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Abstract

Let L > 1,e > 0 be real numbers, (M, d) be a finite
metric space and (N, p) be a metric space (

. The metric space (M,d) is said to be L-
bilipschitz embeddable into (N, p) if there is an in-
jective function f : M — N with

L/L-d(z,y) < p(f(x), f(y)) < L-d(z,y)

for all z,y € N (

). In this paper we also
say that (M, d) is e-far from being L-bilipschitz em-
beddable into (IV, p) if the above inequality fails on at
least an e fraction of pairs (z,y) € M x M for every
injective function f: M — N.

Below, a query to a metric space consists of asking
for the distance between a pair of points chosen for
that query. We study the number of queries to metric
spaces (M,d) and (N, p) needed to answer whether
(M,d) is L-bilipschitz embeddable into (N, p) or e
far from being L-bilipschitz embeddable into (N, p).
When (M, d) is e-far from being L-bilipschitz embed-
dable into (N, p), we allow an o(1) probability of er-
ror (i.e., returning the wrong answer “L-bilipschitz
embeddable”) However, we allow no error when
(M, d) is L-bilipschitz embeddable into (N, p). That
is, algorithms with only one-sided errors are con-
sidered in this paper. When |M| < |N| are finite,
B (M2 + |NJ?))
on the number of queries for determining with one-
sided error whether (M,d) is L-bilipschitz embed-
dable into (N,p) or efar from being L-bilipschitz
embeddable into (N, p). For the special case of fi-
nite |M| = |N|, the above upper bound evaluates to

O(|N|3/2\/M). We also prove a lower bound of
Q(|N]3/2) even for the special case when |M| = |N|

we give an upper bound of O(
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are finite and L = 1, which coincides with testing
isometry between ﬁnlte metric spaces (
For finite | M| = | N|, the upper and lower bounds thus
In|N|
€ )
which depends only sublogarithmically in |N|. We
also investigate the case when (N, p) is not necessarily
finite. Our results are based on techniques developed
in an earlier work on testing graph isomorphism (

match up to a multiplicative factor of at most

1 Introduction

The ability to analyze metric spaces is of growing im-
portance across diverse disciplines as huge bodies of
data await analysis. In bioinformatics, for example,
enormous amounts of data such as DNA sequences
and protein sequences are constantly being produced.
Efficient algorithms and standard computer programs
have been developed over the years for calculating the
distances between DNA or protein sequences, and this
turns the collection of all known DNA and protein se-
quences into a huge metric space. As pointed out by
Linial ( ), proper analysis of this space is
of great significance to the biological sciences.

The analysis of metric spaces often requires vari-
ous notions of similarity and embeddability between
metric spaces. The philosophy is that, when a met-
ric space is embedded into another metric space such
that the original space is similar to the embedded one,
understandings of the original space may be achieved
through analysis of the embedded one. For exam-
ple, when a metric space is embedded into the Eu-
clidean plane while roughly preserving the distances
between pairs of points, many efficient geometric al-
gorithms that are not available for general metric
spaces become applicable and of great help (

). Another advantage is that
embeddings into the FEuclidean plane make possible
more succinct representations of the original space

). In respect of these
benefits of metric embedding that preserves similar-
ity between the original and the embedded spaces, it
comes without surprise that such embeddings have
found tremendous applications in graph theory, com-
binatorial optimization, learning theory and com-
putational geometry ( ,

) ) )

).

) K
Besides, studies on the structures of metric spaces



also have applications to isometry groups and mathe-
matical biology ( ,
), quadratic forms and phyloge-
netic analysis ( , theory of quater-
nions ( ), scalable biological databases
( ), sequences homology (
) and approximate string matching (
), to name a few.

Unfortunately, as we will see in Section 3, it is
computationally hard to determine whether one met-
ric spaces is similar to another one under various no-
tions of metric similarity. First, deciding whether two
input metric spaces are isometric ( ) is as
hard as the graph isomorphism problem (

), for which no polynomial-time algorithms
are known despite extensive research. Second, con-
sider the problem of deciding, on input L > 1 and
finite metric spaces (M,d) and (M, p), whether or
not these spaces are L-bilipschitz equivalent (

. That is, we
want to decide whether the metric spaces (M, d) "and
(M, p) exhibit a bijective map between them that pre-
serves distances up to multiplicative factors ranging
from 1/L to L. We observe that the results of Kenyon,
Rabani and Sinclair ( ) imply that it
is hard even to approximate the least value of L such
that (M,d) and (M, p) are L-bilipschitz equivalent.
This may be interpreted as saying that it is hard to
approximately compute the level of bilipschitz simi-
larity even between finite metric spaces with the same
ground set. Given the above hardness results, a ran-
domized approximation algorithm with a reasonable
complexity can be an attractive alternative to attack
the problem of determining metric similarity or even
metric embeddability.

