 110110 1101100 11011000
11101 111010 1110100 11101000
101101 1011010 10110100

110101 1101010 11010100

101011 1010110 10101100

110011 1100110 11001100

111001 1110010 11100100

1011001 10110010

1101001 11010010

1010101 10101010

1100101 11001010

1110001 11100010

1110 11110 111100 1111000 11110000

Figure 6: The second recursive structure for CoolCat.

Theorem 2. W, =K, ,, 10°.

Proof. We prove the result by a double induction.
The first induction will be on the number of zeros,
and the second induction will be on the number of
ones. For the base case of the first induction we have
s =1 and it is easy to verify that

t
II]ﬂOlt*i
=1

t—1
= J[ror, 1o
=1

W1

= K1, 1.

Now suppose that s = k£ > 1 and that the theorem
holds for all s < k. At this point we start our second
induction. For the base case of the second induction
we have t = k. In other words the number of ones
is equal to the number of zeros, which is the mini-
mum possible number of ones. We have the following
expression for Wy, j,

k—1
=[] Wr-1410"7%, 150"
i=1
k—1
= JIWi-1:10""""0, 1%0* "0
i=1
k—1
- ( II'vvk_ldlok—l—z 1k0k—1)0
i=1
= (Wgx-1)0
(Kp.r—1,150*"1)0
= Kpix_10, 1¥0*
= K, 170"

Now to continue with the second induction we sup-
pose that t = k + j, for some j > 0, and that the
theorem holds for all ¢ < k4 j. In other words, we
are supposing that there are j more ones than ze-
ros, and that the theorem holds when there are fewer
than j additional ones. Then we have the following
expression for Wy ; i

k

= I Weyj-1410"7, 1¥H0

i=1

k-1

TT Witj1410577, Wi 41, 1540

=1
k-1

(H Wk+j1,i10k12>07 Wipjo16l, 1808,
=1

The bracketed product has fewer than k zeros and
equals Wy 1 except that it is missing 1¥+70~~1
as its last string. Therefore, by the first induction

RN
= Kipjr-10, Wipjo1pl, 187705

The second term has fewer than k+j ones. Therefore,
by the second induction we continue as follows

Kiotjh-10, (Kpijo1p, 157771071, 17907
Kk 10, Kipjo1l, 19771051, 17+70"
1ok,

= KkJerC?

This completes the inductive case of the second in-
duction, and so the theorem is true for s = k and all
t > k. This completes the inductive case of the first
induction, and so the theorem is true for all s > 1. O



Before closing this section we explicitly state the
first and last strings of Ry, since it will be useful in
the next section.

Lemma 2. For s> 0

first(Rys) = 1'0°

{1t—108—110 ift=s

last(Ry,s) if t > s.

1t-10%1

4 Algorithm

In this section we present an algorithm to generate
R . That is, we present an algorithm that iteratively
visits each successive string in the CoolCat ordering
starting with 1Y0°. The algorithm is remarkably ef-
ficient in terms of time and storage. In particular it
is loopless in the sense that each successive string is
generated in O(1) time, and it is constant extra-space
in the sense that it uses O(1) storage when excluding
the array b that holds the binary string. The array b
uses 1-based indexing, so b[1] is the first value in the
array. For proposition P, the notation [P] means 1
if P is true and 0 if P is false.

As in Section Bl the variable x is used to represent
the position of 1 in the leftmost 01. However, the
variable y is now used to represent the position of
the leftmost 0. The initial values of  and y do not
obey this rule, and they are chosen simply for the
sake of the first iteration. The initial value b = 1¥0°
is visited by the visit(b) command on line Bl while all
other values of b contain a leftmost 01 and are visited
on line ZII We say that each iteration starts at the
while statement on line[ll During each iteration there
are three possible routes through the if statements
and these three routes correspond exactly to the cases
from Section B If b = 170911« (case (a)) at the start
of an iteration then the outer if statement on line [Tlis
not entered. If b = 170P10« (case (c)) then the inner
if statement on line is entered. If b = 1P0910«
for p > ¢ (case (b)) then the inner else statement
is entered. The general idea of the algorithm is to
maintain x and y and to use their values, and the
values of b[z] and b[y], to determine how b needs to
change from one iteration to the next.

