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Abstract

We present a new method for finding closed forms
of recursive Boolean function definitions. Tradition-
ally, these closed forms are found by iteratively ap-
proximating until a fixed point is reached. Concep-
tually, our new method replaces each k-ary function
by 2% Boolean variables defined by mutual recursion.
The introduction of an exponential number of vari-
ables is mitigated by the simplicity of their defini-
tions and by the use of a novel variant of ROBDDs
to avoid repeated computation. Experimental evalua-
tion suggests that this approach is significantly faster
than Kleene iteration for examples that would require
many Kleene iteration steps.

Keywords: Boolean functions, fixed points, decision
diagrams

1 Introduction

The need to obtain closed forms of recursively defined
functions arises in many fields of mathematics and
computer science, including formal language theory,
database theory, and formal semantics. The theoret-
ical foundations for solving recursive definitions were
laid a long time ago, in the fields of order and fixed
point theory. Improved algorithms, however, are still
being developed for special applications.

A typical case is abstract interpretation, which is
concerned with automated inference of program prop-
erties, as needed, for example, by optimising com-
pilers and other program analysis and transforma-
tion tools (Cousot & Cousot 1977). Problems in
abstract interpretation boil down to finding extreme
fixed points (usually least fixed points) in structures
that can be fairly complex. The meaning of a pro-
gram is assumed to be given as a fixed point char-
acterisation: the least fixed point of some functional
F defined over a domain of program states, based on
the semantic domains for the programming language.
Program analysis is then obtained by faithfully ab-
stracting F' to work on some abstract domain instead,
that is, on a domain of approximate program states.
Usually the process can be divided into two stages:
firstly constructing a set of (mutually) recursively de-
fined functions as a conservative approximation of
the aspect of the behaviour of the components of the
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program one is interested in, and secondly finding a
closed-form “solution” of the recursive equations.

The usual approach to finding fixed points for re-
cursively defined equations is Kleene iteration. The
essential idea is to transform the set of mutually re-
cursively defined functions into a single non-recursive
functional that takes a tuple of closed form tenta-
tive solutions to these equations and uses the original
definitions of the functions, modified to use the ten-
tative solutions in place of recursive calls, to compute
a better approximation. Kleene iteration repeatedly
applies this functional to the result of the previous
iteration until a fixed point is reached. If the func-
tional is monotone on a lattice with the ascending-
chain property, and iteration begins with the least
element, the process is guaranteed to terminate with
the least fixed point, i.e., the strongest closed form
solution to the initial set of equations.

Consider, for example, the following equation:

flxy,2) = (@A (y = 2)V
Ju, v.((x = (uAv)) A flv,u,z))

This function arises in the groundness analysis of a
Prolog program to find the last element of a list using
an accumulating parameter. To apply Kleene itera-
tion to this, one defines a functional

F(f) =z, y, 2. (A (y—2)V
Fu,v.((x = (uAv)) A flv,u, 2)))

Note that the call to f is no longer recursive; it
now invokes the parameter to F. Kleene iteration
would begin by applying F' to the least possible func-
tion f, which is Az,y, z.0. For brevity, henceforth
we shall agree that the arguments of this function
are x,y, and z, and omit the A\. Thus the result of
F(0)is (x A (y<2)) VIu,v.((z = Av)) AD)) =
Next we apply F to this and get
y—2z)VIu,v((zo(uwAv) AoA (uez)) =
)) V (x> z). Applying F to this, we get
) — z. Finally, applying F' to this, we get back
xAy) — z, indicating a fixed point has been reached.
The first contribution of this paper is to propose an
alternative view of this problem. Consider again the
original function f. We build a table in which each
row shows a possible input to f and the value of f for
that input. In each row of the table, we substitute the
input for that row, and all possible combinations of
values for the existentially quantified variables. Thus
the table will contain no variables whatsoever; all that
remains will be Boolean constants and recursive calls.
Furthermore, since each recursive call has all argu-
ments statically known, it refers to a fixed row of the
table. The following table illustrates the same exam-
ple f shown above using the new approach (we use
subscripts for function arguments).



fooo =0V Ju, ’U.(ﬁ(’u, A\ ’U) N fvuO)
foor =0V 3u,v.(=(uAv) A foul)
foro =0V du, ’U.(ﬁ(’u, A\ ’U) A\ fvuO)
forr =0V 3u,v.(~(uAv)A four)
fioo =1V 3u,v.(uAvA fouo)
fior =0V 3Iu,v.(uAVA four)
firo =0V 3u,v.(uAvA feuo)
fin =1V 3 v(uAvA four)

Now we view this as a set of eight mutually-
recursively defined variables. Of these, figo and f111
are unambiguously determined to be 1. Also, fio1 is
defined to be ‘](‘1117 which is ], and fooo, f001, f0107
and fp11 are all defined to be disjunctions including
either figp or fip1, both of which are now known to
be 1, so all are 1. This leaves only fi19, which is
defined to be fi19. This indicates both truth values
will be fixed points for this row. Assigning it 0 yields
the least fixed point (x A y) — z, as given by Kleene
iteration. Plugging in 1 yields f(z,y,z) = 1 which
can also be verified to be a fixed point.

In this example, only two fixed points exist. In
general, there will be 2™ fixed points, where n is the
number of strongly-connected components (SCCs) in
the dependency graph among rows in the truth table.