An algorithm in the flavor of property testing (

) is one such alternative. It determines
whether a problem instance has a certain property or
is e-far (under a certain distance measure) from hav-
ing such a property, while allowing a small probability
of error. In this paper, we seek an algorithm T that,
when given as input € > 0,L > 1 and given oracle
access to finite metric spaces (M, d) and (N, p) with
|M| < |NJ|, has the following two properties. First, T
accepts if

holds for some injection f: M — N and all (x,y) €
M x M, that is, T accepts if (M,d) is L-bilipschitz
embeddable into (N, p) (

). Second, T reJects with
high probablhty if the above 1nequahty fails on at
least an e fraction of pairs (z,y) € M x M for every
injection f : M — N. Such an algorithm T is called a
one-sided tester for bilipschitz embeddability in this
paper. Its query complexity is measured in terms of
the number of times that it queries the metric spaces,
where each query asks for the distance between a pair
of points chosen for that query.

We give a one-sided tester for bilipschitz
embeddability with query complexity at most
O( lf‘%[\[ (|M|?> +|N|?)). We also show an Q(|N|3/?)
lower bound on the query complexity of any one-sided
tester for bilipschitz embeddability even for the spe-
cial case of finite [M| = |N| and L = 1. If (N,p
is known in advance, queries need only go to (M,d
[M]|In |N| ).

and the query complexity is shown to be O(
Our results utilize techniques developed by Fischer
and Matsliah ( ) in an earlier
work on testing graph isomorphism.

We also give an extension to the case where the
metric space (N, p) is known in advance but is not
necessarily finite. When (N, p) is a totally bounded

) metric space known a priori, we devise
an algorithm that in a technical sense tests whether a
finite metric space (M, d) is (k, C') quasi-isometrically
embeddable ( , ,
, ) into (N, p), for input pa-
rameters Kk > 1 and C' > 0. The exact statement of
this result is given in Section 6.

This paper is organized as follows. Section 2 gives
the definitions. Section 3 gives the hardness results,
which motivate switching to a property-testing fla-
vored model. Sections 4-5 present upper bound and
lower bounds on the query complexity of one-sided
testers for bilipschitz embeddability. Section 6 ex-
tends the results to testing embeddability of a finite
metric space into a totally bounded metric space. Sec-
tion 7 discusses definitional issues and concludes the

paper.
2 Definitions

Let S be an arbitrary set and ¢ be a positive integer.
We write S for the t-dimensional Cartesian product
of S, and any pair (z,y) € S x S is understood as an
ordered pair unless otherwise specified. A function

s:S5 xS — Risametric on S if for all z,y,z € 5,
we have dg(z,y) > 0,dg(x,y) = 0ifand only if z = y,
ds(z,y) = ds(y,x) and dg(z,y) < dg(z, z)+ds(z,y).
A metric space is a set (called its ground set) endowed
with a metric on it (

Let L > 1, (M,d) be a finite metric space and
(N, p) be a metric space. We say that (M,d) is L-
bilipschitz embeddable into (N, p) if there is an injec-
tive function f : M — N satisfying

/L -d(z,y) < p(f(z), f(y)) < L-d(z,y) (1)

for all (x,y) € M x M (
). Clearly7 Eq. (1) could
also be written equivalently as

L/L-p(f(x), f(y)) < d(z,y) < L-p(f(x), f(y)):

In this paper, we also say that (M,d) is e-far from
being L-bilipschitz embeddable into (N, p) if, for ev-
ery injection f : M — N, there are at least e/ M|
pairs (z,y) € M x M violating Eq. (1). Similarly,
for Kk > 1 and C > 0, we say that (M,d) is (x,C)
quasi-isometrically embeddable into (N, p) if there is
a function f: M — N satisfying

1/k-d(z,y) = C < p(f(z), f(y)) < k-d(z,y) +C (2)

for all (z,y) € M x M ( )

, , ). If for every
function f : M — N, Eq. (2) fails on at least ¢|M|?
pairs (z,y) € M x M, then (M,d) is said to be e
far from being (x,C) quasi-isometrically embeddable
into (N, p).

For finite |M| = |N|, we say that (M,d) is
L-bilipschitz equivalent to (N,p) if (M,d) is L-
bilipschitz embeddable into (N, p) (

. Since for finite | M| =
\N|, every injection from M to N is a bijection, it
is easy to see that (M,d) is L-bilipschitz equivalent
to (N, p) if and only if Eq. (1) holds for some bijec-
tion f: M — N and all (z,y) € M x M. Clearly,
L-bilipschitz equivalence is a reflexive and symmetric
relation between metric spaces. For finite |[M| = |N]|,
the minimum value of L > 1 for which (M,d) and
(N, p) are L-bilipschitz equivalent can be thought
of as a measure on the similarity between (M, d)
and (N, p). The smaller this value, the more simi-
lar the metric spaces are. In the extreme case, (M, d)
and (N, p) are 1-bilipschitz equivalent if and only if



they are isometric, that is, there exists a distance-
preserving bijective map (called an isometry) between
them ( ). For € > 0 and finite |M| = |N]|,
we say that (M,d) and (N, p) are e-far from being
L-bilipschitz equivalent if (M, d) is e-far from being
L-bilipschitz embeddable into (N, p). This is the same
as saying that Eq. (1) fails on at least an € fraction of
pairs (z,y) € M x M for every bijection f. If (M,d)
and (N, p) are e-far from being 1-bilipschitz equiva-
lent, they are said to be e-far from being isometric.