CoolCat(t, s)
Require: t > s >0

1 n«—t+s

2: b — array(1°0%)

3 x— 1t

4: —t

5: visit(b)

6: while z <n — [t = s] do
7. blx] 0

8: b Y| < 1

90 z<—x+1

10 y«—y+1

11: if b[z] =0

12: if x =2y—2 { Case (c) }
13: r—z+1

14: else

15: blz] —1 { Case (b) }
16: b2] <0

17: T3

18: Y2

19: end

20 end { else Case (a) }
21:  visit(b)

22: end

To prove the correctness of the algorithm we track
the values of the three variables from one visit call to
the next visit. We let by, bo, ... represent the values
taken by variable b at each subsequent visit, and we

use the same convention for x and y. For example,
b1 will be the first and only value of b visited at line
B while by will be the first value of b visited at line
E1 When y; is the smallest value where b;[y;] = 0
then we will say that y; is correct. Likewise when
x; is the smallest value where b;[z;] = 1 and z; > y;
then we will say that x; is correct. For convenience we
also let Vi g = b1,ba, ..., b, where by is the last value
of b that is visited before the program terminates.
Ultimately we will show that the program does in fact
terminate, and that V;, = Ry s (Theorem B)). We
refer to the current values of b, x, and y as the current
configuration. From lines we see that b; = 140,
r1 =t and y; = t, so the initial configuration before
entering the while loop is
b=10° y=t z=t.

By Lemma B first(R:s) = 1°0% so b is initialized to
the correct value. The program terminates once x =
n— (t = s) (line @), where (¢t = s) equals one if t = s,
and zero otherwise. In other words, if ¢ = s then
CoolCat terminates once x = n — 1, and otherwise
it terminates once x = n. Recall that this condition
echoes the two cases of [@). Finally, we point out
CoolCat’s explicit requirement that ¢t > s > 0. The
next two lemmas will address the first two iterations
of the algorithm.

Lemma 3. V;, =R, , whent < 2.

Proof. 1t is easy to verify that V;; = 10, Vo1 =
110,101, and V2o = 1100,1010. In the first case
the program does not enter the while loop and in the
last two cases the program terminates after the while
loop’s first iteration. O

Lemma 4. Ift > 2 then by = o(b1), x2 = 3, and
Yo = 2.

Proof. When t > 2 the program enters the while loop
and after lines [HIT we have the following configura-
tion
b=10° y=t+1 z=t+1
Since b[z] = b[t + 1] = 0 the program enters the outer
if statement on line [l Since ¢ > 2 it does not enter
the inner if statement on line [ and so lines [[Q and
[[@ are executed to give the following configuration
b=101'0° y=t+1 z=1t+1.
After line [[A and line [ we have the following con-
figuration
b=101"10°"t y=2 x=3.
Since the next line to execute is a visit statement we
have by = 101710~ 1. Therefore, we have proven the
result since b; = 1'0° and o(1'0%) = 101*710°~! by
O

@.

The next lemma explains how the algorithm ter-
minates (the values for last(R; ) are recalled from
Lemma [).

Lemma 5. Ift > 1, every b; € B s, and x; is correct
then

11057110
1101

ift=s

last(Vy,s) = last(Rys) = { ift>s



Proof. When t = s, the condition on the while loop
isz <n—1. If b, = 171057110 and =, is updated
correctly then xx = n—1, so once by, is visited the pro-
gram will terminate. Furthermore, by (Ba)) we have
that z; < n — 1 for all i # k since by the assumption
all b; € By s.

When ¢t > s, the condition on the while loop is
x < n. If bp = 1*710°1 and z}, is updated correctly
then z; = n, so once by is visited the program will
terminate. Furthermore, by (EH) we have that z; < n
for all ¢ # k since by the assumption all b; € By ;. O

Now that the extreme cases of CoolCat have been
accounted for, we can focus on the general behavior of
the algorithm. In particular, 10 and 1*=!0°1 have
been dealt with in Lemma Bl and Lemma B respec-
tively, so we need only consider the behavior of the
algorithm on binary strings that contain a leftmost
01 and at least one additional symbol following it. In
other words, we assume that b = 1170091z ... where
z € {0,1}. From Section Bl we recall our iterative
definition for o(b)

ifp=qgand z=0 (1la)

