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Abstract

The problem of deciding whether the edge-set of a
given graph can be partitioned into at most k cliques
is well known to be NP-complete. In this paper we
investigate this problem from the point of view of pa-
rameterized complexity. We show that this problem
is fixed parameter tractable if we choose the number
of cliques as parameter. In particular, we show that
in polynomial time, a kernel bounded by k2 can be
obtained, where k is the number of cliques. We also
give an O(2((k+3) log k)/2n) algorithm for this problem
in K4-free graphs.

1 Introduction

The problem of finding a minimum set that covers
or partitions the edge-set of a given graph arises in
many applications (e.g., see (15)). The problem is
defined as follows: Let G be a graph. A set S =
{G1, G2, . . . , Gk}, k ≥ 1 of subgraphs of G is called a
covering of G if E(G) = ∪k

i=1E(Gi). If each element
of S is a clique, then S is called a clique cover of G. A
clique partition is a clique cover S in which each edge
belongs to exactly one member of S; that is, for two
distinct C,C ′ ∈ S it follows that E(C) ∩ E(C ′) = ∅.
The clique partition problem asks whether a given
graph G has a clique partition of size at most k.

The clique partition problem is known to be NP-
complete in general graphs (14). The problem re-
mains NP-complete even for K4-free graphs (16).

In this paper we investigate the parameterized
complexity of this problem using the framework de-
veloped by Downey and Fellows (5). Here we give a
quick review of parameterized complexity theory. For
a detailed discussion we refer the reader to (5) or (13).
In parameterized complexity theory, we consider the
input of an instance of a parameterized problem as
consisting of two parts; that is, a pair (I, k), where
I is the main input and k (usually an integer) is a
parameter. We say a problem of size n and parame-
ter k is fixed parameter tractable if the problem can

∗ The reseach has been supported by International Sci-
ence Programme (ISP) of Sweden, under the project titled
“The Eastern African Universities Mathematics Programme
(EAUMP)”.
Copyright c©2008, Australian Computer Society, Inc. This
paper appeared at the Fourteenth Computing: The Aus-
tralasian Theory Symposium (CATS2008), Wollongong, NSW,
Australia. Conferences in Research and Practice in Informa-
tion Technology (CRPIT), Vol. 77, James Harland and Prabhu
Manyem, Ed. Reproduction for academic, not-for profit pur-
poses permitted provided this text is included.

be solved in time O(f(k)nc), where f denotes a com-
putable function and c denotes a constant which is
independent of the parameter k. Therefore, a param-
eterized algorithm may provide an efficient solution
to a problem whose parameter is reasonably small.

Clustering problems have wide applicability (See
for example, (2; 7; 8; 11)). The problem (EDGE)
CLIQUE COVER in general graphs is an impor-
tant NP-complete problem that has received consid-
erable attention. Clique Cover in general graphs is
hard to approximate in polynomial time and noth-
ing better than a polynomial approximation factor is
known (1). However Gramm et al. (See (9) and also
(10)) show that CLIQUE COVER is fixed-parameter
tractable with respect to the parameter k, the number
of cliques, and has a kernel of size 2k.

CLIQUE COVER
Instance : A graph G = (V,E)
Parameter : An integer k
Question : Is there a set of at most k cliques

in G such that each edge in E
has both its endpoints in at least
one of the selected cliques?

Gramm et al. (9; 10) describe an exact algorithm
based on search tree techniques. Combining their ker-
nelization rules with a sophisticated search tree algo-
rithm, they were able to obtain an FPT algorithm for
CLIQUE COVER that can solve problem instances
on graphs of several hundred vertices efficiently.

The key difference between CLIQUE COVER
and our problem, CLIQUE PARTITION, is whether
the cliques share edges or not. Although we have
not implemented our kernelization rules, they are
polynomial-time data reduction techniques similar to
those of Gramm et al. that significantly shrink the
input, and then for the reduced instances one can use
search tree, exhaustive search or other algorithms to
efficiently find optimal solutions in reasonable time.

More formally, in this paper we study following
parameterized problem:

CLIQUE PARTITION
Instance : A graph G = (V,E)
Parameter : An integer k
Question : Is there a set of at most k cliques

in G such that each edge in E
has both its endpoints in exactly
one of the selected cliques?