It is possible, for the domain of Boolean functions
of arity n, to give a recursive definition for which
the ascending Kleene sequence has maximal possible
length: 2™ + 1. In fact this can be achieved in several
different ways. The following definition exemplifies
this for a function of arity 4. What is defined in this
cumbersome manner is the constant function 1, but
it takes 16 Kleene iteration steps to determine this.

p(U1;U2;'U37U4) =
Fus.(va A p(v1,v2,v3,v5))
V' (vs Ap(v1,va,v4, 1)
Vo (va A (vs < vg) Ap(v1,v3,1,1))
Vo (v1 A (vg < v3) A (vs < vg) Ap(va, 1,1,1))
V ((’Ul — UQ) A\ (UQ — ’1)3) N (’U3 — ’1}4))

Again, this is a definition that arises in the ground-
ness analysis of a certain Prolog program, although
the program would not appear in the typical Prolog
programmer’s collection. It comes from one of sev-
eral families suggested by Codish (1999) and Genaim,
Howe & Codish (2001) as particularly challenging for
analysis, because of their heavily iterative nature. In
fact, the challenge that these programs have posed
to our existing analysis tools (which make use of
straight-forward Kleene iteration) has been the pri-
mary motivation for the work reported here.

The remainder of this paper will proceed as fol-
lows. In Section 2 we recall some basic concepts from
fixed point theory and decision diagrams. Section 3
introduces a data structure, a variant of ROBDDs,
and an algorithm to efficiently solve recursive defini-
tions of Boolean functions. Section 4 reports on the
experimental evaluation of the algorithm, Section 5
discusses related work, and Section 6 concludes.

2 Preliminaries

2.1 Lattices and fixed points

A partial ordering is a binary relation that is reflexive,
transitive, and antisymmetric. A set equipped with a
partial ordering is a poset. Let (X, <) be a poset. A
(possibly empty) subset Y of X is a chain iff for all
vy €Yy<y vy <y.

Let (X, <) be a poset. An element z € X is an up-
per bound for Y C X iff y < x for all y € Y. Dually

we may define a lower bound for Y. An upper bound
x for Y is the least upper bound for Y iff, for every
upper bound z’ for Y, z < 2/, and when it exists, we
denote it by | |Y. Dually we may define the greatest
lower bound MY for Y.

A poset X for which every subset possesses a least
upper bound and a greatest lower bound is a complete
lattice. We denote the least element 1 X of X by L x
(or usually just L). X is ascending chain finite iff
every ascending chain in X is finite.

Let (X,<) and (Z,=) be posets. F: X — Z is
monotone iff x < 2’ — F(x) < F(a') for all z,2’ €
X. A fized point for F': X — X is an element x € X
such that = F(x). If X is a complete lattice, then
the set of fixed points for a monotone F' : X — X
is itself a complete lattice. The least element of this
lattice is the least fized point for F', and we denote it

by lfp(F).
2.2 ROBDDs

Let B = {1,0}. The set of Boolean functions is
Bool = [J,,cyB™ — B. Let the set V of propositional
variables be equipped with a total ordering <.

Binary decision diagrams (BDDs) are defined in-
ductively as follows:

e (is a BDD.
e 1is a BDD.

o If x €¢ V and Ry and Ry are BDDs then
ite(z, Ry, R2) is a BDD.

The meaning of a BDD is given as follows:

[1]
[[Ite(l', Rl, RQ)]]

0
1
(@ A [Ra]) V (=2 A [Ro])

A BDD R’ appears in R

Let R = ite(x,Rl,Rg).
i = We define

R or R’ appears in Ry or Ra.
vars(R) = {v | ite(v, _, ) appears in R}.

A BDD is an OBDD iff it is 0 or 1 or if it
is ite(z, Ry, R2) where R; and Ry are OBDDs, and
Va' € vars(Ry) Uvars(Rg) : & < .

An OBDD R is an ROBDD (Reduced Ordered
Binary Decision Diagram (Bryant 1992)) iff for all
BDDs R; and Rs appearing in R, Ry = Ry when
[Ri] = [R2]. Practical implementations (Brace,
Rudell & Bryant 1990) use a function mknd(z, Ry, R2)
to create all ROBDD nodes as follows:

1. If Ry = Ry, return R; instead of a new node, as
[[ite(:r, Rl, RQ)]] = [[Rl]]

2. If an identical ROBDD was previously built, re-
turn that one instead of a new one; this is ac-
complished by keeping a hash table, called the
unique table, of all previously created nodes.

3. Otherwise, return ite(x, Ry, Ra).

This ensures that ROBDDs are strongly canonical:
a shallow equality test is sufficient to determine
whether or not two ROBDDs represent the same
Boolean function.

Figure 1 gives a visual presentation of a simple
ROBDD. For all diagrams in this paper, the leftmost
of the two outgoing edges from any non-terminal node
is the 1-edge and the rightmost is the 0-edge.

There are 22" different Boolean functions of arity
n, and it has been shown (Liaw & Lin 1992) that
an ROBDD for an n-input Boolean function requires
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Figure 1: An ROBDD for the function (z Ay) V z.

at most (2"/n) nodes, so the worst-case complexity
is exponential. However, the size of ROBDDs can
vary enormously, not only with the ordering of vari-
ables, but also with the type of functions that are
represented. For a great variety of Boolean functions,
the ROBDD representation has polynomial complex-
ity, which makes ROBDDs very attractive for a wide
variety of applications.

Many important properties of Boolean functions
can be easily tested from the ROBDD form of a func-
tion. Testing for unsatisfiable or tautological func-
tions can be done in constant time: an unsatisfiable
function is represented by the 0-terminal and a tau-
tological function is represented by the 1-terminal.
If the satisfiability of a function requires a particular
variable to have a value v, then all nodes labelled with
that variable will have their (—v)-edge point directly
to the 0-terminal. Finally, the ROBDD representa-
tion of a function that is independent of a particular
variable will have no nodes labelled by that variable.

3 Solving as graph manipulation

Before we embark on describing the new algorithm,
we describe an algorithm that served as inspiration.

3.1 A depth-first approach

The algorithm we describe first is due to Le Charlier
& Van Hentenryck (1992). It is rather more general
than ours, indeed it is presented as a “universal top-
down fixed point algorithm”. Tt is well described (and
appraised) by Fecht & Seidl (1999). Figure 2 is es-
sentially Fecht and Seidl’s presentation of algorithm
TD, as they name it.!

