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Abstract

Discrete2D suney datais commonin theareaf businessscienceand
government. Visualisationis often usedto presentsuchdata. The best
form of visualisationdependn how the visualisationis to be used.In
this paperwe presenta study of interpolationand approximationtech-
niquesfor creatingvisualisation®f 2D surwey datato beusedto present
thedatato anon-technicahudienceWe useandmodify techniquegrom
the elds of computeraideddesignmedicalimagingandscienti ¢ visu-
alizationandwe evaluateandcomparetheir suitability for interpolation
of thedata.
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1 Intr oduction

Discrete2D surwy datais commonin mary real-world

applications An exampleis a 2D grid with oneaxisbeing
theincomeof a person(in stepsof, say NZ$ 10000)and
the otheraxis beingthe happines®f a personon a scale,
say from0to 10.1f peoplearesurweyedtherelationship
betweernincomeandhappinesganberevealedby count-
ing for eachgrid-pointthe numberof peoplefalling into

that category andby visualizingthesevalueswith colour
or heightvalues.

Traditionally discretedata has beenvisualized with
discretegraphicalprimitivessuchasbarchartsor discrete
colourmaps.However, thelack of visualcontinuitymakes
it dif cult to perceverelationshipsandpatternsn thedata
andalsomakesit harderto encodeadditionalinformation
dimensions.

In orderto nd asolutionto this problemwe lookedat
the elds of scienti c andbiomedicalvisualization.Many
scienti ¢ datasetsaregivenby discretesamplevaluesand
must be transformedinto continuousdata before trans-
formation. This type of datatransformatioris an exam-
ple of dataenrichmentandcanbe accomplishedby using
interpolationtechniquesuchasscatteredatainterpola-
tion (Hoschek& Lasserl992)or nite elementinterpo-
lation (Burnett1987). Whendealingwith 3D scalardata
the problemis oftenreferredto asvolumereconstruction.
Optimal reconstructiorfunctionsfor speci ¢ application
areassuchasvolume renderingare an ongoingtopic of
research(e.g.,(Marschne& Lobb 1994,Moorheadll &
Zhu 1995, Moller, Muller, Kurzion, Machiraju & Yagel
1998,Mueller, Moller & Craw s 1999)). Reconstruction
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of vectorandtensordatais more complicated. A tech-
nigue basedon spectralanalysishasbeensuggestedy
Aldroubi andBassel(Aldroubi & Basserl999).

In this paperwe presentgvaluate andcomparediffer-
entinterpolatiormethodgrom the elds of scienti ¢ visu-
alization,biomedicalimagingandcomputeraideddesign
andwe apply themto discrete2D surwey data. The pre-
sentedwork is the resultof a researchprojectperformed
for aninternationalconsultingcompaly. We motivatethe
variousmethodsntroducedn thiswork by usingasexam-
ple adatasetof similar typeto thatusedin our consulting
work. We list theadvantagesnddravbacksof eachinter-
polationmethodandasaresultof our analysisve suggest
oneinterpolationmethodasthe preferredsolution.

2 Visualisation Requirements

Thedatato bevisualisedcomesfrom a particularkind of
suney thatmightbecarriedoutin someorganisationThe
suney consistof statementt whichrespondentanswer
on a scaleof “strongly disagree™to “strongly agree”.The
statementselateto variousaspectof the currentstateof
the organisationand how it operates.The raw datacon-
sistsof the numberof respondentsn eachcateyory for
eachstatement.The purposeof the surwy is to help the
organisatiorunderstandispectof itself andto helpwith
planning,andsotheresultsarepresentedo somepart of
the organisationtypically representaties of upperman-
agement.

This context has certainimplicationson the kind of
datato bevisualised andthe propertieghevisualisations
shouldhave. The datarepresentsubjectve responses,
rather than objectve measurements. This meansthat,
while theresultsarediscreteby virtue of how they arepro-
vided, the “truth” they represents not asobvious asthe
numbersthemseles may imply. For example,a person
mightbeunableto decidebetweerfagree”and“strongly”
degreebut can't choosea valuein themiddle of thesetwo
answers.Similarly two peoplemight have differentdef-
initions of the word “agree”. On the otherhandthereis
a clear boundarybetween“agree” and “disagree”. This
suggestshatusingthediscretevaluesdirectlyin thevisu-
alisationmaybe misleading.

