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Abstract

In this paper we discuNERF, an extended version of
non-Euclidean relational fuzzy c-meafdERFCM) for
approximate clustering in very large (unloadable
relational data. TheNERF procedure consists of four
parts: (i) selection of distinguished features lgodathm
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(Bezdek et al, 1999). X can be converted into
dissimilarity data D = D(X) by computing; :”xi —xj"

in any vector norm oriJ®, so most relational clustering
gorithms are (implicitly) applicable to object tda
owever, there are both similarity and dissimilarit
relational data sets that do not begin as objetz, dand

DF to be monitored during progressive sampling; (iifor these, we have no choice but to use a reldtiona

progressively sampling a squaftéx N relation matrix a/gorithm.

Ry by algorithmPS until an nxn sample relation R
passes a goodness of fit test; (iii) ClusteringuRing
algorithm LNERF; and (iv), extension of the LNERF
results to R-R, by algorithmxNERF, which uses an

In many application domains, a relagion
representation may reflect the way the data isectdtd

and stored. Consider the problems of clusteringract
based on whether they have performed togetherén th
same film, or documents based on whether they have

iterative procedure based on LNERF to compute fuzzgmilar word usage (Tasker et al., 2001). In eaaseca
membership values for all of the objects remaining aftdfatural representation for the data is as a binelgtion
LNERF clustering of the accepted sample. Three of tHfat specifies the similarity between objects. Anikir

four algorithms are new - only LNERF (called NERFCM
in the original literature) precedes this article.

problem arises in marketing, when trying to group
product lines that are frequently purchased togethe
Rather than storing every purchasing transactianpee

Keywords: Cluster analysis, data mining, very large datg€fficient representation is to simply record theqiiency
non-Euclidean relational fuzzy c-means, progressiith which individual pairs of products have been

sampling, relational data, gene product similarities.

1 Introduction

purchased together.

Many algorithms have been proposed for clusterimg i
VL object data (Ng and Han, 1994, Bradley et ab8,9

According to Huber (1996), who defines large data sefda@nti et al. 1999, Hathaway and Bezdek, 2005),nout

as an order of magnitude dft® bytes, "Some simple
standard database management tasks with compuatiatio
complexity O(n) or O(nlogn) remain feasible beyond
terabyte monster sets, while others (e.g., clusjgilow
up already near large data sets." The next gaoerat
clustering algorithms must not "blow up" when hamngl

large or even very large data (51;812 bytes).

Consider a set of N objects {a.,q,}. Numerical object

data has the form X =x{,..., xx} O 0O°, where the
coordinates ofx; provide feature values (e.g., weight,
length, etc.) describing object. @he other type of data
commonly found in data mining is numeriaalational
data, which consists of “Npair-wise dissimilarities (or
similarities), represented by a matrix D =j[dF
dissimilarity (g, 0) | 1< i, j < N]. Many clustering

algorithms (that we are aware of) exist for "pure"
Irf]elational data (i.e., 3 D(X) for some X). One way to
attack the problem of clustering in VL data is dissed

in Pal and Bezdek (2002), where the technical notib
extensibility is introduced. Roughly speaking, an
extended clustering scherapplies a clustering algorithm
to a (loadable) sample of the full data set, armgh thon-
iteratively extends the sample result to obtain
(approximate) clusters for the remaining datalitéral
scheme applies the clustering algorithm without
modification to the full data set.

When the data set is very large (VL), sampling and
extension makes clustering feasible for cases witése
not otherwise possible. If the data set is mdegiye (L),
but still loadable, then an extended scheme magr @i
approximate solution comparable to the literal Sotuat

algorithms are known and used for both kinds ofadat significantly reduced computational cost - in esth
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words, it accelerates the corresponding literaleswh

The benefits for the two cases can be summarized as
feasibility for VL data sets andccelerationfor L data
sets. Both situations are depicted in Figure lrestee
data set to be clustered is eitherdd Dy, .



