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Abstract

This article describesa dispensatiorordergeneratioral-

gorithmfor genotypingusingthe Pyrosequencingethod.
Theinputtemplateof thealgorithmis a slightly restricted
regular expressionover the DNA stringsthat can be ex-

pectedin a givensample.The algorithmcomputesa dis-

pensatiororderthatallows for determiningfor eachpoly-

morphismin theinput template the genotypeof ary sam-
ple.

The algorithmhasthe structureof a non-deterministic
rewrite systemwhich givesriseto asearchree.We shov
thatwithin any branchof the searchiree,the rewrite sys-
temis con uent andterminating. We usenogoodgener
ation andlimited discrepang searchto prunethe search
treeandto focusthesearctor shorterdispensatiomrders
beforelooking for longerones.

The algorithm as describedherein assumesamples
from a diploid genomeput canreadily be generalizedo
general -ploid genomes.

Keywords: SequenceAnalysis, SNP Analysis, Rewrite
SystemsNogoodGeneration.

1 Intr oduction

The Pyrosequencingsequencing method was devel-
oped (Nyrén, Pettersson& Uhlén 1993, Ronaghi,
KaramohamedPetterssonJhlén & Nyrén 1996, Ron-
aghi, Uhlén & Nyrén 1998)basedon the combinationof
four enzymes{i) polymerasébacterial) (ii) sulphurylase
(yeast),(iii) luciferase(rey) and(iv) apyrase(potato).
In this way, theincorporationof a speci ¢ nucleotidecan
be quantitatvely detectedasvisible light; seeFig. 1.
Assumingamonoploidinputsample gachcycle of the
methodproceedssfollows': A speci ¢ nucleotides dis-
pensedi.e.addedo thereaction andis incorporatednto
astrandof DNA if it matcheghe currentbaseof theinput
strand. If it matchesa stretchof  basesit is incorpo-
rated times. Eachincorporationeventis accompanied
by emissionof visible light with enegy proportionalto
theamountof incorporatechucleotidej.e.to , thenum-
berof matchedasesThis contritutesonepeakof height
to a histogramcapturingthe outcomeof thereaction.
Fig. 1 givestheimpressiorthatthenucleotideshould
be dispensedn a cyclic order While this is appropri-
atefor completelyunknonvn sequences is very wasteful
in termsof reagentsandthroughputfor singlenucleotide
polymorphism(SNP)analysiswhereall but the polymor
phic part(s)of the input sequenceas known. Hence,an

Copyright ¢ 2004, AustralianComputerSociety Inc. This paperap-
pearecatthe2nd Asia-Faci ¢ BioinformaticsConferencéd APBC2004),
Dunedin,New Zealand.Conferencesn ResearchandPracticein Infor-

mation Technology Vol. 29. Yi-Ping PhoebeChen,Ed. Reproduction
for academicnot-for pro t purposegpermittedprovided this text is in-

cluded.

weignoredetailsof thechemistryandtheissueof complementarfpNA bases.

algorithmthat can generatea customdispensatiororder
for aspeci c SNPtemplateis of greatpracticalvalue.

In this article, we will develop suchan algorithm for
generalizedSNPanalysis:it handlegpolymorphismsver
sequencesf nucleotidesatherthansinglenucleotidesas
well astemplatescontainingmultiple polymorphisms.In
fact,atemplatecanbe seenasa someavhatrestrictedreg-
ular expressionwhich recognizes language(generates
a setof alleles). The generalideaof the algorithmis to
transforman input template into a dispensatiororder

, sothatit allows any sampledescribedby to be un-
ambiguouslygenotyped. This requiremenwill be made
moreprecisein Sect.3.