Thereis anotherreasorfor consideringcontinuousap-
proximations.Theintendedaudienceof thevisualisations
is interestedn trends,andgettingan overview of the or-
ganisation.Our client hasextensvely used2D visualisa-
tions of dataandthe experienceis that continuousvisu-
alisationsaremore*“visually pleasing”thandiscreteones,
and so work bestfor this kind of audience. Generally
when choosingbetweenvisualisationsfor this audience,
thepreferencas for the morevisually pleasingones.

Any form of interpolationproducesartifactsin there-
sult. For example, someforms are “more pointy” than
others somewill producecurvesthatgo throughthesam-
ple pointswhereastherswill not, andall handlebound-
ary conditionsdifferently. Correctlyinterpretinga visual-
isationrequiressomeunderstandingf the consequences



of theseartifacts. Our intendedaudiencewill generally
notbeknowledgeablen suchthingsareinterpolationarti-
facts,andsowe mustavoid techniqueawith artifactsthat
resultin “obviously wrong” visualisations A speci ¢ ex-
ampleof thisis techniqueshatproducenegativeresults—
theaudiencewill be avarethattherecannotbe a negative
numberof peopleselectinga certainanswerin a surwey.
Another exampleis the “degree of smoothness”. Since
our samplegrid is relatively smallwe do notwantto have
excesssmoothingsinceit might leadto potentially mis-
leadingresults. On the other handa limited degree of
smoothingis desirablesinceit leadsto a visually more
pleasingsurface andreducesioisein thedata.

Finally, in anticipationof planneddevelopmentof the
sunwey, our clienthasrequestedhatwe explore the useof
three-dimensionalisualisation®f the data.

The datasetsusedin our researchconsistof a two-
dimensionalgrid where eachcoordinateis an integerin
the range . The datawas obtainedfrom a range
of surwey questionswith answergangingfrom “strongly
disagree”(-3), to “neutral” (0), to “strongly agree”(+3).
Eachsuney recordrepresents point in a 2D grid that
is picturedin gure 1 (a). Sincethe extremevalues(
and ) on eitheraxis characterizehe surweyed group of
peopleinto 4 distinct cateyories, a visually more pleas-
ing representatiors obtainedby distortingthegrid sothat
the axesare the diagonalsof the datadomain. Figure 1
(b) shaws that eachquadrantof the resultingcoordinate
systenrepresentsneof the beforementioneccateyories.
We have changedhe labelsusedin this andlater gures
atthe requesbf our client. For this presentationywe use
just’A''B',"C' and'D'.

Figure1: Datagrid for discretetwo-dimensionakurey
databefore(a) andafter (b) distortionwhich alignscoor
dinatequadrantsvith categoriesin the surey data.

3 Interpolation Methods

This sectionpresentanoverview of popularinterpolation
andreconstructiomethoddrom the elds of scienti ¢ vi-
sualization biomedicalvisualizationand computeraided
designandshowvs how they canbeappliedto our dataset.
The two-dimensionalinterpolationmethodswe con-
sideredcanbe classi ed aseitherscatteed datainterpo-
lation, nite elemeninterpolation parametricsplinesur
facesor reconstructionlter s. Theserepresenincreasing
restrictionson the structureof the samplepoints. Scat-
tereddatainterpolationhasno restrictionon the structure
of thedatapoints,andgenerallyproducesfor a2D grid of
samplepoints,a surfacethatinterpolatesachof the sam-
ple values. Theinterpolationis usually global, thatis, a
changedn asamplevaluecaneffectthe shapeof theentire
surface. The nite elementtechniquesssentially‘stitch
together”small piecesof surfaceinto one large surface.
An importantissuewith themis ensuringhatthejoinsare
sufciently smooth.Finite elementinterpolationusesthe
datapointsto form a tessellationof the domainandthe
interpolationtakes placeonly over eachtile, thatis, the
interpolationonly takesinto accountdatapointsthat are

neighboursReconstructionlters area simpleway to re-
constructa functionfrom a regulargrid of samplepoints.
Thesizeandshapeof areconstructioniter determinghe
speedcandsmoothnessf thereconstructionSincethege-
ometry of the grid is requiredto be regular the samere-
constructionlter canbe usedfor all datapoints, which
malesit possibleto ef ciently computea reconstructed
surfaceapproximatinghe samplepointvalues.