D.. (population)

Dy, (unloadable) Objective: Feasibility ~ Approximati&rror:Unmeasurable

D, (loadable) Objective: Acceleration Approximati&rror: Measurable

Ds (sample of Dy, or D)

Figurel: Population D, and samplesDy,,D, Dss

Our test for judging whether {Js representative of the d; = 0;d; =di;di = 0. 1)
source may require some basic processing of thHe ful
sample. We can load Dnto primary memory and do the We do not assume that D is transitive, because this
required processing (to test the sample). We cédoaot restriction simply does not hold for most real VL
Dy, but may have to page through,Donceto gather relational data. Clustering in O (or somewhat sligpjn
simple statistics (e.g., bin counts for a histograeeded D) is the assignment of (hard or fuzzy or probabid)
to assess the quality of candidate samples. label vectors to the objects in O. A c-partition®f{or D)

is a set of (cN) values {{ arrayed as ax N matrix U
For D, we can assess the approximation error by [U'U? ... U"] = [u], whereU¥, the K" column of U
measuring the difference between the clusteringtisols s the label vector in Nfor a.. The iK" element y of U
obtained using the corresponding extended andalliteris the membership ofi.dn cluster i. Each column of U
schemes. On the other hand, tmdy solution generally sums to 1, and each row of U must have at leashone
available for [ is that obtained by the extendedzero entry.
scheme, in which case the approximation error dan@o
measured. Thus, our confidence in the accuracy @fble 1 contains an example of crisp)(&ind soft () 2-
extended clusters in the unverifiable case, JDis partitions of n=6 objects. {Udentifies 3 objects in each
necessarily derived from the verified good behawvier of the two crisp clusters. Objects have partial

can observe by conducting various &periments. memberships (or posterior probabilities) in,. UFor
example, the first object is more similar to clas@p 1=

2 eNERF 0.7) than to class 2 {¢=0.3). Because fuzzy partitions
may indicate partial memberships in several clgsthey

21 Labels and Partitions. Let ¢ be the number of often provide valuable information abotwixters (in-

classes, 1 < ¢ < nCrisp label vectorsin ¢ look between objects) that is not available in a criggiton.
likey, = (0’_.’1”_”0)1 with a 1 in the't place meaning The most visible twixters in are objects 3 and 4. When

. . . . we want crisp labels from soft partitions, the usua
that objects with this label belong to class i. Huor " P : .
probabilistic label vectors ("soft" labels) lookdi y = method of *hardening" is to simply replace the mauin

entry in each column of U by a 1, and place O'shin
(0.1, 0.6, 0.3) (where c=3 classes, for example); they . ) e
have entries in [0, 1] that sum to 1. We need naimes remaining (c-1) columns (this is just Bayes ruleewhJ

is a probabilistic partition). We denote thardeningof
:Ee sets Iof ?Ilt.sof.t and hard label vectors, sofallew U by H(U). The last column in Table 1 has an eptam
€ usual notation: for the hardening of &J If we compare H(Y) to U,, we

Ni ={y =(yp....¥.)T 00°: Xy, =1,0<y, <10i}; see that there is ommismatch(object 3). This is not
necessarily arerror — just a mismatch (itvould be an
Npe ={y O N¢. :y; 0{0,3 O} O Ny error if U, contained ground truth labels — i.e., labels

known to be right).
Assume that R = D = [dj] satisfies, for &k i,j <N,

Table 1: Crisp, Soft and Hardened 2-partitions of n objects
Crisp Soft Hardened U

10100 0.7 0.2 045 04 03 P9 1 0000|121
Uu=(01011 U,=[{ 0.3 08 055 06 0.7 PIHWU)=01 111




22 Distinguished Features. We want to cluster a clustering does not determine their selection. Hare
sample of n objects Ofrom the VL set @ or we can relate algorithnDF to clusters in D in a very
equivalently, we want clusters in a submatrixdd Dy.  specific way.

The progressive sampling scheme we have in miaah is
adaptation of the object data scheme in Hathawaly a
Bezdek (2005). To use this approach we intergret t
relational data as object data by regarding ‘theolumn

D' of Dy (equivalently the" row, since R is symmetric)
as a feature vector for objegt By = [D* D? ... D"]. Any
road map that has a table of distances betweesn phir
cities on the map is a relation of this type. Thigroposition DF. If Oy has ¢ compact and separated
interpretation oD' is analogous to giving the location of clusters, then the first ¢ distinguished featuriessen by
city i (= object ¢ by specifying - instead of, say, its algorithmDF will consist of one row corresponding to an
rectangular coordinates - its distance to N-1 otliges  object from each of the c clusters.