Example 1
Supposehatwe aregiventheinputtemplaté

which contains 4 polymorphismsgenerating24 alle-
les. A dispensationorder for this template is
CACAGATGATAT@ssumingthatwe aredealingwith a
diploid genome, admitsunambiguougienotypingfor:

It canbe shown that for ary two pairs of al-
leles and , either the superimposed
histogramfor is distinct from the super
imposedhistogramfor , or, for eachpoly-
morphism themultisetof alternatvespresentn

equalsthe multisetof alternatvespresent
in .

Considere.g.the allele pairs
and .
They are distinct pairs but representhe samegenotype
consideringone polymorphismat a time. So the fact
thatthepairsyield identicalsuperimposetistogramgsee
Fig. 2) doesnot causeary ambiguity 0

How canwe arrive at a dispensatiororder from a
templatecontainingalternatves? We have taken the ap-
proachof a rewriting system,the goal of which is to re-
moveall disjunctionswhile preservinghelanguageeing
recognizecaswell asensuringhatthe obtained is sepa-
rating. The algorithmconsistsof four components:

A rewrite system.
A checlerthattestswhether is separating.

A generatoof nogooddo helpavoid non-separating
dispensatiororders.

A searchprocedure.

2Inthiscase, is calledasepaating dispensatiomrder
3The templatenotationis a variant of regular expressionsandis de ned in
Sect.2.
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Figurel: ThePyrosequencingnethod.A sampleis analyzedwrt. a cyclic dispensatioorderAGTCAGTC... Assuming
amonoploidsamplethesequenc€ TGCTTAA is obtained.
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Figure2: Alleles andhistograms

The rest of the article is structuredas follows: in
Sect.2, we de ne somenecessaryotionsandnotations;
Sect.3 de nesarewrite systemfor templatesSect.4 de-
scribeshow to checkthe separatiorproperty;Sect.5 de-
scribeghenogoodgeneratorSect.6 givesthesearchro-
cedure;Sect.7 discusseselatedwork and future direc-
tions. Finally, we conclude.

2 Preliminaries

We will needthe following notation: sequences de-
notedby juxtaposition; denotegheemptysequenceal-
ternatves are separatedy ; denotesa list;
denotesa multiset; parenthesesre used
for grouping.
Foramatrix denoteghe

notesthe  column. For two vectors
denotegheir scalarproduct.
A DNA string or simply stringis asequencef thefour

row, and de-

and ,

nucleotides . Forastring , denotests
rst nucleotide.
A node denotesastretchof nucleotides , where
is anintegerif is x ed,or otherwise.A linear

templateis a possiblyemptysequencef nodeswhereno
adjacenhodeshavethesamenucleotide A polymorphism
is a numberof alternatie lineartemplates.A constituent
is a nodeor a polymorphism. A templateis a sequence
of constituents An input templateis a templatein which
all nodeshave x edmultiplicity. For atemplate ,

( ) denotests rst (last)constituent.

A dispensatiomrderis obtainedrom alineartemplate
by takingthe nucleotidesequencegnoringthe multiplic-
ities. A dispensatiomrder is sepaatingif for eachsam-
plerecognizedy thegiveninputtemplate , thefollowing
propertyholds:

For eachpolymorphism of , allowsfor de-
terminingwhich alternatvesof actuallyoccur
in thesample.

Given a dispensationorder and a string
denotesthe heightof the  peakof the
histogramobtainedfrom the Pyrosequencingeactionon
wrt. ; and denotegheresidueof ,i.e.the
possiblyemptyunincorporatedufx of , aftercomple-
tionofthe  cycle of thereactionwrt. .

3 The Rewrite System

The goal of the rewrite systemis to transformthe input
template into a linear one. This is doneby applying
a rewrite procedue multiple times, until  is linear. In
eachiteration,one or more polymorphismsare rewritten
away. Eachiteration rewrites the templatefrom a form
toaform where and areleft unchanged
by theprocedureand and arelineartemplates.For

the dispensatiororder obtainedfrom , the following
propertiesnusthold:
In-phase. For ary allele generatedby , the Pyrose-

guencingreactionwrt. — will fully incorporate but
will notincorporateary nucleotideof ary allelegen-
eratecby

Separation. is separating.