When a metric space is given as an oracle, it means

that we can query the oracle for the distance between
any pair of points. Given as input L > 1,e¢ > 0,
positive integers m < n and given oracle access to
finite metric spaces (M, d), (N, p) with |[M| = m and
|N| = n, we are interested in the number of queries
to (M,d) and (N, p)) needed to determine whether
M,d) is L-bilipschitz embeddable into (N, p) or e-
far from being L-bilipschitz embeddable into (N, p).
In particular, we seek an algorithm T that accepts
when (M, d) is L-bilipschitz embeddable into (N, p),
and rejects with high probability when (M,d) is e
far from being L-bilipschitz embeddable into (N, p).
Such an algorithm 7T is said to be a one-sided tester
for bilipschitz embeddability in this paper. Similarly,
an algorithm is a one-sided tester for bilipschitz equiv-
alence (respectively, isometry) if, when we restrict to
finite |M| = |N|, it accepts when (M,d) and (N, p;
are L-bilipschitz equivalent (respectively, isometric
and rejects with high probability when (M,d) and
N, p) are e-far from being L-bilipschitz equivalent
respectively, isometric). Finally, a one-sided tester
for quasi-isometric embeddability is given as input
k > 1,C > 0, positive integers m < n and given
oracle access to metric spaces (M, d) and (N, p) with
|[M| = m and |N| = n. It is required to accept if
M,d) is (k,C) quasi-isometrically embeddable into
N, p) and reject with high probability if (M,d) is e
far from being (x, C) quasi-isometrically embeddable
into (N, p).

For € > 0, positive integers m < n and a one-
sided tester T for bilipschitz embeddability, the query
complexity of T with respect to €, m and n is its worst-
case number of queries when it is given e, m,n, any
L > 1 and oracle access to any metric spaces (M, d)
and (N, p) with |M| = m and |N| = n. Here the worst
case is taken over all L > 1 and all metric spaces
(M,d) and (N, p) (of sizes m and n) given as oracles.
The query complexity (with respect to ¢, m and n)
of a one-sided tester for isometry is defined similarly
except that L is fixed to 1 and m is fixed to equal n.

Let G; = (V, E1) and G = (V, E3) be undirected
simple graphs ( ). An isomorphism between
G1 and G5 is a bijection w : V. — V such that
for all z,y € V, we have (z,y) € F; if and only if
(m(z),m(y)) € B2 ( ). The graph
isomorphism problem asks whether two undirected
simple graphs exhibit an isomorphism between them

For ¢ > 0, we say that G
and (2 are e-far from being isomorphic if for every
bijection m : V' — V, there are at least e(lg‘) un-
ordered pairs (z,y) € V xV such that (z,y) € E; but
(). 7)) £ B, o (a,y) € By but (x(x),7(0)) ¢

1 .
When an algorithm is given oracle access to an
undirected simple graph G = (V| E), it means that
the algorithm may query the oracle on any (z,y) €
V x V and be informed of whether (z,y) € E. A one-
sided tester for graph isomorphism receives as input
€ > 0, a positive integer n and is given oracle access
to two undirected simple graphs G; = (V, E;) and
G2 = (V, E3) with |V| = n. It must accept if Gy is
isomorphic to G5 and reject with high probability if
(G is e-far from being isomorphic to Gs.

3 Hardness

In this section, we show that the problem of decid-
ing whether two input metric spaces are isometric is
polynomial-time reducible to and from the graph iso-
morphism problem, for which no polynomial-time al-
gorithm has been known despite extensive research.
Furthermore, we show that it is hard even to approx-
imate the least L > 1 for which two input finite met-
ric spaces are L-bilipschitz equivalent. In contrast to
these hardness results, we will show in the Section 4
that there is an efficient one-sided tester for bilips-
chitz embeddability.

We state the following theorem. For its proof
please refer to Appendix I.

Theorem 1. The problem of testing whether two in-
put metric spaces with the same finite ground set are
isometric is polynomial-time reducible to and from the
graph isomorphism problem.

The problem of approximating the least L > 1 for
which two input finite metric spaces with the same
ground set are L-bilipschitz equivalent is even harder,
provided that NP # P. This is stated in the follow-
ing theorem, which is implicit in the work of Kenyon,
Rabani and Sinclair ( ) (see Propo-
sition 2.2 and Proposition 2.4 in their paper).

Theorem 2. (( )) If there is an
algorithm that, on input any two finite metric spaces
M,d) and (M, p), outputs a number L* > 1 such that
M, d) is L*-bilipschitz equivalent to (M, p) and

4
L < \/g -min{L > 1| (M,d) is L-bilipschitz
equivalent to (M, p)},
then NP = P.

That is, it is hard to approximate to within a mul-
tiplicative /4/3 the minimum value of L > 1 for
which two input finite metric spaces are L-bilipschitz
equivalent.