(i.e., the N-1 distances between city i and theotities

on the map are its "features"). Proof. Given in Hathaway et al. (2005)

Q\Igorithm DF is justified in terms of sampling potential
clusters by relating it to Dunn's index of sepanati
(Dunn, 1976) which characterizes sets of clustess are
compact and well separated by a geometric criteribime
relevant result is

Which of these N “feature vectors" should we us4e 2.3 Progressve sampling. The criterion for
believe it is reasonable to pidfistinguished features acceptability of Qis based on comparing the distribution
(DFs) that arevery differentfrom each other. We choose Of the distinguished features found by algorithm DF
h, the number of distinguished features to be sadec the columns corresponding to,@nd Q using the
and H, which restricts the distinguished featucesame divergence test statistic. The scheme is bestriditesd by
only from rows 1 through H of D. This restrictiafiows @ small example, shown in Figure 2, where we degict
the distinguished features selection portion of RREo  8x8 dissimilarity matrix @ enclosed in the heavy
be performed with only the top M H portion of D, square, and 2 (arbitrarily chosen) distinguisheatufies,
which may be loadable when D is not. m, = feature 1 and pr= feature 7. Imagine now that the
current candidate sample is ©{0,, 04, 0g}. In essence,
; Catinal we will accept Q as a representative sample gfiOfor
fé\gljvzrg?rgN)DF (Select h distinguished features from H eachdistinguished feature ynthe distribution of the ©
feature values (corresponding to the shaded aelisw
my) closely approximates the distribution of the
orresponding feature values for the full sample
?corresponding to all entries in row)n

Choose: h = # of distinguished features to select
H = # of candidate rows for the h distinguishe
features, ik H

More specifically, we accept:0f the histogram of {g,
d14, dlg} is close enoughlo that of {0, qZ, d13, d14, d15, dle,
. _ T di7, digt and the histogram of {g, d;s d;g} closely

(DF1) Delime nal 1 Inl?alsze the search a:rray approximates that of {d, try, tha the, the Chs, O, Chah
6 =[61,07,-,0n ' = [thy, O] - The approximation is "close enough” when the digaog
(DF2) Definem = j whered* > 5t for 1< k<H. test statistic is in the left tail of the appropei@hi-square
distribution for each distinguished feature. In thatom
portion of Figure 2, we have extracted the relevahies

Input: An HxH dissimilarity matrix L

(DF3) Define next search arrdj = [82,33,...,63 1

[Min{87,dpm,a}, ... Min{8y; A}l " needed for the divergence tests and shown them as
me me vectorsp (sample values) and ("population” values).
(DF4) Define m = i where3? > 32 for 1<k<H. We will accept the sample if, and only if, diy(q.) AND

div(p+,0;) are both less than or equal to'@-c), where F
_ _ is the cumulative distribution functiorfcdf) for the chi-
[min{6{1,dmj1}, e min{6{f,dij}] " to choose the square distribution with b—1 degrees of freedonarf e
- . ._are discussed below). The use of a histogram-beestd
j+T" feature as that row among the remaining, " . . . :
: . : . r acceptability requires selection of histograrn b
candidates whose index points to the maximum ls. Letb d he desired ber obi
lement o intervals. Let b denote the desired number o bistm
€ ' bins. The histogram interval widths are based onlyhe
distinguished feature values of the initial sampled the
idths vary, as necessary, so that each histograim b
captures (as nearly as possible) the same numleitiaF
sample observations. For notational simplicity wepd
"the second level of subscripts and lefy €ld) < ...< dp
denote the order statistics for the values of nijstished
feature m from the columns of D corresponding to an

initial sample @={o; , 0; ,...,0; }.

(DF5) After | steps, used = [ &!,8),....5, 1"

If there is not a unique minimizing argument at o
stage, ties can be broken by any rule. Why usdetim
"distinguished features"? Well, algorithbF is afeature
selection algorithm, but not in the wusual patter
recognition sense of the term — i.e., we are nigictag
good features for clustering or classifier desigrather,
we are selecting good features for progressive bamp
It is our hope, of course, that these featureslesitl us to
good clusters in D, but the quality of the featufes



DFm=1- 0 dp diz dyy dis O Gy  dgg
075} 0 by s Ops e | Oy | Chos
O | O O by s  dyg Oy | Ogg
dy diz dis O dis  dis iy g
Osp | O Gss sy 0 dp 57 | Osg
Oor | dsz Ges  Gos  Ges 0 oy des
DFmp=7 - d dip Oz dig dis dig O dzs

Sample Values- (Chz Cha te) =p1 _
—q. div(p1,01)
(Pop.) Values - © Gy diz diy dis dig diy i) =01