Optimality . Preferably is asshortaspossible.

3.1 The Rewrite Procedure

Therewrite procedurds concernedvith avariableregion
of thetemplate( above). A variableregioninitially con-
sistsof a singlepolymorphism.During the rewrite proce-
dure,the variableregion may engulf onenodeof its left
contet, andseveralconstituent®f its right context.
The rewrite procedureoperateson the con guration
where isthepolymorphismto beeliminated,
isalineartemplate, isatemplateand isthe
setof allelescorrespondingo thevariableregion. Each
is alist of stringsandis interpretedasthealleleformedby



concatenatings strings.Each  hasthe samenumber
of strings.Eachindividualstring  ariseseitherfrom an
alternatve of somepolymorphismpor from a singlenode.
Initially, andeach isthestringarisingfrom one
alternatveof . Severalexamplesareshownin thesecond
columnof Fig. 3.
is usedby the separationchecler. For a x ed |,

is themultisetof stringsarisingfromthe  con-
stituentof the variableregion.

There are four deterministic rules and one non-
deterministicone. The rulesare applieduntil the poly-
morphismhasa single alternatve, which is the termina-
tion criterionfor the procedureThein-phaseequirement
canbe handledincrementally whereaghe separatiornre-
guirementcanonly be checled at the end of the rewrite.
Wewill now describeeachrule. Therulesaresummarized
in Fig. 3.

3.2 Absorption Rule

Appliesif wearein oneof thefollowing caseswhere is
anodewith the samenucleotideas

is the rst nodeof somealternatve of .

is and containgheemptysequence.
Then is distributedinto eachalternatve. Also, the
string arising from is addedto the front of each
elementof . Thisruleislanguage-preserving.

The motivation of this rule is to ensurethe in-phase
property andin particularthe basicfact that eachcycle
in the Pyrosequencingeactionincorporatesa maximal
stretchof agivennucleotide.

3.3 Distribution Rule

Appliesif the AbsorptionRule doesnt apply andwe are
in oneof thefollowing caseswhere is anodewith the
samenucleotideas

is thelastnodeof somealternatve of .

Oneof the alternatvesof
oneis theemptysequence.

Then is distributed into eachalternatve. Also,
the string arising from is addedto the back of
eachelementof . Thisruleislanguage-preserving.

The motivation of this rule is to ensurethe in-phase
property

contains , andanother

3.4 ProductRule

Appliesif noneof theabove rulesappliesand is
a polymorphism. Then and arereplacedby a
singlepolymorphismover all combinationf their alter
natves. A newv is obtainedby addingthe stringarising
from every alternatve of the secondpolymorphismto ev-
eryelementof . Thisruleislanguage-preserving.

The motivation of this rule is to ensurethe in-phase
property A careful analysiscould perhapsreveal cases
wherein-phasecould be presered without applyingthis
rule.

3.5 Factoring Rule

Appliesif noneof theabove rulesappliesandall alterna-
tivesof thepolymorphism begin with nodeswith acom-
mon nucleotide which is factoredout into a nodeplaced
in front of . Thefactoredhodemay have variablemulti-
plicity, i.e.therewrittentemplatemayrecognizeasuperset
of the languageaecognizedy the original template. is
unchangedAlso, duplicatealternatvesareremovedfrom
the polymorphism.

Thisrule contributesto thetransformatiorinto alinear
template.

3.6 Ordering Rule

Appliesif noneof the otherrulesapplies.Oneof thefol-
lowing rewritesis done:

1. If somealternatives begin with nodeswith a com-
mon nucleotide thenit is factoredout into a node
placedin frontof . Thisrewrite is tried for eachnu-
cleotidethatoccursin atleastoneleadingnode.The
nucleotidethat startsthe longest(in termsof nodes)
alternatveis tried rst.  is unchanged.