4 An upper bound on the query complexity

In this section, we give a one-sided tester for bilips-
chitz embeddability. Clearly, this also gives one-sided
testers for bilipschitz equivalence and isometry. For
convenience, we make the following definition.

Definition 1. Let L > 1, (M,d) be a finite metric
space, (N, p) be a metric space and f : M — N be
a function. A quadruple (x,y,u,v) € M? x N? re-
futes f for the L-bilipschitz embeddability of (M,d)
into (N, p) if u= f(x),v= f(y) but

1/L-d(z,y) < p(f(x), f(y) < L-d(z,y)

fails to hold. A set S C M? x N? of quadruples re-
futes f for the L-bilipschitz embeddability of (M,d)
into (N, p) if at least one element of S does. When
L,(M,d) and (N, p) are clear from the context, we
may simply say that a quadruple (z,y,u,v) € M? x
N2 or a set of quadruples refutes f without explicitly
referring to L, (M,d) and (N, p).

The following lemma states that the algorithm
TEST-BILIP in Figure 1 is a one-sided tester for
bilipschitz embeddability.

Lemma 3. On input L > 1, > 0, positive inte-
gers m < n and given oracle access to finite metric

spaces (M, d) and (N, p) with |M|=m and |N| = n,



1 if 2 > 1/4 then
2. Query (M,d) and (N, p) for the distances be-
tween all pairs of points;
3. if (M,d) is L-bilipschitz embeddable into
(N, p) then
Accept;
else
Reject;
end if
: elseif2~% %zlthen

v 1
10:  pny «— 422
11: else

© ® ST e

n /lnn,
m em’

3

12: pypo— 2-

m /[lnn

130 pnN «— 2- preey

3

14: end if

15: Construct Q@ € M x M by choosing each pair in
M x M into Qp; independently with probability
Pn;

16: Construct @y € N x N by choosing each pair in
N x N into Qn independently with probability
PN, using random coin tosses independent from
those used to construct Qas;

17: if |Qar] > 1000pa m? or |Qn| > 1000 py n?
then

18:  Accept without making any queries;

19: else

20:  Query every element of Qs to (M, d);

21:  Query every element of Qn to (IV, p);

22:  if all injections from M to N are refuted by

QM X QN QM2 XN2 then

23: Reject;
24:  else

25: Accept;
26: end if
27: end if

Figure 1: Algorithm TEST-BILIP. The inputs are
L > 1,e > 0 and positive integers m < n. The met-
ric spaces (M,d) and (N, p) are given as oracles and
satisfy |M| =m and |N| = n.

TEST-BILIP accepts if (M,d) is L-bilipschitz em-
beddable into (N, p), and rejects with high probability
if (M,d) is e-far from being L-bilipschitz embeddable
into (N, p).

Proof. If 22 > 1/4, then TEST-BILIP does ex-
haustive queries and accepts exactly when (M, d) is
L-bilipschitz embeddable into (N, p). Hence, we may
assume that

Inn <1/4 (3)

€m

in the following.

It is clear that TEST-BILIP accepts whenever
(M, d) is L-bilipschitz embeddable into (N, p).

Now assume that (M,d) is e-far from being L-
bilipschitz embeddable into (N, p) and let f: M — N
be an arbitrary injection. Denote by Sy the set of all
pairs (x,y) € M x M for which the inequality

1/L-d(x,y) < p(f(z), f(y)) < L-d(z,y)

fails to hold. By assumption we have |S§| >
€|[M|> = em?. For any (z,y) € Sy, the probability,

taken over the random coin tosses of TEST-BILIP,

that both (z,y) € Qu and (f(z), f(y)) € Qn is
pu pn (although there are two possible assignments

to py and py by TEST-BILIP). Now write Sy =
{(x1,y1), ..., (e, y:)}. Since f is injective, the pairs

(f(z1), f(y1)),---, (f(xt), f(ys)) are different. Hence,
the 2t events

(x1,y1) € Qum

(xtayt). €Qum
(f(z1), f(y1)) € QN

(), F(31) € Q

are independent. From this it is not hard to see that
with probability
2
II =pupn) < —=pupn)™,
(z,y)ESy

none of (z,y) € Sy satisfies both (z,y) € Qum and

(f(x), f(y)) € @n. Since Qunr X Qn refutes f when
there is a pair (z,y) € Sy satisfying both (z,y) € Qum
and (f(z), f(y)) € Qn, the probability taken over the
random coin tosses of TEST-BILIP that Qs X Qn
refutes f is at least

2

1—(1—pupn)™.

By the union bound and the fact that there are n™
functions from M to N, with probability at least

1-n"(1 —pMpN)””Z) (4)

over the random coin tosses of TEST-BILIP, every
injection from M to N is refuted by Qu X Qn.
Now there are two cases to consider. The first is

when 2 2 /I8 > 1 In this case, TEST-BILIP sets
py =1and py =4- lf—m” where py < 1 is guaranteed

by Eq. (3). The second case is when 2+ 2, /100 <7,

In this case, TEST-BILIP sets ppy = 2- 2, /100 < 1

and py = 22 16“77; where py < 1 is guaranteed

by the facts that py = (%)QpM and m < n. In both

cases, we have py py = 4 - ln—m", resulting in Eq. (4)

€
to be

m €m2
1—n"(1~prmpnN)
= 1—eXp(m]nn).(1_pMpN)m'PMpN6m2
> 1—exp(mlnn) exp(—puy pn em?)
= 1—exp(—3mlnn).