The idea behind the algorithm is to maintain a
“partial table” o that maps variables to their current
(approximate) values. In Figure 2, o is a globally
accessible table.

Suppose we have initiated solving for x and in the
process find that we need the value of y. The ap-
proach is to eagerly turn to solving for y, that is, to
find the next approximation to y’s final value. How-
ever, there are two situations in which eagerness is
abandoned and the current approximation o(y) to y’s
value is used instead. One is where we are already in
an iteration initiated for y. A set Called is thus main-
tained to keep track of variables for which an iteration
has been started but not completed. The other situ-
ation is where solving for y is deemed useless because
no variable that influences y has changed its value. A
set Stable is thus maintained to keep track of stable
variables. A procedure call destabilize(x) makes sure
that the implications of changing the value of = are
tracked, so that Stable remains reliable.

1Fecht and Seidl’s version is incorrect, probably as a result of a
typographic error. The line marked with (*) in Figure 2 is missing
in Fecht and Seidl’s presentation. As a result, the closed form of,
say, f(z,y) =« V f(y,x) comes out incorrectly as f(z,y) = =.

procedure main
o := &; Stable .= @; Called := @; infl := O;
foreach x € V do solve(x) od

end

procedure solve(x : V)
if « ¢ Stable and = ¢ Called then
if « ¢ dom(o) then
o(x) = L; infl(x) =@

Called = Called U {z);

do
Stable := Stable U {z};
old .= o(x);

o(x) := evalrhs(z, \y.eval (x,y));

if o(x) # old then
Stable := Stable \ {x}; *)
destabilize (x)

until x € Stable;
Called := Called \ {z}
fi
end

function eval(x,y:V): D
solve(y);
infi(y) := infi(y) U {z};
return o(y)

end

procedure destabilize(x : V)
temp = infl(x); infl(x) := &;
foreach y € temp do

Stable := Stable \ {y};
destabilize(y)
od
end

Figure 2: Algorithm TD (after Fecht and Seidl)

The role of evalrhs(z,-) is to evaluate the right-
hand side of 2’s definition. This evaluation has access
to (the global) o. However, to evaluate eagerly, and
to (dynamically) keep track of variable dependencies,
Ay.eval(x,y) is used instead of o. The table infl is
used for the bookkeeping—infl(y) is the set of vari-
ables that may depend on y. Essentially, eval(z,y)
provides for the solving for y in a context of solving
for x, updating infl to track the dependency.

3.2 A data structure for equation systems

The algorithm just presented is general. We now turn
to the special case of finding closed forms for (mutu-
ally) recursively defined Boolean functions and the
second contribution of this paper: a new data struc-
ture and algorithm for this special case.

To be more formal, assume we are given a set F of
Boolean function names. As a convenience, we also
fix a set V of variables, with its total ordering <. We
let the smallest n variables serve as the sequence of
formal parameters for all Boolean functions, with all
larger variables serving as local variables in definition
bodies. Then we can define the set of Boolean func-
tion bodies and definitions as:



Bod= BUVU(FxV*)U{zAy|zy e Bod}U
{xVy|z,y€Bod}U{-a|axeV

Def =F — Bod

Here the logical connectives have their usual interpre-
tation, and local variables are implicitly existentially
quantified over the definition body.

We define the set of closed form Boolean function
definitions to omit function applications:

Bodc = BUVU{zAy|z,y €Bod.}U
{zrVy|z,y€BodtU{—x|zeV}

Def. = F — Bod.

Note that Def. C Def. Furthermore, because
{A,V,—} are functionally complete for Bool, and by
de Morgan’s laws, Bod. is equivalent to B" — B, and
thus is a subset of Bool. Let Bod. be ordered by en-
tailment.

Now we define a functional F : Def — Def. — Def.
in terms of E : Def. — Bod. — Bod. as follows:

FDC=(EC)oD

ECt=t
ECv=v where
EC(fvi...on)=C fuvr...0,
EC(Cl/\Cg):(Eccl)/\(ECCQ)
EC(Cl\/Cg):(ECCl)\/(ECCQ)
EC (—v)=—w
We say C' € Def. is a closed form for equation system
D € Def iff C is a fixed point of F D, that is, if
C = F D C. Note that due to the way negation
is included in our definition of Bod, F is monotone,
ensuring that F D has fixed points. In what follows we
shall take the closed form of D € Def to be Ifp(F D),
although any fixed point will do, and our algorithm
can be modified to find all fixed points.

For convenience we shall restrict the syntax of Bod
to a specialised disjunctive normal form that sepa-
rates closed parts of function definitions as follows:

Bod = {fVvd]| f € Bodc Ad € Dis}

Dis = Con U {dy V d2 | d1,ds € Dis}
Con={fAc| feBod.AceAp}
Ap=(F x V" )U{c1 Aca|ci,e0 € Ap}

teB
vey

where

By distributivity, commutativity, and associativity of
conjunction and disjunction, this new definition has
equivalent expressiveness to the previous one. How-
ever, it makes our algorithms simpler.

3.3 A tabular view of equation solving
Consider the Boolean function definitions:
flz,y) = (z—y)
9(z,y) = (z=y) Vy(y z)
h(z) = g(0, )

Although these definitions do not fit the specified syn-
tax, it is easy to rewrite them as equivalent definitions
that do:

f: (’U1 A\ UQ) V (ﬁ’Ul AN ﬁ’UQ)
g:(v1 Av2) V (—v1 A —w2) V g(ve, v1)
h:=vpy1 A g(vngt,v1)

v [ va [ glur, ..., o)

0 0 1 U1 h(’Ul,...,Un)
011 g(1,0) 0 9(0,0)
110 g(0,1) 1 9(0,1)

1 1 1

iteration
vy | va | glvg,ve) [O]TT]2
0] 0 1 0] 111
01| g(1,0) {0]|0]0
110\ g(0,1) {0]|0]0
1 1 1 01| 1

Table 2: Tabular Kleene iteration

Note that v1 and vy are the first two formal parame-
ters, and v,y is the smallest local variable, implicitly
existentially quantified over the function body.