(Pop.) Values - (d7o  d7p  dys a4 dss (o7 0 ds =0y
div(p-,
Sample Values- (dy2 s 4o =p; — (p7.07)

Figure 2: Progressive sampling termination testing using DFs 1 and 7 for sample objects 2, 4 and 8

The b bin intervals of the histograms used to asigs O, ={o; .0, }, or equivalently, the corresponding

. o . . . - I
Su.'t"."b'“ty’ according to d|st|ngu[shed featurg, rof the columns of @, is accepted, then exactly what data are
original and all subsequent candidate samples are

passed to LNERF? The sample used by LNERF consists
of the set of all pair-wise dissimilarities of obfe in
{o,, 0,,....,0;_} which is conveniently arrayed as an n
1+PU ' d[l{nU ’d[H{ZnU ' x n submatrix of the full sample matrixyD We denote

L b this submatrix by R} where elemendnjk is the pair-wise

dissimilarity between sample objectr,aj and o;, . For

d(la{Z”U ’d(hF”U v d[l{(b‘l)”h o example, if the accepted sample is=0{0; , 0, ,0; } =
- b . H .
{0,, 04, 0} as in Figure 2, then sample data matrix of

N ] . dissimilarities that will be processed by LNERF is
where| | denotes the ceiling function. We refer to bins [ 0 d d]
24 28

chosen this way asgual contenbins, since the intervals D, :{du 0 d48J' Recall that we let E denote the cdf

divide the sample data exactly, or very nearlyespally de g 0
82 84

into the b bins.

for the chi-square distribution with b-1 degrees of
Once the bin intervals are selected using theaif@j, the freedom. The sampling scheme is:
same intervals are used - they aod redefined - for all
subsequent candidates. For an example supposehmatmgorifhm PS : Relational Progressive Sampling
initial sample is @& = {Q; , Oj,,...,0j,.} with the 45
: Inputs: An hx N dissimilarity matrix D. The
corresponding sorted valuegydk dp < ... < dys for rows of D correspond to the h
distinguished feature yn Then for b = 4, the intervals distinguished features {pmy,...,m}
defining the 4 bins are [By3) [dus)des), selected by algorithidF on Dy
[d(24):d(zs)), and  [dzs), ©). Assuming the 45 data
values are all distinct, the (nearly equal) respeatounts Constraints: D satisfies conditions (1)
for the 4 intervals are 12, 11, 11, and 11.

Choose: b = # of histogram intervals
p = the initial sample percentage
There is one more issue concerning the sample data Ap = the incremental percentage

matrix that will be sent to LNERF for clusteringVhen



€ pg= termination criterion
(PS1) Randomly select (without replacement) n
[ (PN)/100] column indices,|={c,..., G} from Iy =

{1,2, ....N}L

(PS2) For k=1 to h: define EC histogram bins for

distinguished feature ymwith {d, ., dnc,.-

'dmkcn}-

(PS3) For i=1 to b; for k=1 to h:
Calculate N¥, the full set count for bin i and ,m
using row m of D.
Calculate n, the sample count for bin i and,m

USIng {dmkcl’ dmkcza'" ldkan}'

(P$4) For k=1 to h: calculate the divergence tesednon

for distinguished feature;m
b NK k k
aiv, =g Nt .[L]

=\ N n NnK

(PS5) WHILE (div, >F*(1-¢) for at least onek O
{1,2,...h})

An = min{N-n, (ApN)/100} : n =n +An

Randomly selectAD =
columns of D

D,=D,+AD
An rows to O,

% AddingAn columns to O, also adds

nN;
Nn

k k
Calculatediv, =nX, N——n—Jln[
=1\ N n

Jklh

Output : nxn (Sample) Dissimilarity matrix P

2.4 LNERF. Clustering in Q is done with the literal

NERF algorithm from Hathaway and Bezdek (1994).
the following, |||:ﬂ is the Euclidean norm oril", e

denotes the % unit vector in0", M is the nx n matrix

with 0's on the main diagonal and 1's elsewhere
), and Mg, is the set of all fuzzy partition

(M=[1]-1

C
matricesU [0 0" which satisfy w 00 [0,1], X u, =1 for

i=1
n .
,handxu, >0 fori=1,.,
k=1
U@, the d" estimate of thecxn matrix U, with our
notationU? which denotes theétpolumn of matrix U.

k=1, ..

