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Abstract

Approximate computation is a central concept in al-
gorithms and computation theory. Our notion of ap-
proximation is that the algorithm perform correctly
on most of the inputs. We propose some finite au-
tomata models to study the question of how well a
finite automaton can approximately recognize a non-
regular language. On the one hand, we show that
there are natural problems for which a DFA can cor-
rectly solve almost all the instances. The design of
these DFA’s leads to a linear time randomized algo-
rithm for approximate integer multiplication. On the
other hand, we show that some languages (such as
Lmajority = {#z € (0+1)* | 2 has more 1’s than
0’s }) can’t be approximated by any regular language
in a strong sense. We also present results comparing
different models of approximation.

Keywords: finite automata, approximation, majority
language, squaring

1 Introduction

A motivating problem for this work is the following:
Consider the language Lygjority = {x € (0+1)* | 2
has more 1’s than 0’s }. This language is not regular
and hence can’t be recognized by a DFA (Hopcroft
1979). We want to design a DFA that recognizes as
many instances of this language correctly as possible.
The number of strings of length n in Lyqj0rity tends
to 50% as n — oo so a DFA with one state that just
accepts all the strings in (0 + 1)* (or rejects all of
them) has a success rate of 50% over strings of length
n asn — 00. Suppose we are allowed to create a much
more sophisticated DFA with, say, one million states.
Can we improve the success rate beyond 50%? We
show in Section 4 that this is not the case. No matter
how large the DFA is, its success rate on the instances
of the language Lqjority can never be (50 + €)% or
better for any € > 0 (for large n).

Another motivation for this study is to identify
situations in which finite automata can be used to
develop efficient algorithms. There are some efficient
string matching algorithms such as the KMP and
the Aho-Corasick algorithm that are based on DFA
(Crochemore 2002). But most of the problems are
non-regular when the yes instances are encoded as a
collection of strings. Thus, DFA model is not gen-
erally viewed as a tool for efficient algorithm design.
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But this view point may change in some applications
areas such as streaming algorithms (Muthukrishnan
2003) where rapid computation must be performed
(often in a single pass), but the exact classification
of strings is not a must - it is enough that the algo-
rithm performs well most of the time. Our contention
is that finite automaton based algorithm design is an
appropriate paradigm in such settings. We present
examples of natural non-regular languages almost of
all of whose instances can be correctly processed by
a DFA.

We present our result on inapproximability in the
framework of Meyer and McCreight’s (Meyer 1971)
and Wilber’s (Wilber 1983) notion of ’randomness’
of a language L with respect to a complexity class
C. Their definition formalizes the notion of when a
language can’t be approximatd by any language in a
complexity class C. For a language L (over alphabet
¥), let L, be the number of strings of length n in
L. Also let AAB denote the set of strings on which
A and B disagree, i.e., AAB = (AN B)U (AN B).
A language L is said to be random with respect to a
complezity class C if for all B € C,
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(Cai 1986) and (Babai 1987) applied this notion of
inapproximability to the class AC? and showed that
the parity language L = {z|z € (0+1)*, = has an odd
number of I’s } and Lyyqjority can’t be approximated
by any language in AC°.

We extend the above model to quantify the no-
tion of when a language (or a class) approximates a
language. Specifically, we propose three increasingly
stronger notions of approximation of one language by
another. In the first model we consider the symmetric
difference of the two languages as we have above:
Model I approxzimation: Given two languages L1 and
Ls over the same alphabet ¥, we say that L; is an e-
approximation of Lo if there exists an integer ng such
that for all n > ng, % < €. In this case, we
write L1 ~. L.

Note that a5, relation is symmetric.

Model II approximation: Given two languages L; and
Lo over the same alphabet Y, we say that L; is a
bottom-e-approximation of Lo if there exists an integer
ng such that for all n > ny,

1. L1 C Lo
|[L1n,ALsy|
2. e e

In this case we write L; <~ Ls.

Note that the <=, relation is not symmetric.
However, we can define a similar approximation (top-
e-approrimation) from above in which case we write
Ly >=, Ls.



Model III approximation: The third model combines
the <~ and >~ relations. We say that two lan-
guages Ly (bottom) and L; (top) provide a bounded-
e-approximation of a language L if there exists an
integer ng such that for all n > ny:

1. Ly, C L, C L, and
2 J—lLb’l‘Al‘“" <e
. S <e.

In this case the ”error” from below and above sum
to less than or equal to e. We write L <~x.> <
Ly, Ly >.

In the sequel, we will be mainly interested in the
case where the approximations are performed using
regular languages. Thus, we will speak of the DFA
acceptors of these languages as approximators.

We call a DFA, D an e-approximator of a lan-
guage L, if L(D) is an =-approximation of L.
Similarly, D can be a bottom-e-approximator or
top-e-approximator.  Finally, D is a bounded-¢-
approximator of a language L if the states of D can be
classified into three types - accepting states A, non-
accepting states N and unknown states U so that there
exists an integer ng such that for all n > ng

1. If §(go,x) € A, then z € L.
2. If 6(go,z) € N, then z ¢ L.

3. the number of strings of length n that reach U is
at most € of all possible input strings of length
n.