Table 1 presents the values of these functions for
each combination of inputs. We have omitted f for
brevity, as it is defined without reference to any func-
tions, so its table is an ordinary truth table. Since g
only involves parameter variables v; and vy, we need
only consider 4 cases, and h only requires 2 cases. To
handle the unconstrained variable v,1; in the defi-
nition of h, we use the disjunction of the body with
Up41 given value 1, and with it given value 0.

These tables do not show a final solution to these
equations, as they are not in closed form. However,
we can use Kleene iteration to find a closed form,
as shown in Table 2. Assuming we wish to find the
least fixed point, we begin in iteration 0 by assigning
the value 0 to all rows. In iteration 1, we compute
the value for each row, using the values assigned in
iteration 0 wherever the definition of a row refers to a
another row (or the same row). Iteration 2 repeats the
process, using the values from row 1. In this example,
iteration 1 is a fixed point, as confirmed in iteration 2.

3.4 Towards ROBDDs

The tabular approach taken above will work well for
functions of low arity. However, for functions with
dozens of arguments, it quickly becomes unworkable.
In this subsection we shall reformulate the tabular
approach to work on an ROBDD-like structure.

Our revision of the ROBDD structure is similar to
our relaxation of the truth table: we allow Boolean
function invocations, as well as 0 and 1, as sinks of the
structure. Just as we did for the tabular approach,
we take advantage of the fact that, at the sinks, the
values of all relevant formal parameter variables are
known. Thus the “formulae” we allow for sinks are
in fact just references to other sinks in the structure.
Figure 3 shows the example of Section 3.3 in this view.

The structure is an ordered binary decision tree
down to its leaf nodes; however, leaf nodes may re-
fer to one another, even cyclically. It is also ordered
in the same sense as an OBDD. It is not reduced,
as the destinations of links from a leaf node depend
upon that node’s position in the tree. We refer to this
structure as a tree because of its underlying structure,
although it is, strictly speaking, a directed graph.

In the style of an ROBDD we would like to be able
to evaluate the function for a given input by follow-
ing the arcs until we reach a terminal node. If we
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Figure 3: ROBDD-like views of recursive definitions

wish to evaluate the structure in Figure 3 for ¢(0, 0)
or g(1,1) then we have no problems. But when we
attempt evaluation of ¢g(0, 1) we are referred to the
value of ¢g(1, 0), and vice versa. Solving this problem
is the focus of the remainder of this section. Before
we can tackle that, however, we must generalise our
data structure.

The example of Figure 3 does not show the full
generality of function bodies permitted by Bod. In
particular, it does not illustrate disjunctions of con-
junctions of function invocations, nor does it make
clear how to handle existentially quantified variables
in function calls.

To handle disjunctions of conjunctions of function
invocations, we generalise our definition of the DDS
structure to specify that leaf nodes in the structure
may be either 0, 1, or a disjunction of conjunctions
of Boolean function invocations. We shall depict the
new sink node graphically as an unlabelled node with
a number of “pimples,” each of which refers to a num-
ber of other sinks in the structure. The intended
meaning is that the pimpled node should be inter-
preted as true iff at least one of the pimples are true.
A pimple is considered to be true if all the nodes it
refers to are true.

Consider the recursive definition:

flzy) = TNy
Vooz A f(y,z) A f(z,x)
Vo oz A f(z,x)

This definition can be depicted as follows:

()
/
@\0

@/
The pimpled node in this example represents the ex-
pression (1 AO)V 1 =1.

Existentially quantified variables are slightly
harder to handle. A naive approach would be to treat
an existentially quantified variable the same as any
other, and simply extend the tree with new variables.
While this approach would indeed work, it leaves the
task of eliminating the existentially quantified vari-
ables.

Since existentially quantified variables are all
greater (in the variable ordering) than all formal pa-
rameter variables, they are always placed on the tree’s
fringe. Thus eliminating these variables is a matter of
disjoining all the sinks below the greatest parameter
variable. Since our representation of sinks explicitly
allows disjunctions, handling existentially quantified

variables is simply a matter of coalescing the disjunc-
tions that would appear anywhere under the greatest
parameter variable into a single sink node.

Consider, for example, the function:

fl@y) = (@Ay)V (Fu.f(z,u))

We treat the Ju.f(x,u) expression as if it were (the
equivalent) f(x,0)V f(z, 1), leading to this:

/@

N\
/@\ >

)}

3.5 Dendritic decision structures

We can improve on the TD algorithm by exploiting
properties specific to our Boolean domain. Two ob-
servations are crucial here. First, as the recursively
defined objects are simply truth values, living in a do-
main of height one, once a variable’s value changes, it
never needs to be re-visited. Second, as a fringe node
in the structure effectively is an expression in DNF, a
simple bookkeeping technique allows us to determine
an appropriate time to re-evaluate a variable. Ideally
we would like to re-evaluate a variable only when that
evaluation would trigger a change of value. The idea
is that, when the number of conjuncts in each dis-
junct is high, we often find that re-evaluation of one
conjunct does not change the value of the conjunc-
tion. If a variable’s right hand side has d disjuncts
with ¢ conjuncts in each, then it is possible for all but
one conjunct in each disjunct to become true with-
out making the whole equation true. This means it
may take (¢ — 1)d + 1 evaluations before the variable
becomes true.

It would naturally be more efficient if we could
cache the work we did during the first evaluation and
re-use it, instead of repeating it. The third contri-
bution of this paper is to propose a very simple data
structure and corresponding algorithm that does this
very efficiently.