We develop a set of reduction rules that in poly-
nomial time replace a given CLIQUE PARTITION
instance (G, k) consisting of a graph G and a nonneg-
ative integer k by a “simpler” instance (G′, k′) such



that (G, k) has a solution iff (G′, k′) has a solution.
An instance to which none of the reduction rules ap-
plies is called “reduced” with respect to these rules.
A parameterized problem such as CLIQUE PARTI-
TION (the parameter is k) is said to have a problem
kernel if, after the application of the reduction rules,
the reduced instance has size f(k) for a function f
depending only on k. It is a well-known result from
parameterized complexity theory that the existence of
a problem kernel implies fixed-parameter tractability
for a parameterized problem (5; 13) and (10).

Main Results: In this paper we show that
CLIQUE PARTITION has a kernel bounded by k2,
hence it is fixed parameter tractable. We also give an
O(2((k+3) log k)/2n) algorithm for K4-free graphs.

Notations: All graphs considered in this paper
are undirected finite graphs without loops and mul-
tiple edges. Let G = (V,E) be a graph. A clique is
complete subgraph of G that is not necessarily max-
imal. The set of neighbours of a vertex v is denoted
by N(v), and we set N [v] = N(v) ∪ {v}. For T ⊂ V ,
we set N(T ) :=

⋃
v∈T N(v) . If V ′ ⊆ V , we denote

by G[V ′] the subgraph of G induced by V ′. We refer
the reader to (3) for graph theoretic terminology not
defined in this paper.

2 Kernelization

In this section we present a set of reduction rules
which leads to a problem kernel consisting of at most
k2 vertices. We show that if these rules are not appli-
cable to an instance (G, k) of CLIQUE PARTITION
and G has more than k2 vertices then we conclude
that G does not have a clique partition of size at most
k.

Definition 1 A kernelization for a parameterized
problem L is a transformation which maps an in-
stance (I, k) onto (I ′, k′) (which is called a problem
kernel) such that:

1. k′ ≤ k and |I ′| ≤ g(k) for some computable func-
tion g

2. The transformation from (I, k) onto (I ′, k′) is
computable in polynomial time.

3. (I, k) is a yes-instance of L if and only if (I ′, k′)
a yes-instance of L.

The function g(k) is called the size of a kernel for
L. The following result is well known.

Lemma 2 (6) A parameterized problem is fixed-
parameter tractable if and only if it has a kerneliza-
tion.

We first present simple reduction rules that can be
easily applied to simplify an instance of the CLIQUE
PARTITION problem; trivially we may assume that
k > 1.

• Rule 1: Given an instance (G, k) of CLIQUE
PARTITION and a vertex v ∈ V (G) of degree
0, then the answer to (G, k) is yes if and only if
(G− v, k) is yes.

• Rule 2: Given an instance (G, k) of CLIQUE
PARTITION and a vertex v ∈ V (G) of degree
1, then the answer to (G, k) is yes if and only if
(G− v, k − 1) is yes.

• Rule 3: Given an instance (G, k) of CLIQUE
PARTITION and an edge e = uv ∈ E(G) such
that N(u)∩N(v) = ∅, then the answer to (G, k)
is yes if and only if (G− {e}, k − 1) is yes.

Clearly, the following is true.

Lemma 3 Rules 1-3 are correct and they can be exe-
cuted in O(n2) time, where n is the number of vertices
of the input graph.

Definition 4 • A clique partition S of a complete
graph G is said to be trivial S if it consists of a
single clique.

• Let G be a complete graph. Denote by ρ(G) the
cardinality of a minimum non-trivial clique par-
tition of G.

Lemma 5 Suppose G is a complete graph on n ver-
tices. Then ρ(G) = n.

Lemma 5 is just a corollary of the following result
of de Bruijn and Erdos (1948), which was stated in
terms of set theory.

Theorem 6 (4) Suppose A1, . . . , Am are subsets of
the set A = {a1, . . . , an}, and that Ai 6= A, 1 ≤
i ≤ m. If each pair {ar, as} occurs in one and
only one Ai, then m ≥ n, and equality holds if
and only if either (1) A1 = {a1, . . . , an−1}, A2 =
{a1, an}, . . . , An = {an−1, an} or (2) n is of the form
n = k(k + 1) + 1 and all the Ai’s have precisely k + 1
elements, and each aj occurs in exactly k + 1 of the
Ai’s, 1 ≤ i ≤ m, 1 ≤ j ≤ n.

In the terminology of graph theory, Theorem 6
says that if S is a non-trivial clique partition of the
edges of Kn, then |S| ≥ n and equality holds if and
only if S consists of one clique on n− 1 vertices and
n−1 copies of K2 incident with a single vertex of Kn,
or n is of the form n = k2 + k + 1 and S consists of n
copies of Kk+1, where each vertex of Kn belongs to
exactly k + 1 cliques of S.