Define the density d(L) of a language as:

- | L
d(L) = lzmsupk_moﬁ

(where X is the alphabet over which it is defined).
Any language with density k& > % (k < %) can be
k-approximated by the DFA that accepts (rejects) all
the strings. For a language that is random for the
class of regular languages (in the sense defined above),
there is no better approximation using DFA’s. On the
other extreme, the strongest approximability of a lan-
guage (in terms of regular languages) is the bounded
e-approximation with arbitrarily small ¢ > 0. (We
call such an approximation simply bounded approxi-
mation.) Our results in Sections 3 and 4 establish
results of both types. Our notion of approximation
is distribution dependent. i.e., our algorithm can be
viewed as being correct with high probability, assum-
ing that the input is uniformly distributed. The alter-
nate notion in which randomization is built into the
internal states of the automaton, but not over the in-
put data distribution corresponds to the well-studied
probabilistic automaton model (Paz 1971). Nonethe-
less, there is some connection between our notion
of approximation and randomized algorithms as de-
scribed below.

As a concrete application of our DFA approxima-
tors, we consider the following fundamental problem:
Given two integers z and y (in decimal), compute
their product (in decimal). (The choice of the base
is not important.) This problem is one of the ex-
tensively studied problems (Aho 1973) for which the
best known algorithm (due to Schonage and Strassen)
performs O(n log n loglog n) digit operations if the
inputs are n digits long. It has been an outstand-
ing open problem to improve this bound. We con-
sider the approximate multiplication problem (as for-
mally stated in Section 3) and exhibit a Las Vegas
randomized algorithm (Motwani 1996) that finds an
approximate integer product in expected linear time.
We created a bounded approximator and converted

it into a randomized algorithm via a randomized self-
reduction.

The rest of the paper is organized as follows: In
Section 2, we show some general results relating the
above models. In Section 3, we present a Las Vegas
randomized algorithm for approximate integer multi-
plication based on a bounded approximator for this
problem. In Section 4, we show that Li.qjority is
random for the class of regular languages so it can’t
have any good finite-state approximator. We con-
clude with directions for further study.

2 General Results on e-Approximations

In this section we will examine the three approxima-
tion models and demonstrate that they form a hierar-
chy of increasing complexity. The following theorem
follows immediately from our definitions.

Theorem 1.

1. If L <~.> < Ly, Ly > then Ly <~ L and
Ly >~. L

2. If Ly <~ L then Ly ~ L (similarly for L; >~
L)

3. If Ly <me1 L and Ly >rp L then L <=142<
Lb,Lt >

Thus, the existence of bounded-e-approximations
implies the existence of bottom-e-approximations and
top-e-approximations each of which implies the exis-
tence of e-approximations. Qur examples below will
show that this hierarchy is strict. First, a few defini-
tions and preliminaries.

Definition. Let L be a language over X. Then the
density of L is the lim sup of the proportion of strings
in L of length k as k goes to infinity. That is,

density(L) = lim SUPk—m){%}

where L, = LN X%,

We say L is sparse if density(L) = 0. Note that
for sparse languages, we may replace lim sup with a
limit.

A directed graph is strongly connected if for each
pair of nodes in the graph, ¢ and r, there is a path
from ¢ to r and a path from r to q.

Let G be the underlying digraph of the state tran-
sition graph of a DFA. After removing nodes rep-
resenting unreachable states (from the initial state)
from @G, the remaining connected graph may be de-
composed into its strongly connected components.

We now form the digraph, G , of G, where each node

of Gis a strongly connected component of G. G is
then connected and acyclic. Let B be a strongly con-
nected component of G. We will call B a leaf if there

is no edge in G from B to another strongly connected
component, and we will call it internal if it is not a
leaf.

If B is not a leaf, then there is at least one node in
B with an outgoing arc to another component. This
arc will cause B to leak, i.e. most paths that visit B
will eventually leave never to return. We can use this
observation to prove the following lemma.

Lemma 1. For each strongly connected component
B of the underlying digraph of a DFA, D, let Dy  be
the set of strings in ¥* that determine a path from
qo that reaches and stays in B. If B is internal, then
Dy, is sparse.

Proof: We will use a well-known result about Markov
chains (Chung 1967) to show the lemma. Recall that



in a Markov chain, a state that is not in a leaf compo-
nent is called a transient state. It is a well-known fact
of Markov chains that the steady state probability of
any transient state is 0. This is precisely equivalent to
the fact that the language is Ay p is sparse since the

steady state probability is precisely %. This

concludes the proof. Q.E.D.

The converse of this lemma also holds, i.e. if B
is a leaf component then Ay g is not sparse. In fact
more can be said as shown in the next lemma which
will be used in the sequel.

Lemma 2. Let A be a minimal DFA. If b is a state
in a leaf component B, then Ay = the strings that
determine paths from ¢g to b is not sparse.

Proof: Since G is connected (A is minimal) there
is at least one path from gg to b. Let wy be a word
labeling one such path and suppose w; has length c.
Since B is a leaf, then all paths from b stay in B. Let
d be the maximum distance from any node in B to
¢;- Then for each node r in B there is at least one
word of length < d which determines a path from r to
b. Choose one such word, w,;, for each r. Consider
the set Sy = set of all words in ¥* whose lengths
range from c+t to c+t+d. Let z be an arbitrary
string of length ¢, and suppose the path starting at b
determined by z ends at r. Then the string wyzw,; €
S; determines a path from gg that reaches b travels
to r and then back to b. Thus, S; contains at least 2¢
words of A . As t increases, this is a non-vanishing
fraction of all words in S, and therefore Ag; is not
sparse. Q.E.D.

Moreover, for sparse regular languages, we can
prove a stronger result. This result will be used later
in Section 4.

Lemma 3. Let L be a sparse regular language over
an alphabet X. Then there exists a real number g <
|X| and an integer n such that for all k > n, |L| <
5k+1 .

Proof: For simplicity, let ¥ = {0,1}. Let A be a
minimal DFA accepting L. By Lemma 2, we may
assume that no final states of A belong to leaf com-
ponents.