By the Chernoff bound ( ) and the
fact that m < n, it can be verified that in both
the aforementioned cases of setting pps and py, the
event |Qar| > 1000py m? happens with probabil-
ity exp(—Q(ny/m)) over the random coin tosses of
TEST-BILIP (in fact, for the case of pyy = 1,
the probability that |Qas| > 1000py m? is zero).
Similarly, the event |Qy| > 1000pyn* happens
with probability exp(—(n)). Finally, if [Qn| <
1000 par m?,|Qn| < 1000px n? and every injection
from M to N is refuted by Qs X Qn, then TEST-
BILIP clearly rejects. The union bound therefore



shows that TEST-BILIP rejects with probability at
least

Q(ny/m)) — exp(=Q(n)),

which is close to 1 for sufficiently large n € N. O

1 —exp(—3mlnn) — exp(—

We now turn to analyze the query complexity of
TEST-BILIP.

Lemma 4. On input L > 1,¢ > 0, positive inte-
gers m < n and given oracle access to finite metric
spaces (M, d) and (N, p) with |[M|=m and |N| = n,
the query complexity (with respect to e,m and n) of

TEST-BILIP is O(y/22 (m? + n?)).

Proof. If 2% > 1/4, then TEST-BILIP does exhaus-

tive queries. The query complexity is m? + n? =

O(\/@(m +n?)). Hence, we may assume that

Inn
— < 1/4
) 5)

in the following.

The query complexity of TEST-BILIP is at most
1000 par m*41000 py n? = O(py m?+pn n?). Again,
there are two cases to consider. The first is is when

|
9. L B Sy (6)
m YV em
In this case, TEST-BILIP sets pp; = 1 and py =
4121 The second is when Eq. (6) does not hold. In

this case, TEST-BILIP sets py = 2+ .- lf” <1
and py =2 ¢ 16“7”
In the first case,
pum® +pyn’
1
= m’+ 20 g2
em
Eq'g(ﬁ) Inn an? + Inn 4n?
em em
Eq. (5) 1
<y an (4n? + 4n?)
em
Inn
= O/ — (m? ).
(4 (m® + 02))
In the second case,
Inn Inn
pyr m24py n? = O(mny/ — ) = O(y/ — (m?*+n?)).
em em
O

Combining Lemmas 3-4, we finally arrive at the
the main result for this section.

Theorem 5. TEST-BILIP is a one-sided tester
for bilipschitz embeddability with query complexity

O(y/122 (m? + n?)) with respect to any € > 0 and
any positive integers m < n.

When the space (N, p) is not too large, or more
specifically when n = exp(o(em)), Theorem 5 im-
plies that TEST-BILIP has a query complexity of

o(m? 4+ n?) with respect to €,m and n. That is, most

distances between pairs need not be queried for one-
sided testing of bilipschitz embeddability, provided
that the host space is not excessively large.

When (N, p) is known in advance, a one-sided
tester for bilipschitz embeddability needs only query
the other space (M,d). Equivalently, we could con-
sider one-sided testers for bilipschitz embeddability
that may still make queries to both metric spaces,
while counting only its query complexity concern-
ing (M,d). That is, queries to (IV,p) are regarded
as dummy queries. This gives the following easy ex-
tension of Theorem 5, whose sketch of proof is given
in Appendix II. But this time we use quasi-isometric
embeddability for illustration and to be used later in
Section 6.

Theorem 6. There is a one-sided tester for quasi-
isometric embeddability which, on input k > 1,C >
0,e > 0, positive integers m < n and given oracle
access to metric spaces (M,d) and (N, p) with | M| =

m and |N| = n, makes O(™22) queries to (M, d).

5 A lower bound on the query complexity

In this section we show a lower bound on the query
complexity of any one-sided tester for isometry. This
will imply the same lower bound for any one-sided
tester of bilipschitz equivalence. For this purpose, we
relate the testing of isometry to testing graph isomor-
phism. The following theorem is due to Fischer and
Matsliah (

Theorem 7. (( )) Let € €
(0, 105) and n be a positive integer. For every one-
sided tester T for graph isomorphism, there are undi-
rected simple n-vertexr graphs G1 and Go such that
given € € (0, ﬁ)m and oracle access to G1 and Ga,

3/2 .
T makes at least %555 queries.

Usmg Theorem 7, it is not hard to give the follow-

ing 200 lower bound on the query complexity of any
one-sided tester for isometry.