Algorithm LNERF : Fuzzy clustersin dissimilarity
matrix D, (Hathaway and Bezdek, 1994)

Inputs: An nxn dissimilarity matrix Q)

Constraints: D, satisfies conditions (1) and
= a0, M=[1]-1,
Choose: c = # of clusters2<c<n

m = fuzzy weighting exponemt;>1
€_= termination criterion

“U(q) -y@d ” = termination norm

Qv = maximum number of iterations

q=0;8=0; U9 O M,

— 2%
Udifference_ 2 &L

Initialize:

WHILE (Udiﬁerence>€L AND q < Q/I)

(LN1) For1<I<c, calculate "mean” vectof"

vi¥ = ()™ ™) /z«u“‘) . ()

(LN2) Calculate (cn) object to cluster "distances"

81 = (00 MMV @), (v (0, +BMN@) /2 (2b)

IF &, <0 for any i and KTHEN calculate

AB = max! - 25, V@ —e | . (20)
iK ik i k ’
2
. @ _ .
(an) previously unselected Ok < i +(AB/2) [t.Viq ek“ ;o (2d)
B~ pB+AB (2e)
(LN3) Update U@to U@ OM . for all k =1, ..., n:
IF & >0foranyi=1toc THEN
+ ¢ (m_l)
u 1):1/{2(5ik/51k)]/ } ;o (20
j=1
EL SE
uld* =0 for allk with 5, >0
In
u@* 0[0,1] such that’ =1
F (29)

q«-q+l
= “U(q) _U(q—l)H

difference

Outputs: Membership matrix, yege n 0 Mien;

"prototype” vectorgv,,...,v .} 0 0O"

c. Don't confuse

The main result in Hathaway and Bezdek (1996) & th
the sequence of partition matrices produced by LF&@M

an object data set X is identical to the sequente o
partition matrices produced by LNERF on the
corresponding relational matrix D(X) of pair-wise
squared Euclidean distances derived from X, i.e.,

2
[d; ()] :[llxi -
indicates that LNERF is applicable to non-Eucliddata.

}. The 'honEuclidean" terminology



Continuation of the algorithm is achieved Byspreading Fori=1, ..., c, let
-D 4+ i : i . N . .

D. to Dg =D, +fBM via equations (2b) _(2e) which, when a = >ul using the terminal U from (2g, h) | (3a)
triggered, add spread tetnto the off diagonal elements k=1
of D. Addition of the termpM produces relational . =T Dg v, using the terminak's from (2a),  (3b)
dissimilarity data that is very nearly Euclideanhile T "
preserving most of the cluster structure of theinal D. G =Z;V, :<Z,-,Vi> . (30)
The {&¢} shown in equations (2) are analogous to
distances in LFCM, the object data dual of LNERHE{ b These three quantities are used by xNERF to itesdati
are not true distances in the relational data rgptti estimate two sets of unknowns for the object
Finally, the specific norm used in LNERF for terafion o, J O\ -0, The unknowns that will be estimated are: ¢
IS important c_)nly in that d|ffer.ent norms may Stope valueqv ; :1<i<c}, which correspond to the n¥1
algorithm at different elements in the iterate seme. |

"components” of new prototype vectors gotten by

25 Extension. The final component of eNERF is@PPlying LNERF to a distance matrix of size
extension of LNERF results on,@ the objects in (@- (n+1)x(n+1); and acx1 label vectorU' 00 Ny, . Next
On). We temporarily denote the LNERF clustering rtessulve append the unknown components of the prototyges
by (U = Unerr V) without subscripts, where U ={u0 seek to the input prototypes from LNERF:

Micn andV = [V, Va,...,vJ] O O™, The result of extension

is an augmentedx Nnatrix Uy, obtained by appending  V;; :[viT,vij Tia<is<c . 4)
(N — n) columns from xNERF to thexn matrix U. Uy,
is the approximation to ||J the partition of [, that we
seek, but cannot comput&xtended NERF(XNERF)

calculatesU’:(ulj,...,ucj)T, the membership column in Mj:{onxn 1} 0 g Mx+) . (5)

the output matrix Were corresponding to;pfor n+1<j < 1

N. Unlike the direct calculation used to extendMF@

the image and general object data cases, XNERRsiate We usel'v; = 1, due to normalization of the sample
requires iteration to produce a label vector fazheaf the prototype vectors during LNERF processing of, B
N-n unlabelled objects. This sounds worse, coniplex simplify our description okNERF. Let 1 be any
wise, than it is. Several vector computationsdanee just real number, and calculate