Now we can apply Lemma 1. Let g be a final state
of A belonging to an internal component B, and let
B be the set of all states from which there is a path to
B, and let L be the set of strings determining paths
from ¢g that stay in B. We will show the bound holds
for L and then the result will follow by combining the
sets for each final state of A. R

Since B is internal, then from each state in B there
is a path that enters B and then exits B never to
return. Let d be the least integer such that for each
state in B there is one such path of length d or smaller.
Then for each integer ¢, there is at least one string of
length ¢ + d + 1 which is not in L. Thus, |Lgt14¢| <
(24+1 —1)2¢
Choose a real number, 7 , such that

1
(1- 9d+1

) < 2 <.

Then, for t = 0,1, ..., d, since v < 1,

(1 _ 2d+1) < ,yd+1+t < 1.

Now let 8 = 2. Then 8 < 2, and for t = 0,1, ...,d,

1
9d+1 )

|Lat14e] < (24 —1)2F = 29H147(1 —

< 2d+1+t d+1+t _ Bd+1+t

o~
Moreover, for t = d+1,...,2d + 1,

Barire] < @ = 1)|Ly] < 2 - 1)t

1
9d+1

— 2d+1(1 _ ),Bt < Bd+1+t

Continuing in this manner we see that for all s > d+1,

|Ls| < B°.

Finally, if we combine two sets where the first is
bounded by f§ and the second by 8§ with g1 < 2
and B2 < 2 then for a sufficiently large integer n,
BT + 7 < 2™, and so if we let g3 = BT + B%, then
for k > 1, %% > Brk + B% and so the union of the
two sets is also bounded by a power function with
base < 2. This concludes the proof.

The next theorem establishes a useful result con-
cerning top-e-approximations of the majority lan-
guage.

Theorem 2. Let R be a regular language such that
Lpajority C R. Then R is sparse.

Proof: Let D be a DFA that accepts R. In the usual
way D can be partitioned into strongly connected
components. As we have seen, the set of strings Lo g
determining paths from gy to B is sparse if B is a
non-leaf componenent. Let the distance between two
nodes be the length of the shortest path from one
to the other (distance is not symmetric) and let the
diameter of a component be the longest distance be-
tween any two of its nodes. Let B be a leaf compo-
nent that contains at least one final state, g, and one
non-final state g,, and suppose the diameter of B is
k. Let u be a string of length < k that determines a
path from gy to gy, and let w be a string determining
a path from gy to gy. Then wu determines a path
from go to g4, and since g, is non-final, we have wu

€ R. Thus, wu has at least as many 0Os as 1s, and
since there at most k£ 0s in u, the number of 1s in w
exceeds the number of 0s in w by no more than k.
We now divide the components into three cate-
gories: internal components, leaf components that
contain at least one non-final state, and leaf compo-
nents that consist entirely of final states. We know
that the subset of Ly,qj0rity accepted by final states
in the internal components is sparse. If n is the max-
imum diameter of all leaf components that contain
at least one non-final state, then we know that the
subset of Ly,qjority accepted at final states in these
components consists of strings where the number of
1s exceeds the number of Os by no more than n
which is also a sparse set. Thus, since the density of
Limajority is &, most of the strings in Ly,qjority must
be accepted by final states in leaf components which
contain no non-final states. But since no arcs leave
these leaf components and there are as many arcs la-
beled 1 as labeled 0 in any leaf, then the density of
strings accepted in these leaf components that are in
Lpajority Will be equal to the density of strings ac-

cepted that are in Lmajorz'ty- Therefore, the density

of RN Lajority is also 3, and so we conclude that R
is sparse. Q.E.D.

Corollary 1. Let ¥ = {0,1,2} and let L =
(Lmajority2)*. Then for each € > 0, there exists a reg-
ular bottom-e-approximation of L, but for no € < 1
does there exist a regular top-e-approximation of L.



Proof: will be presented in the final version of the
paper.

The example in the corollary demonstrates that
for regular approximations, the <=, relation is more
strict than the <=.> relation. That is, we know that
(Reg <~.> L) = (Reg <~ L)
but that the converse is not always true. We now ex-
amine the =, relation. We will similarly demonstrate
that
(Reg <=¢ L) = (Reg =~ L)
but again, the converse does not always hold.

Let L = UnZO [(Lmajority2)2nu(Lmajority2)2n+1:| .
Then using regular languages, the strings with an
even number of 2s can only be approximated from
below and the strings with an odd number of 2s can
only be approximated from above. L can be approx-
imated as closely as we like, but not from only one
side.

In section 4 we will demonstrate that Lp,qjority
cannot be approximated by a regular language using

any of our approximation models for any ¢ < % In

the next section, we turn to the question of what can
be approximated well using a DFA model.

3 Approximate Squaring and Multiplication

First we state precisely our formulation of the ap-
proximate integer multiplication problem. Input to
this problem are decimal representation of two posi-
tive integers x and y. Let €, 0 < € < 1 be a fixed real
number. The output is the pair {21, z2) where 27 is
the decimal representation of the number of digits in
z Xy, and 29 is a decimal number that represents the
leading [logz(%)] bits of z x y. Thus, for example,
let € = % and consider the input x = 4256389 and
y = 1414567. Since their product is 6020947418563,
the output for the problem are z; = 13 and 2z, = the
leading 3 digits of the product = 602. Integer squar-
ing is the special case of this problem in which z = y.
We present a randomized algorithm for this problem
that has the following properties:

1. The output produced is always correct, i.e., the
algorithm has 0-sided error.

2. The expected number of bit operations (averaged
over the probability space of random bits inter-
nally generated by the algorithm) is O(n) for ev-
ery input of size n. i.e., the linear time complex-
ity is guaranteed (with probability = 1) on every
input.