Theorem 8. Let ¢ € (0, 555) and n be a positive
integer. The query complexity of any one-sided tester

for isometry is at least %/02 with respect to € and n.
The interested reader is referred to Appendix III
for the proof of Theorem 8

6 Embeddability into possibly infinite spaces

So far we have been dealing with the embeddability
of a finite metric space into another finite one. In
this section, we are interested in testing the embed-
dability of a finite metric space (M, d) into a totally
bounded ( ) metric space (N, p) that is
known in advance. Examples of totally bounded met-
ric spaces include all compact metric spaces (

), which in turn include all closed and bounded
sets 1(n the Euclidean space by the Heine-Borel theo-
rem

Definition 2. (( )) Let (X, d) be any met-
ric space. For 6 > 0, a d-net As of (X,d) is a finite
subset of X such that for every point x € X, there is
any € As with d(z,y) < 6. If (X,d) has a §-net for
every 6 > 0, then (X, d) is totally bounded.

We are now ready to state our main theorem for
this section.



Theorem 9. Let (N, p) be a totally bounded metric
space. Assume there is an algorithm that outputs a J-
net As of (N, p) on input any 6 > 0. Then there is an
algorithm T that, on input k > 1,0 < C' < C,e >0, a
positive integer m and given oracle access to a metric
space (M,d) with |M| = m, satisfies the following
conditions.

1. If (M,d) is (k,C") quasi-isometrically embed-
dable into (N, p), then T accepts.

2. If (M,d) is e-far from being (k,C) quasi-
isometrically embeddable into (N, p), then T re-
jects with high probability.

3. T makes O(w) queries to (M, d).

Proof. Denote by QUASI-ISO the algorithm im-
plied in Theorem 6. The algorithm 7T first selects a
(C—=C")/2-net A(c_cry/2- Then T runs QUASI-ISO
on input x, C, e, m,|Ac—cry/2| and supplies QUASI-
ISO with oracle access to (M, d) and (Ac—cv)/2,p)-
Clearly, T could satisfy each query of QUASI-ISO by
turning the same query to the corresponding metric
space. Finally, T accepts if and only if QUASI-ISO
accepts. The intuition is that T uses QUASI-ISO to
test (M,d) for (k,C) quasi-isometric embeddability
into (A(c—cr)/2, p)-

Now we prove item 1. The premise of item 1 trans-
lates to the existence of a function f : M — N such
that

1k -d(z,y) = C" < p(f(2), f(y)) < k- d(z,y) + C" (7)

holds for all (z,y) € M x M. Below we define a
function g : M — Ac_cr)s2. For each x € M,

let g(z) be the point in A_cry/2 that is closest
to f(x), breaking ties arbitrarily. Clearly, we have
plg(x), f(x)) < (C —C")/2 for each x € M. There-

fore,

p(f(x), f(y))
< p(f(x),9(z)) + plg(x), 9(v)) + p(g(y), f(y))
< plg(x),9(y)) +C -

for all z,y € M and in  fact

lp(f (@), f(y) = p(g(2),9(y))] < C — C' for all
z,y € M by a similar argument. This and Eq. (7)
give

1/k-d(z,y) — C < p(g(z),9(y)) < k- d(z,y) + C

for all z,y € M. Therefore, (M,d) is (k,C) quasi-
isometrically embeddable into (A(c_cr)/2, p) and thus
T accepts.

Item 2 is easily justified because its premise triv-
ially implies that (M,d) is e-far from being (k,C)
quasi-isometrically embeddable into (Ac—cr)/2,p),
which results in rejection of 7' with high probability.

Item 3 is established by directly invoking Theo-
rem 6 and calculating the query complexity. O

We briefly justify the applicability of Theorem 9.
It is meant to deal with the case where (M, d) is to be
embedded into an already-known (N, p). In this case,
queries to (N, p) can be answered without actually
making a query. Since (N, p) is known beforehand
and since we usually want to embed metric spaces
into a host metric space with a simple structure, it
is not strange to assume that we can find J-nets for
(N, p). For example, if (N, p) is a closed ball of radius
R > 0 in the 3-dimensional Euclidean space, then it is
easy to find a -net of cardinality O(R3/§3) for (N, p).

7 Concluding remarks

We have defined bilipschitz embeddability and e-
farness from bilipschitz embeddability using injective
functions. Such a definition is justifiable for the fol-
lowing reasons. First, Eq. (1) could be satisfied for
all (xz,y) € M x M only it f : M — N is in-
jective. Second and more importantly, one usually
defines embeddings between metric spaces using in-
jections, and in fact in many (if not most) areas
of mathematics, embeddings are defined using injec-
tions (see, e.g., ( , ,

, . In
contrast, quasi-isometric embeddability is defined via
functions that are not necessarily injective (

), as we did in Section 2. We could also define
the notions of quasi-isometric embeddability and e-
farness from quasi-isometric embeddability using in-
jections by modifying the corresponding definitions in
Section 2 to concern only with injections f : M — N.
That is, we could define (M,d) to be (k,C) quasi-
isometrically embeddable into (N, p) under injections
if Eq. (2) holds for some injection f : M — N and
all (z,y) € M x M. We could also say that (M,d)
is e-far from being (k,C) quasi-isometrically embed-
dable into (N, p) under injections if Eq. (2) fails on at
least an e fraction of pairs (z,y) € M x M for every
injection f : M — N. Theorems 5—6 and 9 can be eas-
ily adapted to give the corresponding tests for quasi-
isometric embeddability under injections. The proofs
are mostly the same except for a few trivial modifi-
cations to Definition 1 and algorithm TEST-BILIP.
The query complexities remain the same. A minor
point is that we have treated pairs selected from a
metric space as ordered ones. They could also be
treated as unordered since the distance function of
any metric space is symmetric. Again, this does not
change our results.