once. Subsequently, only simple scalar quantities a

recalculated, so the iteration that produces &#ds fairly

D Z-+T1—| )
inexpensive. ((DI+TMJ)‘/'1)n+1 [LjTﬂlT 0 J{V B ; (6a)
n+l

Let1=(1,1,...,1 00" and defineM, as

i
Calculating memberships foy begins by appending some = ijvi +1 1Tvi =c+1
of g 's corresponding relational data to the samgi@so,
relational matrix [ to obtain an (n+1¥ (n+1) augmented D 7. +T11
relational matrix. Then LNERF is applied to thigy,)"(D,+TM)(v;)= [V.T ,Vij:” ; Bs ;) J{Vi}
augmented matrix, but the sample-based estimatdg of z;+11 0 Vij
andV from LNERF ardixed

Let B, denote the final shifting value obtained from (2e} viT,vij]
while clustering [ using LNERF; and leDg - denote the

B, shifted version of R Dg,, =Dn +B,M. Let Dy = [dy]

Dp.Vi+vj(z; +11)
C +T

=v{DpgVi +V;i (V] Z; + TV 1) +V; (G +T)

denote the original &N full relation matrix. For _ b +2v (c +1) (6b)
convenienceywe assume without loss of generathgt the ~ i\~
objects in Q have been re-indexed so that the unlabeled o .
objects are adjacentOy —O,, ={0 +1,0ps0,...,0y}. To USiNg (6) we can simplify the quantity
a_lssign a fuzzy label vector to tH.Eq'bject_ in Q- O, we ((Dj +er)vij) - l(vij)T (Dj +'[Mj)vij =
first define some auxiliary quantities built frotmet values n+l 2
. b.
of row or column j of [} aan the outputs of LNERF onCi +r—1(bi e +r)): © +T)(1—Vij)——' . )
Do Let  dj=(dy,-.,dy) o Bn=(Bpn.---,By) and 2 2

z;=(d;+B,) be n-vectors. Next, define the (n+¥)
(n+1) augmented matrix;@s

D Z
D-:{ Bn 7

Now we are ready to state the extension procedure.

(11) object 0,00y -0O,:j=n+1,...,N)

1zl o

] Algorithm xNERF (Extension of LNERF to label
j

Inputs:  From algorithm PS): D,



From algorithm LNERF):

Bn; DBn = Dn +Bn(M);
U= ULNERF g Mfcn;vcxn
m = fuzzy weighting exponemb,> 1

Choose: €, = termination criterion
Qv = maximum number of iterations

“U(q) -y@?d ” = termination norm
Calculate: g and hfrom (12) fori=1to c.

FORj=n+ltoN

(XN 1) Initialize: q = 0;B = 0; Ugifterence= 2*€y ;
u@=qrse,..1/c) ON ;
Calculate cfrom (3c) fori=1to c.

(XN 2 )WHI LE (Udifference> & AND q < Q/I)

Calculate new prototypessi(jq) go™fori=1toc:

v@ =l T

Kk m
i T——!, where ki = (,Ii(jq))
6)

Calculate new "distances" (when positivity is vield)
from q to the c clusters fori=1to c:

IF & <O foranyid{1,..,c}, THEN
AB =-min{d;}
i

0; — o; +ABfori=1toc
B—B+Ap
ENDIF

Calculate{uéqﬂ) Yorofori=1toc:
IF aij >0,i=1tocTHEN

-1

@ =| 3 i (Y
! h=10p;

ELSE

ul® =0 for all k withd; >0,and

c
u* 0[0,1] such that ™ =1
=1
ENDIF
Updateq — q+1
CalCUIathdifference: “U @ - U i “
END WHILE
ui= (U(Q) (q))T

1 s Ugj
NEXT j

Output : Matrix U,wgge = [U,..., UNT O Mg (non)

Remarks. (i) it is never necessary to load the entire
matrix Dy = Dy.. Finding the h DFs that monitor
sampling uses an MH submatrix of Q. (ii) progressive
sampling operates on an*hN portion of 0y, which is
just the h rows of R corresponding to the h DFs. (iii)
LNERF clustering operates on them matrix Q,, where

n is the size of the accepted sample. (iv) XNERtesses
elements in an ” (N-n) portion of I}.