12170091 ... ifp>qorz=1. (11b)

{ 1117009z . ..
Notice that when z = 1 then the left side of ([[Tal) and
([[IO) are identical. Therefore, we can interchange
their roles when the condition of z = 1 is satisfied.
Thus, the conditions in ([[T&) and ([[IH) can be equiv-
alently stated as p = ¢ and p > ¢, respectively. In
fact, the conditions were originally stated this way in
al) and L); we make the change here since it opti-
mizes the logic of the resulting program. Another way
of stating the equivalence is that if b = 11700P11...
then it does not matter if we move the (2p + 3)rd
symbol or the (2p + 4)th symbol since both are equal
to 1. We now are able to complete this section with
three lemmas. The first two lemmas correspond to
([[ID) (cases (a) and (b) respectively), while the third
lemma corresponds to ([[Tal) (case (c)).

Lemma 6. Suppose z =1, so that b; = 11P00911 .. ..
If x; and y; are correct, then bi11 = o(b;) and w41
and y;+1 are correct.

Proof. From the statement of the lemma, we can as-
sume that the current configuration appears below
and the program just satisfied the condition of the
while loop

b=11P00911... y=p+2 z=p+q+3.
After executing lines [HIT the current configuration
becomes

b=11P109%01... y=p+3 z=p+q+4.
Since blz] = 1 the program does not enter the if
statement on line [l and so b;y1, ©;4+1, and y;41 are
equal to their respective values above. From (1L,
o(b;) = biy1. Furthermore, the values of y;11 and
T;y1 are correct.

Lemma 7. Suppose p > q and z = 0, so that b; =
11P00910. .. with p > q > 0. If x; and y; are correct,
then biy1 = o(b;) and x;y1 and y; 41 are correct.

Proof. From the statement of the lemma, we can as-
sume that the current configuration appears below
and the program just satisfied the condition of the
while loop

b=117P00910... y=p+2 z=p+q+3.

After executing lines [(HIT the current configuration
becomes

b= 11P10900. ..
= 111P0900. ..

y=p+3 z=p+q+4

Since b[z] = 0 the program enters the if statement on
line[[ Since z = 2y —2 would imply that p+q¢+4 =
2p + 4 and thus p = ¢, then the if statement on line
is not entered. After executing lines[[H through [[§
the configuration becomes
b=101P0901... y=2 x=3.

At this point the program makes the next visit in
line 211 so b;+1, wit+1, and y;4+1 are equal to their
respective values above. From ([ID), o(b;) = biy1.
Furthermore, the value of y;1 is correct. Finally, the
value of x;11 is also correct since p > 0.

Lemma 8. Suppose p = q and z = 0, so that b; =
11P007P10.... If x; and y; are correct, then b;y1 =
o(b;) and x; 41 and y;11 are correct.

Proof. From the statement of the lemma, we can as-
sume that the current configuration appears below
and the program just satisfied the condition of the
while loop
b=11P00P10... y=p+2 x=2p+3.
After executing lines [T the current configuration
becomes
b=11P10P00... y=p+3 x=2p+4.
Since blx] = 0 the program enters the if statement
on line [l Since x = 2y — 2 the program enters the
if statement on line After executing line [ the
current configuration becomes
b=11P10P00... y=p+3 x=2p+5.
At this point the program makes the next visit in
line B1l so b;11, wiy1, and y;11 are equal to their
respective values above. From ([[I&l), o(b;) = bit1.
Furthermore, the value of y;41 is correct. However,
can we be certain that the value of z;;; is correct?
Notice that the explicitly displayed portion of b in the
above configuration contains an equal number of 1s
and 0s. Hence, the next symbol must be 1, and so
the value of x;41 is also correct. O

The result of Lemmas is that CoolCat(t,s)
correctly visits and updates first(Ry s), and then cor-
rectly visits and updates every other string in R;  up
to and including last(Ry s) after which it terminates.
Therefore, we have proven the following theorem.

Theorem 3. For allt > s > 0, we have Vi, = Ry .

5 Ranking

In this section we develop a ranking algorithm that
uses O(n) arithmetic operations. We will need to
know the number of elements in K; s, which we de-
note by K;s = |Bys| — 1. Table [ shows K;, for
0<s<t<8.