Lemma 7 Let G be a graph. Let S be a clique parti-
tion of G of size k. If G′ ⊆ G is a complete subgraph
of G on more than k vertices, then there is an element
C ∈ S such that G′ ⊆ C.

Proof: If the edges of G′ are covered by more than one
clique of S, then by Lemma 5, they must be covered
by more than k cliques. This implies in turn that
|S| > k, which is a contradition to the hypothesis.

�
With this lemma at hand, we can state the follow-

ing reduction rule.

• Rule 4: Let (G, k) be an instance of CLIQUE
PARTITION. Suppose that v is a vertex such
that |N [v]| > k and the graph G∗ induced by
N [v] is a clique, then the answer to (G, k) is yes
if and only if (G′, k′) is yes, where G′ = G− v −
E(G∗) and k′ = k − 1.

Lemma 8 Rule 4 is correct.

Proof: First suppose that (G, k) is true. Let S =
{C1, . . . , Cm}, m ≤ k, be a clique partition of G, and
let G∗ be as defined in Rule 4. It follows that G∗ is
a maximal clique. Since G∗ is a clique on more than
k vertices, Lemma 7 implies that there is an index i
such that G∗ ⊆ Ci. However, since G∗ is a maximal
clique, it follows that G∗ = Ci. Therefore, S−{Ci} is
a clique partition of G′ with m− 1 ≤ k− 1 elements;
i.e., (G′, k′) is true.

Now suppose that (G′, k − 1) is true. Then (G, k)
is true because G is the edge-disjoint union of G′ and
G∗, and G∗ is a complete graph.

�
We say that an instance (G, k) of CLIQUE PAR-

TITION is reduced (with respect to Rules 1-4) if none
of the reduction rules can be applied.



Theorem 9 Suppose an instance (G, k) of CLIQUE
PARTITION is reduced and that it does have a solu-
tion of size at most k. Then G has at most k2 vertices.

Proof: Suppose a reduced instance (G, k) of CLIQUE
PARTITION has the answer yes. Let S be a clique
partition of G of size at most k. We claim that each
element of S has at most k vertices.

Suppose to the contrary that there is a clique
C ∈ S with more than k vertices. Since Rule 4 is
not applicable, each vertex of C has a neighbour in
G which does not belong to C. This implies that
each vertex of C belongs to another unique clique
in S. However, by the definition of the CLIQUE
PARTITION problem, if Cx and Cy are cliques in
S − {C} containing x, y ∈ C, respectively, x 6= y,
then Cx 6= Cy. Thus |S| > k, which is a contradition.
We may now conclude that each element of S has at
most k vertices.

Note that S covers the vertices of G, since Rule 1
is not applicable. Therefore

|V (G)| ≤
∑
C∈S

|V (C)| ≤ k ×max{|C| : C ∈ S} ≤ k2

This completes the proof the theorem.
�

Remark 10 As can be seen from the proof of The-
orem 9, Rule 2 and Rule 3 have no impact there
(i.e., Theorem 9 remains true if we restrict the re-
ductions to applying Rules 1 and 4 only). However,
we included Rule 2 and Rule 3 because they may be
used to reduce the size of the input graph, and hence
speedup the computations. For example, Gramm et
al.(9) experimented with disabling one of their more
complicated and expensive rules. They found that for
larger cover sizes over 80, the rule nearly doubles the
range of instances that can be solved smoothly and is
clearly worthwhile.

As a consequence of Theorem 9, we have

Corollary 11 CLIQUE PARTITION is fixed pa-
rameter tractable.

3 Algorithm

In the previous section it was shown that CLIQUE
PARTITION has a kernel of size k2. We now de-
scribe an algorithm that decides CLIQUE PARTI-
TION. The algorithm is based on bounded search
tree. We proceed as follows. Let instance (G, k)
be a reduced instance of CLIQUE PARTITION. We
choose an edge uv such that |N(u) ∩ N(v)| is min-
imum, and then enumerate a set S of all cliques in
the graph induced by N(u)∩N(v). Branch according
to the elements of K ∈ S by adding the clique K ′

induced by {u, v}∪V (K) to the clique partition, and
we set G := G− E(K ′). The recursion stops as soon
as a solution is found or k cliques are generated with-
out finding a solution. This algorithm is presented
Figure 1.