We consider three possible states for a variable:
Undetermined (L), definitely true (1), and definitely

false (0). Evaluation follows the rules of Kleene’s
logic:
- ATL 0 1 VIL 0 1
1]l L 0o L L 1L 1
0|1 010 0 0 0o|L 0 1
110 1|L 0 1 111 1 1

To implement these rules we introduce an efficient
structure to represent a partially evaluated disjunc-
tion. A “pimple” off a node v becomes a receptor



which keeps count of the number of nodes that must
be true before v becomes true. Dependency arrows
become reversed, turning into azons pointing from
nodes to receptors. We call the resulting structures
dendritic decision structures, or simply DDSs. Their
purpose is to speed up processing of cyclic dependen-
cies discovered during evaluation.

Take the situation where a depends on b and b
depends on a. If we start evaluation at a we discover
a cycle when we request a’s value during evaluation
of b. In the standard recursive algorithm we would
record the information that b depends on a, and use
that to remember that b must be re-evaluated if a’s
value ever changes. In our new approach we create
an axon at a and a receptor at b. The receptor has a
value of 1, indicating that there is a conjunction in b
with one and only one axon targeting it. Note that we
only create a receptor for a node if the value of that
variable depends upon as yet undetermined variables.

If the value of a changes to 1 then we follow the
axon to the receptor, which is decremented. If and
when a receptor reaches 0, all values in the conjunc-
tion in b represented by the receptor have become
1. In that case, b has been sufficiently stimulated to
change and is given value 1.

3.6 The algorithm

Figure 4 gives the algorithm that uses DDSs.

The method uses a principle of aggressive propa-
gation of truth. For each node z, a set of axons point
to the nodes that depend on the value of x. More
specifically, the axons point to receptors that repre-
sent conjunctions containing z. We use the notation
u +— (v,c¢) for an axon that emanates from node u
and points to the receptor ¢ associated with node v.
The procedure fire shows what happens when a node
u has been determined to be 1: Every receptor (v, ¢)
pointed to is decremented, and if and when it reaches
0, v is deemed to have value I as well. Solving is then
complete as far as v is concerned, and the immedi-
ate consequences of v taking value I are pursued: v
activates its axons.

As in the previous algorithm, a set Called keeps
track of nodes for which an iteration has been started
but not completed. Another set, Ewvaluated, keeps
track of nodes that no longer need be considered.
This, however, does not just mean nodes that have
a final value 0 or 1. Once a node has been examined,
it is not “solved for” again; it is considered “evalu-
ated”. However, it may still change its value from L,
through appropriate activation of axons that point to
the node.

3.7 An example

Figure 5 gives an example to illustrate the benefits
of axons and receptors. If we begin evaluation at a
and evaluate right-hand sides from left to right then
we immediately find we must evaluate b, which sends
us to ¢ and then to d, which refers back to a. At
this point a receptor is associated with d, starting
with the value 1, and an axon is created at a pointing
to that receptor. If a ever changes value later, we
can immediately determine that d depends on it and
update its value directly.

Continuing with evaluating d we reach the refer-
ence to b, also in the same conjunction. b is also under
evaluation, so we create an axon on b pointing back
to the same receptor and increase the value of the re-
ceptor to 2. If both a and b take the value 1 then the
receptor will reach 0 and d will be set to 1.

procedure main
o := ; Cualled := @&; Fvaluated := &;
foreach z € V do solve(z) od

end

function solve(z : V) : D
/* Solve for variable x */
if x € Evaluated then
/* x has final value or is | and has receptors */
return o(x)
elseif x € Called then
/* x is currently under evaluation */
return |
else
/* x has not been examined before */
Called := Called U {x};
o(x) := evalrhs(zx);
Called := Called \ {z};
Evaluated := Fvaluated U {x};
if o(z) = 1 then fire(z) fi;
return o(x)
fi
end

function evalrhs(x : V) : D
/* Evaluate right hand side of z’s definition */
foreach disjunct d in rhs(z) do
Uncertain := @;
foreach conjunct ¢ in d do
if solve(c) = L then
Uncertain = Uncertain U {c}
fi;
od;
if Uncertain # @ then
Create receptor (z,¢) with value | Uncertain|;
foreach u € Uncertain do
Create an axon u — (z,¢)
od
fi
od;
if all conjuncts of any disjunct have value I then
return I
elseif z has receptors then
return |
fi;
return 0
end

procedure fire(u: V)
/* Activate all axons from node u */
foreach axon u — (v,c) do
Decrement c;
if ¢ =0 then
o(v) = 1;
FEvaluated := Fvaluated U {v};
fire(v)
fi

od
end

Figure 4: The algorithm based on DDSs

We do the same with the second conjunction in
d’s right-hand side, creating a second axon at a and
an axon at ¢, both pointing to another receptor with
value 2. This concludes the evaluation of d. We will
never evaluate d again, although we may visit it later
as the result of an axon firing. The configuration of
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Figure 5: Use of axons and receptors

receptors and axons after processing of d is shown in
figure 5. If we had started from a different defini-
tion, the configuration could be different. Note that
in this figure and the following diagrams we omit the
tree structure above the leaf nodes, as they do not
contribute to the discussion.

Evaluation now returns to c¢. The value of d re-
mains | for now. c requires f, which immediately
evaluates to 0, so ¢ has value 0 also. Receptors and
axons are now:

Evaluation of ¢ has finished, so we return to evalu-
ating b. This requires e which immediately evaluates
to 1. As the two variables that b depends on are dis-
joined, the value of b is 7. Now the axon emanating
from b is fired, reducing the value of its target recep-
tor to 1. No action is taken at d, as all receptors are
still non-zero:

Finally, we return to evaluation of a. It depends only
on b which now has value 1, so a is 1. This causes
two axons to fire. The order of firing is not impor-
tant, so let us consider the axons in the order in which
they were created. The first axon’s target receptor is
decremented to 1. The second axon’s target receptor
is decremented to 0. This receptor represents a con-
junction in which all conjuncts are 1, so we can set
the value of d to 1. At this point we should activate
d’s axons as well, but there are no axons for this node.
Evaluation of a has finished, and the system is solved
completely. The solution is:

3.8 Unresolved axons

It is possible to be left with a cycle of axons and re-
ceptors when we finish evaluation of the initial vari-
able. The simplest example of this involves just two
variables.
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Clearly, this system has two solutions. In general, for
n sets of variables which are linked by unresolved ax-
ons there are 2" solutions to the system of equations.
The sets of variables are SCCs, considering axons as
edges. We obtain the least solution by setting all
variables in all SCCs to 0, but any solution can be
generated easily at this point.