Figure 3 summarizes theNERF approach to clustering
in VL dissimilarity data, which consists of the seqtial
application of four algorithmsDF, PS, LNERF and
XNERF. The final operation in this sequence is to form a
c-partition of @ (if this is desired), which is done by
concatenating U,nere.n-n With U negen,  thereby

creating  Uap, =[U nere,n | Unere nenlexn:  @nd  the

approximation to literal clusters inyDwhich cannot be
computed when Ris unloadable. The shaded cells in the
upper left panel in Figure 3 depict thexH matrix from
which the h distinguished features Jmare chosen by
algorithm DF.

The shaded rows in the upper right panel are thedws

of Dy corresponding to the h rows iny DT his is the input
matrix to our progressive sampling scheme. The ethad
cells in the lower right panel are the entries gf e
sample matrix processed by LNERF. And finally, the
lower left panel depicts the reindexed version Qf Dhe
blocks of shaded cells in the first n columns &eefixed
values of B, while the n shaded cells in column j, &1
<N, are the components of the vecthr The matrix D
which is alluded to in this view is built from tle#haded
cells in this view and the terminftspread valu@, from
LNERF.

3 Numerical Examples

The termination norms for the two examples are: for
LNERF, the sup norm for matrices, regarding them as

vectors in0°"; and for xNERF, the sup norm dn‘. The

first example gives a visual display of the qualitfyan
extended partition using a 194194 matrix consisting of
pair-wise similarities from a set of human genedpicis.

The second example demonstrates eNERF on a problem
that is too big for the PC used in the calculatiomkich
consisted of 40,00& 40,000 dissimilarities. Storage of
this matrix can be cut in half by storing just theper
triangular part of the symmetric input matrix, e data

are still too large to be handled directly with LRE

Example 1. We demonstrate eNERF by clustering a
subset of GDP194, 04 With LNERF, extending the results
to the remaining objects with XNERF, and then cormga

Uapp= [Uinere,n | Usnerelexn 10 Ui ngre N
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Figure 3: Architecture of eNERF clustering in VL dissimilarity data

GDP194 3004 is @ 194 x 194 matrix whose entries afEhe purpose of this example is to demonstrate ibeal
similarities between pairs of gene products dewsdopn quality of extended partitions using different parages
sets of linguistic descriptors of each proteinhia tet; see of data in the sample. To do this we need to ramgo
Pal et al. (2005) for a complete description of tlsample a percentage of data from the matrix D
construction and interpretation of this data. Thecffic corresponding to Figure 4(a). One way to randomly
matrix we use here was called LOS4. The subscrgample from the columns is to randomly permuterdives
indicates the date that the data was originallyect#d. and columns of D by the same permutation of 1,794.
Since the original similarity values of the dat& afl in After permutation, a random sample can be easiigioéd
[0,1], we obtained dissimilarities by subtractingck by choosing, in order, columns from the scramblesion
similarity from 1. of D. This approach allows us to better "see"rdrelom
sample. Using MATLAB routine randperm, seeded with
There is evidence (from human experts and othedue 824567, we obtained the scrambled form of the
clustering algorithms) to believe that the datastsis of 3 dissimilarity data shown in Figure 4(b), which wendte
main clusters, which group them into three proteiere as R am
families {myotubularin, receptor precursor, collagdpha
chain}. The data were ordered so that the first@iumns Visual information about clusters in a dissimilgiinage
(or rows) corresponded to the first cluster, astd& next (Figure 4(a)) is also available by viewing a tramsfed
87, and the final 86. Hardening an LNERF fuzzy ®ersion of a fuzzy partition found by clustering tHata.
partition of the data produces these same clusfesizes Figure 5 demonstrates this with images based on
21, 87, and 86. extended fuzzy membership matrices computed fram th
first (2) 10% of Ryam (b) 25% of Rgam (C) 75% of
Relational data and clusters in it can be displageda Dggam and (d) 100% of Ram (LNERF 0N DRgan). TO
grayscale image. The input dissimilarity matrix fosppreciate the extended partition images, note theste
GDP194 3004 in the original order (clustered by humapercentages are based on the ratio of sample sxéuii
experts), is shown in Figure 4(a). The three dddcks sample size N=194. So the 10% case corresponds to
along the main diagonal correspond to the threenmgample dissimilarity matrix B consisting of the 1% 19
clusters. leading principal submatrix of Qam



Figure4a: Input dissimilarity matrix Dig,

I

Figureb5a: 10% sample (n=19)

I

Figure5b: 25% sample (n=48)

The percentage of elements (not columns) @Qf..R
actually used by LNERF in the clustering phasebisua
1 percent. Likewise, using 75% of the 194 objéctsur

g o
i E TR

Figure 4b: Dg,am reordering of Dygy

Figure5c: 75% sample (n=144)

FigureSd: 100% (n:194: ULNERF,N)

where J denotes the 194 194 matrix of 1's and
max(U'U) denotes the largest element ihUJ Figures
5(a, d) show that the extended partition based my o

scheme is equivalent to using 94.66% of the elements 10% of Dig4is a close (visual) approximation to the result

of Dseram The images in Figure 5 were produced fronobtained by applying LNERF to B itself.