Our definition of e-farness from L-bilipschitz em-
beddability is directly concerned with the least pos-
sible (over all injections f : M — N) fraction of pairs
(z,y) € M x M violating Eq. (1), which is naturally
interpreted as the quality of the best possible embed-
ding f : M — N. This seems as intuitively appealing
feature of our definition. However, other definitions
of e-farness from L-bilipschitz embeddability may also
be worth studying. For example, we may adopt one
of the following definitions for (M, d) to be e-far from
being L-bilipschitz embeddable into (N, p).

1. At least an e fraction of (ordered or unordered)
pairs (z,y) € M x M need to have their d-
distance changed to obtain a metric space that
is L-bilipschitz embeddable into (N, p).

2. Among all (ordered or unordered) pairs in (M x
M)U(N x N), at least an € fraction of them need
to have their d-distance or p-distance changed
so that the modified metric space (M,d) is L-
bilipschitz embeddable into the modified metric
space (N, p).

3. For a reasonable set of edit operations on met-
ric spaces, the least number of edit operations
to turn (M,d) into a metric space that is L-
bilipschitz embeddable into (N, p) is at least
€|M|? (or €|M|, depending on whichever is more
relevant).

4. For a reasonable set of edit operations on met-
ric spaces, the least number of edit operations
on (M,d) and (N,p) to turn (M,d) into being
L-bilipschitz embeddable into (N, p) is at least
e(|[M|? + |N|?) (or e(|M| + |N|), depending on
whichever is more relevant).



Although in these definitions, farness from L-
bilipschitz embeddability may no longer correspond
to the quality of the best possible embedding, tests
for L-bilipschitz embeddability under these defini-
tions may still be worth studying and may provide
new insights.

Appendix I: Proof of Theorem 1

Proof of Theorem 1. We first show the easy reduction
from the graph isomorphism problem to the prob-
lem of testing isometry between finite metric spaces.
Given two graphs G; = (V, E1) and Gy = (V, Es), the
reduction outputs two metric spaces (V,d) and (V, p)
described below. For distinct z,y € V, d(x,y) = 2
if (z,y) € Ey and d(z,y) = 3 otherwise. Also, set
d(xz,z) = 0 for each € V. The metric p is defined
similarly with Fs in place of E;. It is not hard to ver-
ify that (V,d) and (V, p) are metric spaces and they
are isometric if and only if G; is isomorphic to Ga.

Now we turn to the other direction of the re-
duction. Given two finite metric spaces (M,d) and
(M, p), the reduction computes the sets (not mul-
tisets) {d(z,y) | 2,y € M,z # y} and {p(z,y) |
x,y € M,x # y}. Let oy < ... < oy be an enu-
meration of the first set in strictly increasing order
and 31 < ... < (B¢ be that of the second. Assume
that t = ¢/ and o; = 3; for 1 < ¢ < t, for otherwise
the reduction just outputs any two non-isomorphic
graphs.

The reduction outputs two undirected simple
graphs G; and Gy defined below. It begins with
G1 having vertex set M and the empty edge set,
and proceeds by adding to G; new vertices and new
edges. For each pair of distinct x,y € M, denote by
i(z,y,d) the unique value of i € {1,...,t} satisfying
d(x,y) = a;. The reduction adds 3i(z,y,d) new ver-
tices g,y 1, s Vs y 3i(z,y,4) a0d also adds new edges

(Z‘, 'Uw,y,l)y B (33, Ux,y,?)i(:r,y,d))

and
(vz,y,la y)a ceey (vz,y,Bi(I,y,d)7 y)

to G1. After adding new vertices and edges as above
for each pair of distinct x,y € M, the graph Gj is
finally formed. The graph Gs is formed similarly with
p in place of d.

Clearly, if (M,d) is isometric to (M, p), then Gy
and G4 are isomorphic.

Now assume that G is isomorphic to G3. We are
to show that (M, d) is isometric to (M, p). The set of
vertices of G is M U S; where

St ={vey,j |z, ye M,z #y,1<j<3i(x,y,d)}

is the set of newly added vertices to G1. Similarly, the
set of vertices of Go is denoted M U Sy where Sy is
the set of newly added vertices to G. We may assume
without loss of generality that |M| > 2. From the way
we add edges to G (respectively, G2), it is not hard
to see that every vertex in Sj (respectively, So) has
degree exactly two in Gy (respectively, G3), and every
vertex in M has degree at least 3 in G (respectively,
G2). Anisomorphism f from G to Gy must therefore
map M one-to-one and onto to M, and S; one-to-one
and onto to Sy. Now fix distinct x,y € M arbitrarily.
We are to show that d(z,y) = p(f(x), f(y)), which
implies that f itself (when restricted on M) is an
isometry from (M, d) to (M, p). That f is an isomor-
phism implies

{v | (z,v), (v,y) are edges of G1 and v has
degree exactly 2 in G }|

= Hu] (f(x),u), (u, f(y)) are edges of G2 and
u has degree exactly 2 in Go}|.