3.1 Scattered Data Inter polation

Scattered data interpolation reconstructs a con-
tinuous  function from sample points

, where in our case
each isa2D grid coordinatgHoschek& Lasser1992).
One of the earliestand most popular classof scattered
datainterpolationmethodsare variationsof the Shepad
methodShepard 968)in whichtheinterpolatedunction
isde nedas

where arethesamplevaluesand areweightingfunc-
tionsbasedon the distanceto the grid points. This means
thatevery interpolatedpointis theweightedsumof every
samplepoint. The methodis a global methodandhence
computationakxpensve. Furthermoreaddingone more
point requiresa recomputatiorof all weightingfunction,
thoughthis is not a drawbackin our applicationwhere
the grid sizeis x ed. The main drawback of the Shep-
ard methodis thatthe interpolantis in generalnot partic-
ularly smooth. Thereforewe considerinsteadtwo other
approachefor scatterediatainterpolation.

The solutionto the scattereddatainterpolationprob-
lemwith the help of radial basisfunctionshastheform

where

The univariatebasisfunctions arenon-ngative
functionsof thedistance of thepoint tothesample
point . The low-dimensionalpolynomial guar
anteesthat a sampledpolynomial function with the de-
gree canbe exactly reproduced , i=1,...,N)
(Dyn 1989, Alfeld 1989). The unknavn coefcients are

obtainedrom theinterpolationconstraints
@)

which ensurethat the surface goesthroughthe sample
points,andfrom the additionalconditions

for (2)

The resulting linear system of equations
caneasilybecomebadly conditioned(Hoschek& Lasser
1992).A solutionbaseddn preconditioninghe matrix has
beensuggesteéh (Dyn 1989).Carretal. proposdanstead
amodi cation that makesit possibleto modellarge data
setsconsistingof million of datapoints (Carr, Beatson,
Cherrie Mitchell, Fright, McCallumé& Evans2001,Carr,
Beatson,McCallum, Fright, Lennan& Mitchell 2003).
More informationaboutradial basisfunctionsis foundin
(Dyn, Leviatan,Levin & Pinkus2001).

For our applicationwe chooseheradialbasisfunction

with



Theresultinginterpolantminimisesthe bendingenegy of
a thin plate interpolatingthe samplepoints and is also
called Duchon's Thin Plate Spline (Hoschek& Lasser
1992).

3.2 Finite Elementinter polation

The geometryof a nite elementmodelis describedby
a setof nodesand a setof elementswhich have these
nodesasvertices. The nodalcoordinatesareinterpolated
overanelemenusinginterpolationfunctions Curvilinear
elementscan be de ned by specifyingnodal derivatives
(Burnett1987).

In our applicationthe cells of the regular grid canbe
considereas nite elementsin this caseaninterpolation
of thegeometnyis notnecessargandthe nite elementn-
terpolationfunctionsareusedonly to interpolatethe sam-
ple valuesoverthegrid cells.
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Figure2: CubicHermite-LinealLagrangenterpolationof
samplevaluesatthe cornersof a squareslement.

As an exampleconsiderthe cubic Hermite-linearLa-
grangeinterpolationover a quadraticelementshowvn in
gure 2. Assumedwe de ne local coordinates such
that a grid cell correspondgo a unit squarein the local
coordinateg ). Thevalueof somefunc-
tion overthe elementis thenspeci ed by interpolating
thevariables linearly in the given parametedirection.
In our examplewe assumehatadditionallyderivativesin

-direction — arespeci edattheel-

ementvertices.In this casea cubic Hermiteinterpolation
is performedn thatdirection.