Theorem 4. For all0 < s <t,

t—s—+1/t+s t+s t+ s
Kig+1l=—— = — .
’ t+1 t t t+1



0o 1 2 3 4 5 6 7 8

01

111 1

211 2 2

3|1 3 5 5

411 4 9 14 14

5(1 5 14 28 42 42

6|1 6 20 48 90 132 132

711 7 27 75 165 297 429 429

8|1 8 35 110 275 572 1001 1430 1430
Table 1: The Catalan triangle. The row ¢, column s
entry is Ky s = t;f{l (1.

Proof. These are well-known properties of the “Cata-
lan triangle” (Knuth (2006), Stanley (1999)). O

Let b = bobg - - - byys—1 € Bys. We use p(b) to de-
note the rank of b in the list K; ;. Here is a recursive
description of the ranking process; it follows directly
from (EII) Let b’ = bob2 s bt+s—2-

p(b/) if bt+5,1 =0
p(b) = Ky s — 1 ifb=1710°1 (12)
K15+ p(d’) otherwise.

For example,

p(1010101)

8 + p(10101)
8+ Kz 1+ p(1010)

= 842+ p(101)
= 10+ Ky; -1
10

Note that () ignores trailing Os; the rank there-
fore depends only on the positions of the 1s. If
c1,Co,...,c are the positions occupied by the 1s and
¢ is the minimum value for which ¢, > ¢, then (2
can be iterated to obtain

t
p(clcg...ct) :Kq,cq—q_1+ Z Kj,cj—j—l- (13)
Jj=q+1

We now show that there is a nice way to view
the ranking process as a walk on a certain integer
lattice. Refer to Figure [ The walk starts at the
upper left; each 1 is a vertical step down and each 0
is a horizontal step to the right. The vertical edges are
labeled, where the t-th row of vertical edges (counting
from 1) gets labeled as follows from left-to-right: (no
label), Ko, Kt1,...,Ktt—1. The label furthest to
the right in each row is not on an edge. Figure [0
illustrates the path for the bitstring 11100110101100.
The square marks the endpoint of the part of the path
that ends at the leftmost 01; i.e, the string 111001 in
the example bitstring. The rank of the bitstring is
obtained by summing the edge labels on the path after
the square, adding the edge label on the edge to the
right of the one that precedes the square (the circled
label in the figure), and then subtracting 1. Thus
p(11100110101100) =4+ 19+ 744109+ 8 — 1 = 213.

To unrank we reverse the process. We use p;_ L(m)
to denote the string b € B¢ s whose rank in K; , is m.
Suppose, for example, that we want the rank 212 bit-
string with t = 8 and s = 6; i.e., p(_STG)(212). We start
where the example path ends. We move to the left
so long as the edge labels exceed the remaining rank,

0
0 1
0 2 4

o |3 (8 13

!
L |

0 4 13 |27 41

0 5 19 |47 |89 131

0 6 26 |74 |164 |296 428

0 7 34 1109 | 274 |571 |1000 1429

Figure 7: Ranking 11100110101100.

then move up and repeat. Arriving at the old square,
we are at an impasse; the remaining rank is 7, so we
have yet to encounter the square. So we so up and
the rank becomes 4, which is what remains if we make
the current location (one move above the old square)

the new square. Thus p(_816)(212) = 11001110101100.

We leave it to the reader to turn this description into
an algorithm.

What is the running time of the ranking algo-
rithm? Let n = t+s. Note that ([[Z) and (&) involve
O(n) additions and other operations. We can avoid
computing the entire table by only computing the val-
ues needed along the path. First compute K s, which
takes O(n) arithmetic operations. Then make use of
the following relations which can be checked using
Theorem Ht

(t+1)(t—s)
14+ K1y = 1+ K,,) and
T = o g gy L K an
t— 542
14 Kpyq = s(t—5+2) (1+ K.

(t—s+1)(t+s)

Of course, if many ranking/unranking operations are
being performed then it will be better to pre-compute
the K s table.

6 Final Remarks

For future research, it would be interesting to deter-
mine whether the results of this paper can be ex-
tended to the natural 0/1 representation of k-ary
trees, or to ordered trees with prescribed degree se-
quence (Zaks & Richardd (1979)).

We thank the referees for carefully reading this
paper and pointing out a number of typos and places
where the exposition could be improved.
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