The fact that Sy (respectively, Sa) consists of exactly
those vertices in G (respectively, Gs) with degree
two then implies

{v e Sy | (z,v),(v,y) are edges of G1}|
= Hue S| (f(z),u),(u, f(y)) are edges of Ga}|,

which in turn implies that d(z, y) = p(f(z), f(y)). O

Appendix II: Proof of Theorem 6
Sketch of proof of Theorem 6. We modify TEST-
BILIP slightly to prove the theorem. If 12‘7” <
1/4, the modified TEST-BILIP still does exhaustive

queries. Otherwise, TEST-BILIP sets py; = 4 - B2

E€Em

and py = 1 (we let TEST-BILIP do exhaustive
queries to (N, p)). These are different from the origi-
nal assignments of TEST-BILIP to py; and py. Also
modify TEST-BILIP so that after querying Qs and
Qn to (M,d) and (N, pg, it rejects if all functions
(not necessarily injective) from M to N are refuted
by Qum X @N-

Clearly, when 16117" > 1/4, the modified TEST-
BILIP does exhaustive queries and the query com-
plexity also follows. It is also clear that the modi-
fied TEST-BILIP accepts if (M,d) is (x,C) quasi-
isometrically embeddable into (N, p).

Now assume that (M, d) is e-far from being (, C)
quasi-isometrically embeddable into (N, p) and 22 <
1/4. It is clear that the modified assignment of pyr =
4. T—m" does not exceed 1. Now fix an arbitrary function

f+ M — N. Similar to in Lemma 3, we define Sy to
be the set of pairs (z,y) € M x M violating

k- -d(z,y) — C < p(f(z), f(y)) < K -d(z,y) + C.

We have |S¢| > em?. Since we do exhaustive queries
to (IV, p), this time f can be refuted by Qu X Qn if
some pair in Sy is put into Q5s. The probability that
Qu X Qn does not refute f is therefore at most

. hll)ﬁ?nz .

1—pu)¥l<(1-14
(L —pa)S < (1 -4

By the union bound, the probability that every func-
tion from M to N is refuted by Qs X Qn is at least

1—n™ (1—4-1nyem® — 1 (1), The probability that
Qu > 1000par m? is small, and Qnx > 1000 py n?
happens with probability zero. Therefore, with high
probability Qs X Qn refutes every function from M
to N, and the whole Qs and Q n are queried to (M, d)
and (N, p), respectively, resulting in rejection of the
modified TEST-BILIP.

The number of queries to (M,d) is at most
1000 pps m?, which is easily verified to obey the de-
sired bound. O

Appendix III: Proof of Theorem 8

Proof of Theorem 8. Let T be a one-sided tester for
isometry with query complexity ¢(e,n) with respect
to € and n. Using T, we develop a one-sided tester
T’ for graph isomorphism with query complexity at
most g(e/2,n) with respect to € and n. The theorem
is then immediate from Theorem 7.

On input €,n and given oracle access to two undi-
rected simple graphs G; = (V, E1) and Go = (V, E»)
with |V] = n, the algorithm 7" simulates T on in-
put n,e/2 and provides T with oracle access to two
metric spaces (V,d) and (V, p) described below. The



metric space (V, d) is defined by d(x,z) =0 for x € V,
d(z,y) = 2 for (z,y) € Fy and d(x,y) = 3 for distinct
z,y € V with (z,y) ¢ Ei. The metric space (V,p)
is defined similarly except that E; is replaced by FEs.
Whenever T' makes a query (z,y) € V x V to the
metric space (V,d) (respectively, (V,p)), T" asks G,
respectively, Go) whether (z,y) € E; (respectively
z,y) € Ey) and then computes d(z,y) (respectively,
p(z,y)) to satisfy the query of T. The query com-
plexity of T” is clearly at most g(e/2,n). Finally, T’
accepts (respectively, rejects) if and only if T accepts
(respectively, rejects).

It is clear that if G; and G5 are isomorphic, then
(V,d) and (V, p) are isometric. Hence T' and thus 7"
accepts.

Now assume that G; and Gy are e-far from being
isomorphic and let 7 : V' — V be any bijection. There
are at least G(I‘;\) unordered pairs (z,y) € V xV
such that either (z,y) € Ey and (n(z),n(y)) ¢ Eo,
or (z,y) € By and (7w(z),7(y)) ¢ E1, and it is clear
that any such pair satisfies x # y. This implies the

existence of at least 26(“;') ordered pairs (z,y) € V x

V with d(z,y) # p(m(z),7(y)). Since the bijection 7
(V]

is arbitrary, (V,d) and (V,p) must be 2‘$,|22) > €/2

far from being isometric, resulting in the rejection of

T and thus 77 with high probability.
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