ThecubicHermite-lineaiinterpolationof overtheentire
2D parametespaces thende ned by thetensomproducts
of theinterpolationfunctionsin eachparametedirection:

where
, and

arethe one-dimensionainear Lagrangebasisfunctions,
and

aretheone-dimensionatubic Hermitebasisfunctions.
In generalwe canexpressthe interpolationof a vari-
ableas
3)

where arescalar eld valuesandtheir partial deriva-

tives(if ary) ateachvertex and  areappropriateénter
polationfunctions.

3.3 ReconstructionFilters

For aregulargrid of samplevaluestheinterpolationprob-

lem canbe statedasa cornvolution with a reconstruction
Iter. Let us denotethe two-dimensionakamplevalues
by  andthecorrespondingrid pointsby . Thenthe

reconstructedunctionis de ned by

where is the reconstructionlter. Sepaable Iters
canbe written as andallow a more
ef cient computatiorof thereconstructedunction.

A usefulfamily of reconstructionlters arethe -th
degree B-Spline lter s that can be de ned by box lter -
ing a squarepulsefunction. Let denotethe convolution
operatori.e.,

and the squarepulse function (0-th degree B-
Spline)de ned by

otherwise

Higher orderreconstructionlters canbe obtainedby
repeatedlycornvolving this functionwith the squarepulse
function. ThemostcommonB-Spline Iters arethelinear
B-Spline Iter

otherwise
thequadratidB-Spline Iter
otherwise
andthe cubicB-Spline Iter
otherwise

The linear, quadraticand cubic B-Spline Iter areillus-
tratedin gure 3.



Figure3: Graphsof thelinear B-Spline Iter (solid line),
the quadraticB-Spline Iter (dashedine) andthe cubic
B-Spline Iter (dottedline).

Another popular cubic reconstruction lter is the
Catmull-Romspline (Catmull & Rom 1974) that is de-
ned as

otherwise

andis picturedin gure 4. In contrasto the quadraticand
the cubic B-Spline Iter the Catmull-Rom Iter smooths
thedatawhile still interpolatingthe samplepoints.
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Figure4: Graphof the Catmull-Romspline.

3.4 Parametric Spline Surfaces

A parametricsplinesurfacecanbede ned as

where
and

and arethe parameter®f the surface, arethe
basisfunctions(interpolationfunctions)and  arecon-
trol pointsor othercontrol parametersuchascoordinate
cune tangents.f thecontrolpoints arehomogeneous
thesplineis calledrational.

The arguably most important parametricsplinesare
Non-uniformrational B-SplinegNURBS) thatarethein-
dustry standardool for the representatiomnd designof
geometry(Piegl 1991,Farin 1995). A NURBS surfaceis
de nedas

where

and

and areonedimensionahon-uniformB-Splinesof de-
gree thatcanberecursvely de ned by the Cox-deBoor
algorithm(de Boor 1972)

otherwise

Theknotvector formstheparameteinter-
valfor the parameterThebasisfunctionsandknotvector
for the parameterrede ned similarly.

For ourinterpolationproblemwe canuseNURBS sur
facedy usingthesamplepoint coordinates asknots
andby usingthe samplepoint valuesascontrol points. If
the grid pointsare uniformly spacedandwe choose -th
degreeB-Splinebasisfunctionsthenwe obtaina -th de-
greeB-Splinereconstructionlters asintroducedin sub-
section3.3. Theadwantageof the NURBS representation
is thatwe canalsousenon-uniformgrids. For our appli-
cationwe chooseanotheruseful propertyof the NURBS
interpolation. If we multiply the rst andlastknot for a

-th degreenon-uniformB-Spline timesthenthe
B-Splinewill interpolatets endpointyHoschek& Lasser
1992).

Figure5: VRML le of aheight eld constructedrom a
2D surwy andviewedwith the CortonaVRML viewer.