We analyze the algorithm in Figure 1 as follows.
Let n and ∆ be the number of vertices and maximum
degree of G, respectively. |N(u)∩N(v)| < ∆. So |S| ∈
O(2∆). Thus, each non-leaf node in the searching
tree has at most O(2∆) children. Since the depth of
tree is bounded by k and we can test each leaf in
linear time, the algorithm computes the solution in
O(2∆kn). Note that, since G is reduced, ∆ ≤ k2.

C Partition(Graph G, Set C, Integer k)
begin

Reduce(G,k).
if E(G) = ∅ Return TRUE.
else if k = 0 Return FALSE.
else
choose uv ∈ E(G) such that

|N(u) ∩N(v)| is minimum.
find a set S of all clique in

G[N(u) ∩N(v)].
for each K ∈ S

K ′ := V (K ′) ∪ {u, v}.
C′ := C ∪ {G[K ′]}.
k′ := k − 1.
H := G− E(K ′).
if C Partition (H, C′, k′)

Return TRUE.
end for

Return FALSE.
end.

Figure 1: Algorithm for CLIQUE PARTITION in
general graphs.

4 K4-Free Graphs

As mentioned in the introduction, the classical de-
cision version of the CLIQUE PARTITION problem
remains NP-hard even for K4-free graphs (16). We
now present a fixed-parameter algorithm for CLIQUE
PARTITION in this class of graphs. First note that
any non-trivial clique in this class of graphs must be
K2 or K3.

Observation 12 Let (G, k) be an instance of
CLIQUE PARTITION, where G is K4-free. If G con-
tains an edge uv such that |N(u)∩N(v)| > k+1

2 , then
G does not have a clique partition of G of size at most
k.

Theorem 13 Let G be a K4-free graph. Then
the CLIQUE PARTITION problem can be solved in
O(2((k+3) log k)/2n) time, where n is the number of
vertices of G.

Proof: We construct a bounded search tree T of height
k and each node of T has at most k+1 children. Each
node is associated with a set C of edge-disjoint cliques,
a subgraph H = G −

⋃
C∈C E(C) and k′ = k − |C|,

where C is a partial clique cover constructed at each
step of the algorithm. For the root, we have H := G,
C := ∅ and k′ := k.

We recursively proceed as follows: At a node i, we
choose an edge uv ∈ E(H). If |NH(u) ∩ NH(v)| >
k′+1

2 , we stop searching in this branch as we know H
does not have a clique partition of size at most k′,
by Observation 12. Otherwise, we create a child for
uv and one child for each vertex w ∈ NH(u)∩NH(v).
Thus, this node has at most k′+1

2 +1 = k′+3
2 children.

Repeat this expansion for each child node, using
the depth-searching strategy. Note that since we add
one clique to the partial solution C at each expansion,
the size of C at level l is also l. The recursion stops as
soon as a solution is found or k cliques are generated
without finding a solution. T has at most k(k+3)/2 =
2(k+3) log k/2 nodes. At each node we need O(n) time
to compute the set N(u) ∩ N(v). Hence, the total



running time is O(2((k+3) log k)/2n).
�

Proof of the above theorem yields a fixed parame-
ter algorithm for the CLIQUE PARTITION problem
in the class of K4-free graphs. The algorithm is given
in Figure 2.

C Partition(K4-free G, Set C, Integer k)
begin

if E(G)− E(C) = ∅ Return TRUE.
else if k = 0 Return FALSE.
else
choose an edge uv ∈ E(G)
if |N(u) ∩N(v)| > k+1

2
Return FALSE.

else
C′ := C ∪ {{u, v}}.
k′ := k − 1.
H := G− {uv}.
if Clique Partition (H, C′, k′)

Return TRUE.
else
for each w ∈ N(u) ∩N(v)

C′ := C ∪ {{u, v, w}}.
k′ := k − 1.
H := G− {uv, uw, vw}.
if C Partition (H, C′, k′)

Return TRUE.
end for

Return FALSE.
end.

Figure 2: Algorithm for CLIQUE PARTITION in K4-
free graphs.

5 Concluding Remarks

We have obtained the first fixed-parameter tractabil-
ity result for the clique partition problem, when
the number of cliques is the parameter. It would
be interesting to improve our algorithm for clique
partition. The parameterized complexity hierarchy:

P ⊆ Lin(k) ⊆ Poly(k) ⊆ FPT ⊆ W [1] . . .

leads to the natural question of whether CLIQUE
PARTITION is in Lin(k), or to show that a kernel
of linear size in k is not possible. It is interesting that
k-CLIQUE COVER is probably not in Poly(k) even
though it is in FPT.
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