3.9 Fine-tuning the algorithm

We use shortcut Boolean evaluation within evalrhs
for a considerable gain in efficiency. Once we have
determined that a conjunct is 0, there is no need to
continue evaluation of other conjuncts within that dis-
junct. Likewise, once any disjunct is determined to be
1, we can finish evaluation of the variable altogether.

If we have decided in advance that we want to find
the least solution then we can avoid creating some ax-
ons and receptors. By incorporating Tarjan’s SCC de-
tection algorithm (Tarjan 1972) into our algorithm we
can determine when we are at the “head” of an SCC—
the first variable of the SCC we discovered (also the
variable we finish evaluation of last). If a variable
evaluating to L is known to be the head of an SCC
then we may safely set it to 0, as we will be doing
that in the final phase in any case. It is also unneces-
sary to place any receptors on the head of an SCC as
it always takes a final value. If we are lucky this will
resolve all variables in the SCC to a final value. If we
are unlucky we may get a case such as the following;:
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The diagram shows the state when « finishes eval-
uation. As a is the head of an SCC and its value is
1, we set it to 0. This disables the receptor it points
to, but cannot resolve the value of ¢. Likewise, b does
not receive a final value.

To avoid the final phase of finding unresolved ax-
ons and setting them to 0 then we can keep a record
of all variables which were given receptors within each
SCC. When we finish with the head of the SCC we
can go through this list and set any variables which
still have the value L to 0. This helps to reduce the
amount of space needed by the algorithm, as fewer
axons and receptors are in existence at any one time.

4 Experimental evaluation

We have evaluated the algorithm discussed above, in-
cluding the optimisations discussed in Section 3.9,
for groundness analysis over the domain Pos for
Prolog programs (Armstrong, Marriott, Schachte &
Sgndergaard 1998). The analysis derives the possi-
ble groundness states on success of each predicate
in a program, possibly consisting of many source
files. All source files are read into memory simulta-
neously, but predicates are only analysed simultane-
ously when required. We have implemented the fixed
point algorithm in C and the abstracter in Prolog,
using an established ROBDD manipulation library
(Schachte 1996), written in C, in both.

The computing/test environment used has the fol-
lowing characteristics: desktop system with X server
running, a timer with 1ms resolution (not the stan-
dard 10ms), Debian GNU/Linux version 3.1, Linux
kernel version 2.6.8, Intel Pentium 4 3.0GHz CPU
with 1 MB cache, 1 GB memory.

Here are the characteristics of the benchmarking
undertaken:

e Timings include only fixed point processing, not
the translation to Boolean form.

e FEach test was performed sufficiently often to con-
sume 10 minutes, up to a maximum of 1000 rep-
etitions, and the smallest time was taken.

e The majority of programs benchmarked had re-
sults under 2 ms for all algorithms. These pro-
grams are not included in the table as the results
were considered too inaccurate.

e NT stands for a single repetition which took more
than 60 seconds.

4.1 Challenging examples

Table 3 looks at the performance of the new algo-
rithm on the “challenge” examples for Kleene itera-
tion. These examples are difficult because they re-
quire the maximum number of iteration steps to find
a fixed point — a number which grows exponentially
in the number of arguments.

Table 3: Challenge benchmark results (ms)

[ Benchmark | Kleene |  DDSs |
chain8 7.20 1.50
chainl0 48.87 6.42
chain12 508.65 28.62
chain14 8382.47 130.52
chainl6 NT 588.78
def8 8.56 0.87
def10 59.02 3.39
defl12 569.65 15.10
defl4 11362.96 66.41
def16 NT 295.14
challenge6 2.15 8.09
challenge8 18.84 150.27
challengel0 292.38 | 2767.88
challengel2 | 10099.08 | 48657.50

Table 4: Standard benchmark results (ms)

| Benchmark | Kleene | DDSs |
reducer 2.11 2.82
press 2.13 2.26
ann 2.42 7.49
bryant 2.46 | 20.83
ili 2.61 2.78
qgplan 2.71 3.29
parser_dcg 3.09 4.42
neural 3.54 3.68
sccl 3.73 4.00
ga 3.98 4.81
simple_analyzer 5.29 | 21.10
sim_v5-2 5.73 6.15
peval 7.51 9.17
chat_parser 13.08 | 240.96
chat 13.36 | 247.43
chat_80 39.37 | 345.94

Each program is parametrised over an integer.
The minimum value for each parameter is that for
which analysis took at least 2ms for at least one al-
gorithm. For chain and def, the value of the param-
eter is also the number of argument variables in each
predicate. For challenge, the number of argument
variables is twice the value of the parameter.

The chain class of programs are due to Codish
(1999). The def and challenge classes of programs
are due to Genaim et al. (2001). We already met
an example recursive definition arising from the def
family in Section 1: the function p is the one that
arises from def4.

Examining traces of execution with Val-
grind (Nethercote & Seward 2003) reveals much
about the behaviour of both algorithms. Of course,
the cost of Kleene iteration grows quickly as the num-
ber of arguments is increased because the number
of iteration steps grows exponentially. But to make
matters worse, the size of the data structures grows
with the number of arguments, so the cost of each
iteration step also grows. The new algorithm does
create and traverse dependency chains of exponential
length (this appears to be unavoidable in some
cases), however it only traverses each chain once.