4 Results

We have implementedhe scatterediatainterpolationand
reconstructionlter techniquegsliscusse@bove. Theim-

plementationis in Java, and producesVRML asoutput.
We choseVRML asour outputmediumdueto require-
mentsof our client, speci cally the ability to provide the
visualisationson web pages,while still retainingsome
level of interactvity, suchas changingthe viewing an-
gle. By usingVRML, ary presentationsanbedonewith-

out the needto install a Java runtime, which simpli es

the client's setup. A VRML viewer doesneedto be in-

stalled,but doing sois signi cantly easierthanJava. The
viewer we useis Cortonaby Parallel Graphics(Parallel
Graphicsinc. 2002). An exampleis shovn in gure 5.

The viewer providesseveral differentnavigationsoptions
suchas“walking”, “ying” and“exploring”. Additional
featuresuchasrestoringthedefaultview, tting thevisu-
alizationinto thewindow andchangingrenderingparam-
etersarealsoavailable.



To demonstrat¢he differenttechniqueswe useanex-
amplesuney datasetwith 40 surwey records.The datais
transformednto an grid asshovnin gure 1. Each
grid pointis associatedvith anintegerthatrepresentshe
numberof respondentshoosinghatanswetin thesurwey.
Theresultingdatasetis visualizedin gure 5 asa height

eld.

4.1 Scattered Data Inter polation

As aninitial attemptto solvetheinterpolationproblemfor
discrete2D surwey datawe usetheradial basisfunctions
describedn subsectior8.1 with

with

and

where arethe coordinatesf the 2D sample
point grid shovn in gure 1. Sincewe have sam-
ple pointsand polynomial coefcients the con-
straints1-2 resultin alinear systemof 52 equationghat
canbe ef ciently solvedusingan LU solver with partial
pivoting (Press Vetterling, Teukolsky & Flannery1992).
The resultingvisualizationis shovn in gure 6. Adding
theheight eld in gure 5intothevisualizationshavsthat
themethodexactly interpolatessamplepoints. Theresult-
ing surfaceis very smoothand visually pleasing. How-
ever, in someregionsthe surfacebecomesiegative, which
indicatesanimpossibleresultsincewe cant have anega-
tive numberof peoplechoosinga certainanswerin a sur

vey.

Figure6: The 2D examplesurwey datainterpolatedwith
radialbasisfunctions.

4.2 ReconstructionFilters

In this subsectionwe presentheresultsobtainedby using
variousreconstructionlters. Figure 7 shaws the visu-
alizationobtainedby usinga Catmull-Romsplinerecon-
struction lter. The surfaceis againsmoothandinterpo-
latesthe samplepoint values. In additionit canbe seen
that the surfaceis less“pointy”, i.e., its curvatureat the
peaksof the samplepointsis lower thenfor the interpo-
lation obtainedusingradialbasisfunctions.However, the
surfacehasagainnegative regionswith is dueto the fact
thatthereconstructioniter shovnin gure 4 hasnegative
values.

Negative surface valuescan be avoided by using B-
Spline reconstruction lters.  Since the B-Spline basis
functionslie betweerzeroandoneandsumup to onefor
ary point (Hoschek& Lasser1992)the interpolatedsur
facewill alwayslie in thecorvex hull of thesamplegooints.

Figure7: The 2D examplesurwey datainterpolatedwith a
Catmull-Romsplinereconstructionlter .

Figures8- 10 shav the visualizationsobtainedwith a bi-
linear, biguadraticand a bicubic B-Spline reconstruction
Iter .

Figure8: The 2D examplesurwey datainterpolatedwith a
bilinearB-Splinereconstructionlter .

It canbe seenthatthe bilinearreconstructionlter in-
terpolateghe samplepoint valueswhereaghe higheror-
der lters donot. Thedegreeof smoothingncreasesvith
anincreaseén the degreeof the reconstructionlter. This
is dueto the de nition of the B-Splinereconstructionl-
tersthatwerede ned by repeatedlyox- Itering asquare-
pulsefunction.