We formulate approximate integer multiplication
as a language recognition problem for which we will
present a bounded approximator DFA’s. Later we
show how to design a randomized algorithm for ap-
proximate squaring and multiplication using these
DFA’s. The two outputs of integer multiplication
problem can be defined by the languages
M = {[z1,y1]---[zn,yn]| x122...2n and y1y2..y, €
(1+2+..9)0+1+...49)* and z122...20 X Y1Y2.--Yn
has 2n — 1 digitsE and
M; = {[z1,y1)-- [0, yn]| z122..2n and y1y2..yn €
(1+24..9)(0+1+...+9)* and 2122...25 X Y1Y2.--Yn
has j as its most significant digit}

Similar languages for integer squaring are defined in
Section 3.1.

Before we present the technical details, we remark
that the randomized approximate squaring algorithm
presented in this section is not just of theoretical in-
terest. There are applications in which this algorithm
can replace the exact integer multiplication algorithm
with significant performance improvement. One such

scenario is described in (Ravikumar 2003), (Raviku-
mar 2004).

Remark: It should be noted that there are two dis-
tinct notions of approximation we are using in this
section. In the formulation of the problem, we intro-
duce approximation by requiring the computations of
only the leading digits. The recognizing DFA intro-
duces further approximations by being correct only on
most of the inputs, and not all of them. But it seems
both approximations are crucial for establishing the
result. The reason for the latter is that the languages
stated above are not regular, as can be shown using
the pumping lemma. The former is an interesting
open problem. (See the concluding section.)

3.1 A bounded approximator DFA for Ap-
proximate Squaring

In this section, we will consider approximate squaring
problem. Let j be a positive integer. Consider the
languages

L'=A{zy.2| z1..2p € (1+2+...9) 0+ 1+ ...+ 9)*
and x1%3...7,% has 2n — 1 digits } and

le = {.’L‘l.’L'n| X1T2...Ln, € (1 + 2+ 9)(0 +1+
..+ 9)* and z122...7,? has j as a prefix}

Fix a real number ¢ > 0. We will describe a
bounded approximator for both L' and L;'.

Lemma 4. There exists a bounded approximator for
L.

Proof. Let x = x7...x, > 0 be an n-digit decimal
integer without leading zeroes. Let the decimal rep-
resentation of v/10 be yo.y1y2.... Thus, y; = 3 y; =
1, y2 = 6, y3 = 2 etc. It is easy to see that z2 has
2n — 1 or 2n digits according as x1...Z, < Y1Y2...Yyn OF
Z1...-Tp > Y1Y2...Yn. For example, if x = 3161, then
since 3161 < 3162 the first four digits in the deci-
mal representation of square root of 10, we see that
31612 = 9991921, which has 2n — 1 = 7 digits. But
317 > 316, the first three digits of square root of 10,
and we see that 3172 = 100489, which has 2n = 6
digits. Let k = [logio(%)]. We create a DFA M that
accepts a string zx if its first k digits form an inte-
ger that is less than y;ys...yx, rejects the string z if
its first k digits form an integer that is greater than
y1Y2---Yr. and the DFA takes the string z to the only
state in U (don’t know state) if the prefix of length &
of = is y1y2...yr. It is easy to see that the size of this
DFA is O(k). The proof that M is a e-approximator
for L' is obvious. This concludes the proof. Q.E.D.

Lemma 5. There exists a bounded approximator for
L;' for each j.

Proof. Let the decimal representations of the inte-
gers \/j, v/j + 1, v/10j and 1/10(j + 1) be:

\/5 be V0o-U103....

V7 + 1 be xg.z125....

/107 be yo.y19>.... and

\/ 10(j + 1) be z9.z129....

Let k = [logio(1)] + 2. Let preg(w) denote the
prefix of w of length k. Let w be an n-digit integer.
w? has j as the prefix if and only if voviva... wp—1 <
preg(w) < Zo...Tp—1 OF YoY1Ya... < preg(w) <
20-21%2.... It is easy to see that a DFA M; with
O(k) states can be built to check if w satsfies one
the conditions. Uncertainty arises if prej(w) eax-
ctly matches one of the four strings voviva...v5—_1,

To--Th—1, YoY1Y2...-Yk—1 Or Z02122...2k—1. It is easy
to check that the probability of uncertainty (when w



is chosen uniformly among strings of length n) is at
most €. Q.E.D.

Note that we can combine the above recognizers
into a single DFA that would output (via the final
state reached) the leading k-digits of 22 for any input
string . But the number of states in the resulting
DFA would be a polynomial in %, which is too large
in practice. However, a more effective way to design
an algorithm for the approximate squaring problem
is to build a digital search tree in which each node is
associated with a DFA which can be built on the fly.
The details will be presented in the full version of the
paper.

Now we show the main result of this subsection.

Theorem 3. There is a Las Vegas randomized ap-
proximation algorithm for integer squaring problem
stated above. This algorithm performs O(n) opera-
tions on an n-digit input.