The relative performance of the challenge class
of programs is interesting to observe. For all sizes of
challenge problems considered in our testing, Kleene
iteration outperforms our algorithm. However, note



that for the higher arity cases, the time cost of Kleene
iteration grows faster than that of our algorithm.
For slightly higher arities, our algorithm will over-
take Kleene iteration. In fact, for all three problem
classes in Table 3, the cost of Kleene iteration grows
substantially faster than the cost of our algorithm.

4.2 Standard benchmarks

Table 4 shows results for a number of small standard
test cases. For these, Kleene iteration performs bet-
ter or much better than our new algorithm. The new
algorithm can be quite efficient, but it only takes one
predicate with high arity or a large number of exis-
tentially quantified variables to make it impractical.

The examples for which our algorithm perform sig-
nificantly slower merit closer examination. Analysis
of the chat parser (chat, chat_parser, chat_80) was
particularly expensive. Most of the analysis time
was spent on an SCC which contains a predicate
possessive/14. This predicate contains 8 local vari-
ables which are abstracted as existentially quantified
variables. For each of the 2'* combinations of ar-
gument variables, there are 2% combinations of values
for the existentially quantified variables, any of which
could make the object variable take value T'. Our al-
gorithm checks each of these combinations, leading to
poor performance in these cases. Clearly, for our ap-
proach to be practical for groundness analysis, it will
be necessary to find ways to avoid complete explo-
ration of all possible inputs and all possible valuations
of existentially quantified variables.

5 Related work

One broad class of fixed point algorithms use a work-
list as a basic structure. These algorithms usually
include some method of detecting dependencies be-
tween variables. The general idea is to add variables
into the worklist whenever a value they depend on
has been changed. Variables are then selected from
the worklist to be re-evaluated until the worklist is
empty.

The simplest worklist algorithm adds all variables
to the worklist when any variable changes value. This
requires no knowledge of dependencies between vari-
ables and is trivially correct. However, if variables
from the worklist are chosen in a poor order, the
method may end up taking the maximum number
of iterations. We can improve on this by making a
preliminary pass over all the right hand sides, and
finding which variables depend (statically) on other
variables. For each variable x we want to know the
set infl(x), that is, the variables that depend on z.
The algorithm of Kildall (1973) uses this idea. Many
variants of this idea are possible, depending on policy
for removal of worklist items, and the order in which
elements are added. A good approach appears to be
eager evaluation (Wunderwald 1995).

More efficient worklist algorithms track “dynamic”
dependencies. The dependencies that can be read off
a recursive definition over-approximate the actual de-
pendencies, which may well change during evaluation.
For example, raising the value of x from z = F to
x =T in the expression = V y removes its dependence
on the value of y. “Dynamic” algorithms have such
independence detection built in. Variants include the
methods of Jgrgensen (1994) and Vergauwen, Wau-
man & Lewi (1994), as well the W algorithm of Fecht
& Seidl (1999).

A clever alternative to worklist algorithms with
dynamic dependency detection is offered by Le Char-
lier & Van Hentenryck (1992). Their work is based on
the observation that when a variable has many depen-
dencies, it is highly likely that the value we get will
change during the computation. It would be better to
evaluate those variables that do not depend on oth-
ers first, followed by evaluating those which depend
on variables which already have their final value, and
so on. The method of Le Charlier & Van Henten-
ryck aims at maintaining the precision provided by
dynamic dependency detection while at the same time
processing variables in an optimal order. For a vari-
able which has not been evaluated yet, the worklist
solver uses the initial approximation 1. Le Charlier
& Van Hentenryck, on the other hand, suspend evalu-
ation of the current variable and eagerly begin evalua-
tion of the needed variable. This leads to the recursive
algorithm shown in Figure 2. A further refinement is
the WRT algorithm of Fecht & Seidl (1999).

Our algorithm is based on Le Charlier & Van Hen-
tenryck (1992), but is otherwise incomparable to the
methods discussed here, as it exploits properties of
the Boolean domain to make shortcuts not available
to a general algorithm.

Fecht & Seidl (1999) examine the choice of which
equation to re-evaluate first in a system of recursively
defined equations. They demonstrate that a work-
list based solver which uses timestamps as a method
of dynamic SCC detection is generally more efficient
than the approach of Le Charlier and Van Henten-
ryck. As a measure of efficiency they use the number
of evaluations of right hand sides. The complexity of
each right hand side is not taken into account. The
improved efficiency consists of differences in handling
strongly connected components. These differences do
not always result in an improvement however.

The issues discussed by Fecht and Seidl are not rel-
evant to us. Once we have found an SCC using depth
first search, we treat it as a single entity and solve it
at once. At the valuation level, we examine each val-
uation only once, revisiting it only when required by
an axon. This makes a comparison based on number
of evaluations of right hand sides inappropriate.

Englebert, Le Charlier, Roland & Van Hentenryck
(1993) introduce two optimisations which can be ap-
plied to many fixpointing algorithms. One is clause
prefix dependency, and the other is caching of oper-
ations. The first improvement avoids re-evaluating
a clause prefix when no abstract value on which it
depends has been updated. The second improvement
consists of caching all operations on substitutions and
reusing the results whenever possible. They note that
the second optimisation largely subsumes the first, as
the caching eliminates most of the cost of evaluating
clause prefixes. Analysis time was reduced by around
28% in a C implementation by these methods. Our
approach of using DDSs effectively implements this
caching optimisation.

Fecht & Seidl (1998) look at limiting the calcula-
tions needed to raise a particular value in the right
hand side from its previous approximation to the
new approximation. Instead of recalculating the right
hand side from the new value, they calculate the right
hand side for the difference between the new and old
values, defined as diff (doid, dnew) = daig such that
dota U dgiff = dpew- The result is then joined with
the result of the old calculation. In our setting the
domain has only two values, so this optimisation is
not useful.