Aswe obsenredin section2, thereis aninherentuncer
tainty in the samplevalues,andsoit is not strictly neces-
saryto interpolatethe samplepoint values.We alsomen-
tionedthatwe would prefermoresmoothto lesssmooth.
Neverthelessthe higher order Iters, while being more
smooth,will alsoproducesurfacesthat are further from
the samplepoints,andwe mustalsoavoid visualisations
thataremisleading.

Our conclusionis that the support (extent) of the
smoothing Iter shouldbe at mostequalto the length of
the “agree” and “disagree” sectionsof the samplegrid
axes. The quadraticB-Spline Iter hasa supportof three
units(-1.5to 1.5)thatis equalto half thelengthof anaxes
of our samplegrid (-3 to 3) andit givesthereforein our
opinion a suitabletrade-of betweensmoothingand data
accurag.

Note that the interpolationwith reconstructionlters
is efcient sincethe reconstructionlters have a nite
support. Computinga surface point using -th degree
B-Spline reconstruction lters requiresthe addition of



Figure9: The 2D examplesurey datainterpolatedvith a
biguadraticB-Splinereconstructioniter .

Figure10: The 2D examplesuney datainterpolatedwith
abicubicB-Splinereconstructioniter .

productsof samplepointsand lIter
functions.

4.3 Parametric Spline Surfaces

In orderto completeour comparisorof differentclassesf
interpolationmethodswe have alsoimplementeda bicu-
bic NURBSsurface.Endpointinterpolationis achievedby
multiplying the rst andthelastsamplepointfour timesso
thatthe knotvectoris -3,-3,-3,-3,-2,-10,1,2,3,3,33. Since
four knot intervals de ne one B-Spline basis function
this knot vector gives us nine basis functions. How-
ever, we have only 7 samplevaluesin eachparameter
direction (samplevaluesare de ned for the grid point
). We thereforealso multiply the rst and

lastsamplepointvaluein eachparametedirection.

Theresultingsurfaceis visualizedin gure 11. Com-
paringthis imagewith the bicubic B-Spline Iter in g-
ure 10 it can be seenthat the surface now interpolates
the samplepointsover the boundaryof the domain. The
volumeunderthe surfaceis, however, different. In some
sensethe B-Spline Iters producevolumesthat are the
sameasthe original samplepoints( gure 5), andso for
thisreasonwe preferthem.

Figure11: The 2D examplesurwey datainterpolatedwith
abicubicendpoint-interpolatinfNURBS surface.

5 Conclusion

We have brie y surneyed interpolationtechniquesfrom
the elds of scienti ¢ visualization,biomedicalimaging
andcomputeraideddesignfor two-dimensionatlata,with
the aim to identify the most suitabletechniqueto apply
to our particularsetof requirementsTheserequirements
prefervisually pleasingover accurateepresentationgnd
prefernot to have representationsvith artifactsthat are
obviously invalid. We have implementeda numberof
thesetechniquego allow our client to evaluatethem.

Basedon theserequirementswe concludedthe bi-
guadraticB-Spline reconstruction lter suited our pur-
poseshest. While it doesnot exactly interpolatethe sam-
ple points,it doessowell enoughandthe samplepoints
themselescannotbe regardedasexact. It alsoprovides
surfaceghatarenot negative, thusavoiding distractingar
tifactsfor the non-technicabudience Finally, it provides
a surfacethatis sufciently smoothto be visually pleas-
ing. Whenpresentedavith thedifferentsolutionsour client
was indeedmost happy with this choice. This solution
hasbeentrialled by our clientandreportsthatparticipants
werehappy with it.

This investigationhasraiseda numberof interesting
guestionaboutthe useof interpolationtechniquedor in-
formation visualisationthat we wish to pursue. We ini-



tially did not considerthe nite elementinterpolationfor
implementation sincethe standardmplementationdoes
not provide smoothingbetweengrid cells. However, we
now think that variations of this method might enable
usto get more control over the smoothingprocesswhile
maintainingthe constraintthat surfacesare non-nejative.
Whethersuch nite elementinterpolation methodsare
usefulfor the eld of information visualisationremains
to beseen.
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