Proof. Note that the model of Computation we use
for this algorithm is not a DFA but a random access
machine (RAM) (Aho 1973). Also, the algorithm’s
performance is independent of the input distribution.
The basic idea is to reduce the task of computing 2>
(where z is an n-digit input) to the computation of
squares of "random” integers of roughly the same size
and use the DFA’s described in the above lemmas to
solve these instances. In the following, we use Size
and M sd to denote calls to DFA’s that compute the
length and the leading k digits of the square of the
input string. More specifically, Size(t) returns the
number of digits in t2 and M sd(t, k) returns the lead-
ing k digits of 2. In the description of the following
algorithm, when we make calls to Size and Msd, it
is possible that the output is undetermined (because
the state reached by the DFA is in U.) In such cases,
the implicit rule is that the computation is abandoned
and restarted from the beginning. Eventually, the al-
gorithm will find a path in which the computation ter-
minates. The resulting algorithm always terminates
in a finite number of steps, with the correct answer.
The only random variable is the time complexity. We
show that the expected time complexity is O(n), with
probability 1, on every input of length n.

First we consider the problem of computing z1,
the number of digits in z2. This is part 1 of the
algorithm. (Part 2 involves computing the leading k-
digits of 22, which is described later. On input z, the
algorithm randomly generates an integer y such that
|z — y| has n digits. (One simple way to do this is
as follows: Repeatedly generate a random integer y
until a y is found to meet the requirement. It is easy
to see that the probability of success at each step of
the iteration is at least 0.2 and hence the expected
number of iterations is 5, as the number of iterations
is geometrically distributed.) The algorithm proceeds
in two phases. In phase 1, the number of digits in
x? + y? is determined. In phase 2, the number of
digits in 22 is determined.

The algorithm computes P = z+y and Q = |z—y|.
(Note that P and @ can be computed in linear time.)
It then computes p = Size(P?), ¢ = Size(Q?) and
r = Size(R?) using the DFA described in Lemma
1. We observe that p € {2n — 1,2n,2n + 1} and
g, € {2n — 1,2n}. There are two cases to consider.
Case 1: p = q. In this case, the number of digits in
22 + y? is p (= q). (The reason is that |z — y|? <
2’ +y° < (z +y)*.)

Case 2: p# q. In this case, p > ¢, and let d = p — q.
The algorithm uses a constant k that is predetermined
based on e. The algorithm calls Msd(P, k) and sets
the value to a. It calls Msd(Q, k) and sets the value

to b. Now we consider two subcases:

Case 2.1. If d = 1 then then if 10p + ¢ has 1 as the
leading digit then x? + y? has 2n digits; else it has
2n + 1 digits.

Case 2.2. If d = 2 then if 100p + ¢ has 1 as the
leading digit then 22 + y? has 2n digits; else it has
2n + 1 digits.

Note that in the above cases, finding the leading
digit of 10p + ¢ or 100p + ¢ does not require a call to
M sd(.) since these are k digit numbers (k is a con-
stant), not n digit numbers. So these additions can
be performed in constant time.

Now we have computed the number of digits in
x? 4+ y2; call it s. Recall that the number of digits
in y2 is r. In phase 2, the algorithm computes the
number of digits in z? as follows: If z2+y?2 has 2n—1
digits, then clearly 2 has 2n — 1 digits. If 2 + y?
has 2n digits, then we consider two cases depending
on the number of digits in 32.

Case 1. y? has 2n digits. The algorithm calls
Msd(y,1) to compute the leading digit of y2. Call
it m. The algorithm computes the leading digit m'
of 22 + y? (using the second part of the algorithm
described below.) It announces 2n as the output if
m # n; else it announces 2n — 1 as the output.

Case 2. y* has 2n — 1 digits. The algorithm calls
Msd(y,1) to compute the leading digit of y2. Let
m be the leading of y2. The algorithm computes
the leading two digits m; and m» of 22 + y? (using
the second part of the algorithm described below.) If
my > 1, then tt announces 2n as the output. If m; =
1, then if my > m then the 2n is declared the output;
else it announces 2n — 1 as the output.

It is not hard to see that the algorithm is correct.
In the final version of the paper, we will show that
the expected number of bit operations performed by
the algorithm is O(n) on inputs of length n.

The second part of the algorithm is to compute the
leading k-digits of 22. The algorithm uses the same y
randomly generated in part (1). We will also use P,
@, p, ¢ and r computed in the previous part of the
algorithm. The algorithm calls Msd(z + y, 2k + 2)
to find A’, the leading 2k + 2 digits of (z + y)2. It
calls Msd(|z —y|,2k+2) to find B, the leading 2k +2
digits of |z — y|?>. Now we can compute the leading
k + 1 digits of 22 + y? as follows: Recall p = the size
of P2, and Q = size of ¢2. If p = 1+¢, then set A’
= 10x A, else A = A'. The leading k + 1 digits of
A+ B (call it C’) gives the leading k + 1 digits of
2(x? + y?) (except in the case in which the lowest k
digits of A + B is exactly equal to 10¥ — 1, an event
of probability 10,}—_1. In this case, the computation is

repeated with a different random y. Finally, we get
C, the leading k digits of z2 + y? as follows: If the
leading digit of C' is not 1, then C' = |C"/20], else C
= [C"/2].

Finally, determine D = the leading k digits of y2

using a call to Msd(y,k). The leading k digits of

x2 is D — C. The proof of correctness of the algo-

rithm, as well as the proof that the expected number
of steps performed by the algorithm is O(n) are not
difficult, but tedious. The former follows from the
identity 2° = [(z + y)? + |z — y|*] — y*. The latter
follows from the fact that when y is chosen at random
(subject to a mild restriction about the length |z —y|,
(z +v)2, |z —y|? and y are "random” (although they
are not uniformly distributed over all possible n digit
integers). Thus, the performance of the algorithm is
independent of xz. Further, it can shown that with a
constant probability ¢ > 0 (independent of n), in a



single iteration, both parts of the algorithm will com-
plete without uncertainty. Thus, in expected O(n)
steps, the algorithm terminates with probability 1.
Q.ED.