The

fuzzy partitions of DQ..m in the following way. The extended partition images for successively largenes

columns of the fuzzy partition dJom Of Dsgram are

of Djgs in views (a)-(c) are increasingly better

reordered (unscrambled) to get U, correspondinthéo approximations to the literal partition seen inwiéd).

same object ordering as in Figure 4(a).
corresponding image matrix I(U) = J ='W/ max(U'U))

Then thiote, too, the clear similarity between all of ffetition-

based images in Figure 5 and the dissimilarity-thase



image of Figure 4 (a). And finally, we observe tidien For LNERF, we used m = 2, = 0.00001. Initializing
analyzing clustering outputs with images such &seh with the correct hard 8-partition of the data, B@0 x
there is no need to harden fuzzy partitions — th@sges 800 submatrix P was clustered after 3 iterations. The
are built directly with the fuzzy memberships proetd xNERF phase required a 86040000 slice of D which
by LNERF and xNERF. had storage requirements of 244 MB. To avoid 'mfut
memory" errors with MATLAB, the processing was
Example 2. This example demonstrates the feaSibi”tﬁroken up by Ca”ing the extension routine 49 tm’mh
property of eNERF by clustering a 40,060 40,000 time supplying it with [ and an additional 800 x 800 sub
relational data matrix derived as pair-wise squareaslock of Dy. This chunk was used to extend the partition
Euclidean distances from a set of 40,000 2-dimewsio for another 800 objects. The stopping criterion tfoe
plointts Wh_li_(;]h Ijortm 8t very f_W?” Szpfafateg QOmII)aQixtension iteration usegy = 0.001, and the final extended
clusters. This data set was first used for testingsua o o _ o
display technique in Huband et al. (2005), and |r§SU|t Uy satisfied "U'“ Uap"|F 0.2548, which is
represented by a scatter plot in Figure 6. quite small since these matrices are 40000. This was
certainly an easy problem, in terms of how wellssafed
the clusters actually are, but the point here was t

sor demonstrate the feasibility property of eNERF, &mid
le does that.
ol , ng examp
sof Q( 4. Discussion
[ QXG We have shown how to extend NERF clustering to
w0l arbitrarily large dissimilarity data. Several oppmities
QXA' _ g for future work immediately come to mind. An efint
® QX1 L Q implementation of eNERF, particularly for xXNERF ede
. ‘X5 to be made to find out to what degree, and for what
’ problems, eNERF can provide acceleration to LNERF.
1or QXZ theoretical analysis of the convergence propertés
, ‘ ‘ ‘ ‘ ‘ ‘ XxNERF would be of value and would likely be possibl
0 2 0 & & 100 120 using the alternating optimization framework of Belk

. . and Hathaway (2003). One of the most interestsgas
Figure6. Scatter plot of 8-cluster, 40000-point data  concerns the selection of the optimal distinguished

set in 02 from Huband et al. (2005) features, those that best provide samples thatleter

well with accurate extended partitions. Is anraléve,

The 8-cluster data set can be clustered by almogt anon-iterative, extension possible? We did veryittioh
object data clustering algorithm without difficulyn the experimentation using a direct FCM-based extension
PC used for this experiment. In particular, we cluster scheme, which proved to be faster, but much less

this data with LFCM in 02 so the full data fuzzy accurate. Finally, the interesting discovery regey the
partition U, is obtainable, and by the duality theorySimilarity between partition and relational basethges
identical to the one obtained by running LNERF ba t in Example 1 suggests a potentially cheaper (sihds
corresponding distance matrix. But for N=40000,ase Smaller than D) approach than those in Huband et al
not able to calculate, load and process the fitadice (2005) for visual displays to assess cluster tecylemd
data matrix Q.  In other words, if we hadnly the Vvalidity.

relational data, thisvould represent a VERY LARGE
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