6 Conclusion

We have presented a novel approach to the problem
of finding closed forms of recursively defined Boolean
functions. Our approach centers on the idea of solving
these equations one valuation at a time. The advan-
tage of this is that the solution for a single valuation is
ultimately a Boolean value. This means that, since we
are climbing an ascending chain of height one, once
the solution for a valuation changes from an initial
value of false, it will not change again.

To capitalise on this advantage, we have intro-
duced a new data structure, the dendritic decision
structure. This data structure captures the depen-
dency relation among valuations, leading to an al-
gorithm for finding closed forms that very efficiently
handles problems requiring many iterations when
solved by Kleene iteration.

This new algorithm, like Kleene iteration, suf-
fers from very bad worst-case performance. Unfor-
tunately, this worst-case performance occurs in our
testing domain of groundness analysis of common pro-
grams for our algorithm, but only on rare or artificial
cases for Kleene iteration. Therefore we do not yet
consider this algorithm suitable for practical use in
groundness analysis. Further work is needed to make
it competitive in general. In particular, it will be nec-
essary to find a way to avoid building and exploring
the entire DDS structure for a function whenever pos-
sible. It will also be important to avoid exploring all
valuations for existentially quantified variables when-
ever possible.

On the positive side, it is clear that a hybrid ap-
proach would give the best of both worlds. We can
perform a few steps of Kleene iteration, which is
enough to solve the majority of inputs. If this does
not, produce a solution, then we can use the last ap-
proximation from Kleene iteration as a starting point
for our algorithm. This is easily accomplished by re-
placing the fixed part of the definitions of all func-
tions in the SCC being solved with the corresponding
current Kleene approximation. Based on the bench-
mark results, such an approach would be efficient for
all cases except challenge, which is difficult for all
algorithms.

Acknowledgements

We would like to thank Martin Harris and Adrian Teo
for their contributions to early versions of the algo-
rithms and data structures presented in this paper.

References

Armstrong, T., Marriott, K., Schachte, P. &
Sgndergaard, H. (1998), ‘Two classes of Boolean
functions for dependency analysis’, Science of
Computer Programming 31(1), 3-45.

Brace, K., Rudell, R. & Bryant, R. (1990), Efficient
implementation of a BDD package, in ‘Proc.
Twenty-seventh ACM/IEEE Design Automation
Conf.’, pp. 40-45.

Bryant, R. (1992), ‘Symbolic Boolean manipulation
with ordered binary-decision diagrams’, ACM
Computing Surveys 24(3), 293-318.

Codish, M. (1999), ‘Worst-case groundness analy-
sis using positive Boolean functions’, Journal of
Logic Programming 41(1), 125-128.

Cousot, P. & Cousot, R. (1977), Abstract interpreta-
tion: A unified lattice model for static analysis
of programs by construction or approximation
of fixpoints, in ‘Proc. Fourth ACM Symp. Prin-
ciples of Programming Languages’, ACM Press,
pp. 238-252.

Englebert, V., Le Charlier, B., Roland, D. & Van
Hentenryck, P. (1993), ‘Generic abstract in-
terpretation algorithms for Prolog: Two op-
timization techniques and their experimental
evaluation’, Software Practice and Ezxperience
23(4), 419-459.

Fecht, C. & Seidl, H. (1998), Propagating differ-
ences: An efficient new fixpoint algorithm for
distributed constraint systems, in C. Hankin,
ed., ‘Proc. ESOP’98’, Vol. 1381 of Lecture Notes
in Computer Science, Springer, pp. 90-104.

Fecht, C. & Seidl, H. (1999), ‘A faster solver for gen-
eral systems of equations’, Science of Computer
Programming 35(2-3), 137-161.

Genaim, S., Howe, J. M. & Codish, M. (2001), “Worst-
case groundness analysis using definite Boolean
functions’, Theory and Practice of Logic Pro-
gramming 1, 611-615.

Jorgensen, N. (1994), Finding fixpoints in finite func-
tion spaces using neededness analysis and chaotic
iteration, in B. Le Charlier, ed., ‘Static Analy-
sis’, Vol. 864 of Lecture Notes in Computer Sci-
ence, Springer, pp. 329-345.

Kildall, G. A. (1973), A unified approach to global
program optimization, in ‘Proc. First Annual
ACM SIGACT-SIGPLAN Symp. Principles of
Programming Languages’, ACM Press, pp. 194—
206.

Le Charlier, B. & Van Hentenryck, P. (1992), A
universal top-down fixpoint algorithm, Techni-
cal Report CS-92-25, Brown University, Depart-
ment of Computer Science.

Liaw, H.-T. & Lin, C.-S. (1992), ‘On the OBDD-
representation of general Boolean functions’,
IEEE Transactions on Computers C-41(6), 661—
664.

Nethercote, N. & Seward, J. (2003), ‘Valgrind: A pro-
gram supervision framework’, FElectronic Notes
in Theoretical Computer Science 89(2).

Schachte, P. (1996), Efficient ROBDD operations for
program analysis, n K. Ramamohanarao, ed.,
‘ACSC’96: Proceedings of the 19" Australasian
Computer Science Conference’, Australian Com-
puter Science Communications, pp. 347-356.

Tarjan, R. E. (1972), ‘Depth-first search and linear
graph algorithms’, SIAM Journal of Computing
1(2), 146-170.

Vergauwen, B., Wauman, J. & Lewi, J. (1994), Ef-
ficient fixpoint computation, in B. Le Charlier,
ed., ‘Static Analysis’, Vol. 864 of Lecture Notes
in Computer Science, Springer, pp. 314-328.

Wunderwald, J. E. (1995), Memoing evaluation by
source-to-source transformation, in M. Proietti,
ed., ‘Logic Program Synthesis and Transforma-
tion’, Vol. 1048 of Lecture Notes in Computer
Science, Springer, pp. 17-32.