3.2 Approximate Multiplication

In this section, we will use the results of the previous
subsection to show that a e-approximator exists for
integer multiplication. Recall the definitions of M’
and M; defined in the beginning of this section.

If the integers ...z, and yi ...y, do not have the
same length, we assume that some trailing special
symbol — has been added to make the two numbers
to have the same length. Thus, for example, if z =
234154 and y= 15670, then the encoding of the pair
would be [2,1][3,5][4, 6][1,7][5,0],[4,—]. The reason
for padding the shorter string with trailing —’s rather
than with leading 0’s will become clear in the discus-
sion below.

First, we show a lemma that reduces the problem
of finding the number of digits in a product zy to that
of determining the leading digit of zy.

Lemma 6. Let z > y, and let the number of digits
in x be n, and the number of digits in y be m. The
number of digits in zy is either n +m or n +m — 1.
Further, the number of digits in zy is n + m if and
only if the leading digit of zy is less than the leading
digit of x.

Proof. will be presented in the full version of the
paper.

Theorem 3. There exists a bounded approximating
DFA for the languages M and M;.

Proof. (outline) By the above lemma, it is clear that
a bounded approximator for M; (where j is a single
digit integer) can be easily convered to a bounded
approximator for M. In the rest of the proof, we
will consider M,;. For simplicity, we will focus on
single digit j. T1he basic idea is to use the DFA ap-
proximator for L; and L' to determine the number
of digits in (z + y)?, 2> and y?, as well as the lead-
ing digits in these numbers. Using the identity, xy =
(@ +y)? — (22 +y?)], we determine the leading digit
of zy. There is one problem that needs to be consid-
ered. If  and y have significantly varying lengths,
the leading several digits of (z +y)? and z? + y? will
be identical and hence we can’t determine the leading
digit of 2zy. To avoid this problem, we have chosen
an encoding in which the string is padded with trail-
ing special symbol — so that the two strings have the
same length. If we treat the — as (s, in effect, we have
multiplied by the smaller number by 10* where k is
the difference between the number of digits in the two
strings. Clearly, the leading digits of the product will
not be affected by this scaling. The details are similar
to the algorithm described in the previous section in
which the identity 2® = [(z + y)* + |z — y|?] — y?
was used to determine the leading digits of #?. The
only difference between the two is the minor differ-
ence in the identity, and the fact that the approxima-
tor in this theorem is a DFA. But a DFA solution is
possible since the current theorem, the algorithm is
not required to be a Las Vegas randomized algorithm.

QED

We.now state the main theorem of this section.

Theorem 4. There is a Las Vegas randomized ap-
proximation algorithm for integer squaring problem
stated above. This algorithm performs O(n) opera-
tions on an n-digit input.

The proof is based on the techniques presented
above. But the details are somewhat complicated and
tedious so we defer them to the full version of the

paper.

4 Majority is Random for the class of Regu-
lar Languages

Throughout this section will assume that ¥ = {0,1}.
We now examine the problem of approximating the
language Lynqajority by regular languages. We begin
with the following definitions.

Definition: A string, w € ¥* is 1-dominant if it
has more 1s than 0s. Similarly a string may be 0-
dominant or 0l-equal. Given a finite set of strings,
F let
ny(F) = number of strings in F which are 1-
dominant. ng(F) is similarly defined.

For infinite languages we may consider the lim sup
of the proportion of strings equal to a given length
that are 1-dominant.

Definition: For any language, L, we define the 1-
density of L (if the limit exists) by

ni (Lk)
| Lk |

di(L) = limsupgoo

where Ly, is the set of strings in L of length k. Again,
do(L) is similarly defined.

As we shall see, approximating 1-density depends
on both the number of 1-dominant strings in L and
on the density of L itself relative to X*.

We are particularly interested in regular lan-
guages. For example, consider the language L =
(1110)* + (1101)* + (1000)* . Clearly the 1-density

of L is % But notice that L is sparse. It contains

no string whose length modulo 4 is congruent to 1,
2 or 3, and even considering strings whose length is
a multiple of 4, as length increases, L contains a de-
creasingly small fraction of all possible strings. Or
consider the example, M = 1(11 + 10 + 01 + 00)*.
M contains only odd length strings, in fact, all odd

length strings that begin with 1. Thus, density(M)
= % If we examine the distribution of strings in M,
determined by the number of 1s in each string, we
obtain a binomial distribution, and, as k increases,
the impact of the lead 1 on this distribution will be
negligible, and so we see that di (M) = 5.

It should also be noted that if d(L) = 1, then for

some infinite sequence {k;}, Ly, contains most of the
strings of ¥*i, and since about half of these strings
are 1-dominant. we have dy(L) = 1. Similarly, if L is
sparse, then density(L) = 1 and so di(L) = . Next
we combine the proportion of 1-dominant strings in
L with the 0-dominant strings in L. That is, let

D(L) = lim supy_;o, PaZaltnon))
The main theorem of this section is:

Theorem 5. Ly ority does not have a regular

~-approximation for any e < % (Equivalently,

Lpajority is random for the class of regular lan-
guages.)

The rest of the section is devoted to proving this
theorem. If we consider a DFA A, which accepts the
language L, then we can look at D(L) as a measure of
how well A recognizes 1-dominant strings. The limit
expression defining D(L) measures the proportion of
1-dominant strings of length k that A accepts plus
the proportion of 0-dominant strings that A does not



accept. In other words, if A is looking for 1-dominant
strings only, then the claim is that A is correct only
about % of the time. Since this is what one would ob-
tain by random guess, we can conclude that DFAs are
not all that useful for recognizing the strings in the
majority language. The reader may recall the earlier
result of (Cai 1986) and (Babai 1987) that majority
is random for the class AC?. Our result is incompa-
rable to that of Cai and Babai since the class AC? is
incomparable to the class of regular languages.

The proof of the theorem relies on properties of
DFA’s. The central idea is that if L is accepted by a
DFA, A, then L is accepted by the same DFA with
the final states switched to non-final and vice versa.
Thus, L and L have very similar structures, and from
this it can be shown that D(L) and D(L) are identi-

cal. Since D(L) + D(L) = 1, the result follows.
In actuality, we will not be working with L and L

per se but with concatenations PM and PM where P
is a sparse set, and M is a set with non-zero density.

But the idea is the same. PM U P(M) = PS*, and
we will show that D(PS*) = + = D(PM) = D(PM).

We begin by examining some properties of sparse
languages.

Theorem 6. If L, and L, are two sparse regular
languages, then L; U Ly and L; L, are sparse as well.

Proof: For the union the statement is clear. Con-
sider DFAs, A; and A, that accept L; and Ly re-
spectfully. Since L; has zero density then, by Lemma
(7), the final states of A; must belong to an internal
component of A;. Similarly for A,. jFrom A; and
A,, we can construct an automaton to accept L; Lo
in the usual way by adding edges from final states of
A; to states of A,.

This automaton is non-deterministic, but we can
construct a deterministic equivalent in the usual way
by considering subsets of the union of the states of 4
and A, as its states. The start state of this combina-
tion is the singleton containing the start state of Ay,
and the subsets containing final states of A, are the
final states. The sets along a path determined by an
input string w, will continue to be singletons of states
of A; unless the path passes through a final state of
A;. At this point the set will become a pair of states,
an element in A; and one from As. The sets will
remain pairs unless the path again passes through a
final state of A; at which point the sets may become
triples with one element from A; and at most two
from A,. At no point will there ever be more than
one state from A; in the set. Moreover, since L; is
sparse, as string length increases, for most strings the
A; element in the set will belong to a strongly con-
nected leaf component that contains no final states of
A; at which point the number of elements in the set
will stay fixed as there are no more bifurcations.

Similarly, since Lo is sparse, if we consider the
states where the lone member from A; is in a leaf
component (and non-final) and examine the subset of
elements from A, as string length increases, this set
will not increase in size, and the probability that each
of these elements in turn will eventually become an
element of a leaf component is 1. Thus, most strings
will lie outside LiLs, and so Lq Ls is sparse. Q.E.D.

We will also need the following result on the rate
at which the proportion of strings of a given length
in a sparse regular language diminishes with length.

Lemma 7. Let L be a regular language with non-
zero-density and let () be a non-empty regular sparse
language such that for each w in LQ, w has a unique
factorization into w = wv with v in L and v in Q.
Then d; (LQ) = di(L). The same result holds for the

product QL, as long as unique factorization applies.

Proof: Let z be a string of length n chosen uni-
formly from X". The number of 1’s in z follows a
binomial distribution. We refer to this distribution
as the one distribution. For each positive integer r,
as n increases the proportion of strings that fall in
the middle of the distribution, between n/2 — 7 and
n/2 + r will tend to 0. We refer to this middle as
Mid, . Similarly, since L has non-zero density, then
in L,, this middle will tend to 0. n and r will be
chosen deliberately below.

The idea of the proof is to divide (LQ), into two
pieces. By the assumption of unique factorization we
form the disjoint union (LQ), = Uk:(),___’n LipQn_p
= U; U Uy where
Uir. = Ug=0,..nrlpx@n_r and
Uk:n—r—i—l,... nLan—k
In U; we will use the bound from Lemma 6 to show
that it is sparse, and in Us we use the fact that
the middle of the one distribution vanishes to show
that since @ is sparse, the strings of () have little
impact on the one distribution of strings in LQ.
This distribution will be almost identical to the one
distribution of strings in L.

First we need to establish that L) has non-zero
density. Suppose density(L) = p > 0. Then for every
4, there exists an integer K, and an infinite sequence

{k;} with k; > K, u;,’j;" > (p— ). Suppose w € @
(Q is non-empty) and |w| = r. Let (LQ), be the set
of strings of length n in LQ. Then if n > K + r, and

n € {k;}, (LQ), contains at least (p — §)2" " strings
and so ‘(LQ% > (”2%6), and so density(LQ) is at least
#. Thus, LQ is not sparse.

We examine U; first. Since @ is sparse, then by
Lemma 6, there exists a real number 1 < 8 < 2 and
an integer K; such that if k > Kj, then Qx| < S*.
We first choose 7 to be greater than K. Then, since
|Li| < 2%, we have

|Ur] < B+ 28771 + .. 42077437

_ @y
= T (@D
Let ﬂ() = ((%;—_1) and SO |U1| < ﬂOﬂTfl2nfr+]_‘

Then ‘g—jl < 250(§)T — 1. By increasing r (we will
increase n along with it) we can make this bound
as small as we like. Thus, U; has zero density, and
so even if all the strings in U; are 1-dominant, then
since L() has non-zero density, the contribution that
they make to d; (LQ)) is negligible. We may choose ¢
to be arbitrarily small and determine r so that this
contribution is less than 3.

We now fix r and turn our attention to Us. Sup-
pose L has non-zero density p. As string size in-
creases, then for an infinite subsequence, {k;}, the ra-
tio, lg,’:g‘l approaches p. We can choose a lower bound
on k; to approximate this ratio as closely as we like.
Mid,, , can be made as small as desired by increasing
n. Holding r fixed, we increase n until the proportion
in this middle range is less than £-. Let N; be the
minimum such n, and let N = Ny +r. If n > N, then
n—r > Ny, and if £ > n —r, then the middle part of
the distribution of strings in Ly, is less than Z° of all
strings of length k.

There are r sets that form the union Us. In each
set, LrQ,_k, the strings in ), have length less
than r. Thus, even if a string in ),,_, consists entirely
of 0’s or 1’s, it will not change the dominance of 0’s
or 1’s in a string w in Ly unless the absolute value of
the difference between the number of 0’s and 1’s in
w is less than r. Therefore, the strings in @Q,_j will

U, =




at most impact the middle part of the distribution of
the strings in Lg. Thus, n1(Lrg@Qn—k) < (n1(Lg) +
Midk,r)|Qn—k|-

By the assumption of unique factorization we
know that |LxQn—k| = |Lk||@n-r«|, and so
nl(Lan_k) < (nl(Lk)-‘rM'idk,.,,)

[LpQn—r| —= [Ll
— (nl(Lk) Midk r)
= Lkl [Li]
Since ﬂlljj—"“l approaches d; (L), |Lk| approaches

p2*, and we chose k large enough so that % <
£, then if we sum the r sets in Uy we see that Us,
like Uy, contributes less than § to di(Lq) as well, and
this proves the lemma.

It may be noted that this result can be extended to
products PL(@) where both P and () are sparse and
regular and L is regular but not sparse, as long as
unique factorization holds.

Let Agp strings that determine paths in the ac-
cepting DFA A, that lead from ¢y to a state in B,
where B is a leaf component. Let by, bo,...,b; be the
entry points of B, i.e. the nodes of B for which there
is an incoming edge from some other strongly con-
nected components, and let b be any node of B. Let
Agp be the set of strings determining paths from g to
b. Agp may be divided into the disjoint union ¢ = 1,..,t
of Py, Ap,p, Qb5 where Pyp, is the set of prefixes that
lead from gg to b; as the first node reached in B, Ay,
is the set of strings that determine paths from b; to
itself, and @y, is the set of suffixes determining paths
from b; to b that do not pass through b; again. (If b
itself is b;, then @, consists only of the empty string.
Similarly if b; is qg, then Py, consists entirely of the
empty string.) Note that since A is deterministic,
each string in Py p, Ap;p, Qp;5 can be uniquely factored
into a string in Py, followed by a string in Ay, fol-
lowed by a string in Q5,5 Unique factorization plays
a role in the results below. We also note that P,
is sparse since if b; # go then all arcs coming into
b; come from nodes in internal components, and thus
Fy.p; is the union of sparse languages.

We now consider a second node ¢ of B. Ag. has
the same structure as Agp. The only difference is that
we exchange the set of suffixes, Qp,. for Qp;s.

Since B is a leaf, we have Agp = U; Py, X* and
¥* = UpeBAp;p; @p;5- A DFA H that accepts Qp,p
can be constructed from B by dividing state b; into
two states, b;out and bz, where b;oq¢ is incident to all
arcs in B that come out of b;, and by, is adjacent
to all arcs in B that come into b;. b;oy: is the initial
state of H, and b is the only final state. Since B is a
strongly connected component, there is a path in H
from b to b;;,,, but since b;;;, has no arcs coming out, it
belongs to a separate strongly connected component
of H than b, and so the component of H containing
b is not a leaf. Therefore, from Lemma 1, it follows
that Qp,5 must be sparse. Since X* = J, Ap;5,Qo,6 =
(Ab;b;) Up Qp;p is not sparse, and since the union of
sparse languages is sparse, it follows that A, must
have non-zero density.

Finally, we are ready to prove

Theorem 7. For all regular languages L, D(L) = 1

Proof: Let B be a leaf component graph of the DFA
that recognizes L. We know from Lemma 7 that since
P()[,i and Qbib are sparse, then d1 (PObiAbibinib) =
dy (Ap;p;)- Moreover, since £* is the disjoint union

Usen Abib; Qo) and di(5*) = 3, then dy(Ap,,) =
: for all b;. Finally, if we create the union of sets

of the form, Pyp, Ap,p, @p;» Where b is a final state of
the automaton, and a member of a leaf component
(we can safely ignore the internal components since

those sets have zero density), then we have our result.
Q.E.D.

Theorem 5, the main theorem of this section, is a
direct consequence of Theorem 7.

5 Conclusions and Direction for Future Work

We hope that the models presented in this paper
would lead to further results and a better understand-
ing of when a non-regular language be approximated
by a regular language. It would be interesting to
identify structural properties that make a language
random for the class of regular languages. It is also
of interest to study approximation by other models
such as push-down automaton or counter machines.
We suspect that for any € > 0, there are context-
free languages that have a bounded e-approximator
for € > §, but not for ¢ < 4. We are also inter-
ested in decidability results such as whether a given
context-free language admits a &, approximator for
all € > 0. Of course, we are also interested in us-
ing the approximator models proposed in this paper
to design approximation algorithms for other related
problem. For example, we may consider the problem
of determining the middle digit (instead of the lead-
ing digit) of 22 for a given input z. (To be concrete,
when there are two middle digits, the output should
be the right one.) It appears that a linear time ran-
domized algorithm for this problem, if at all possible,
would require substantially different techniques.
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