2. If the

(a) is distributedinto eachalternatve.

alternatve is theemptysequencehen:

(b) Thesinglenodeofthe  alternatveisfactored
outandplacedin front of .

(c) Thestringarisingfrom
backof eachelementof

is addeckto the

Thisrewrite is tried last.

The factorednodewill have variablemultiplicity, i.e.
therewritten templatewill recognizea supersebf thelan-
guagerecognizedy theoriginaltemplate Also, duplicate
alternatvesareremovedfrom the polymorphism.

Thisrule contributesto thetransformatiorinto alinear
template. It alsorepresents choice-pointin the rewrite
procedurethusgeneratinga searchfor a valid dispensa-
tion order The purposeof the heuristicis to favor shorter
dispensatiomrdersoverlongerones.

Fig. 3shavsanexamplewherethisrule produceghree
differentrewritesfrom onetemplate.

3.7 Con uence and Termination

ThefactthattheOrderingRuleis non-deterministieneans
that the rewrite proceduregeneratesa searchtree with
choice-pointorrespondingo alternatve rewrites by the
OrderingRule. Eachleaf of the searchtree corresponds
to a linear template,which can be seenas a regular ex-
pressionrecognizingary stringthatis recognizecby the
input template . Neverthelessijt is meaningfulto con-
sidercon uenceandterminationwithin a givenbranchof
the searchtree, from the root to a leaf. Within a given
branch,eachapplicationof the OrderingRuleis commit-
tedto oneparticularchoice. We summarizeheseproper
tiesin Prop.1.

Proposition1 For a givenbrand of the seach treg the
rewrite systems con uentandterminating

Proof.

Con uence. Trivial, sinceall rules are mutually exclu-
sive,and is aspeci c polymorphism.

Termination. Thegoalof therewrite systemis to rewrite
the con guration until only one alternatve of re-
mains. We will shaw that this is alwaysdonein a
nite numberof steps.Considerrst theeffectof the
rulesonthetemplate:

Absorptioncanbe appliedasthe very rst step
in a branch, and may also be applicableaf-
ter a Productof two polymorphismshat both
containthe empty sequenceas an alternatve.
So the numberof applicationsof Absorption
is boundedabove by the numberof polymor

phisms.
Distribution, ProductandOrdering(case2) in-
corporate into .

FactoringandOrdering(casel) decreastheto-
tal sizeof andemitonenodeinto
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Figure3: Rewrite Rules

Since is nite andnevergrows,andthe numberof
applicationsof Absorptionis bounded, canonly be
expandeda nite numberof times. After its lastex-
pansionjt takesatmost  applicationf Factoring
andOrdering(casel) to reachterminationwhere

is thetotal numberof nodesof .

4 SeparationChecker

Theinput of thechecleris a candidatedispensatiorrder

andaset of alleles,for onerewritten variableregion.
In this section,we will describehow to testwhether is
separating.The descriptionwill assumesamplesrom a
diploid genomebut themethodcanbereadilygeneralized
to general -ploid genomesseeSect.7.

First, assumethat and We sim-

ulate the Pyrosequencingeactionon eachelementof

wrt. , obtainingan matrix , where
Then,we checkif the equation
hasary non-trivial solutionfor .
This is implementedby introducinga matrix  of

0/1-variables posingthe constraintsystent:

if
otherwise
if
otherwise 1)
if
otherwise
if
otherwise

4The rst ve constraintsarefor breakingsymmetries.

If asolutionis found,it meanghattheallelecombinations

and will yield identicalsuperimposedis-
togramsfor . This violatesthe separatiorproperty if
thesecombinationgepresentlistinct genotypes.Thatis
the caseiff thereexistsa suchthat:

)

If sucha exists,we saythat is awitness
to thefactthat is non-separatingandthe rewrite proce-
durebacktrackgo themostrecentapplicationof Ordering
Rule,trying analternatve rewrite.

5 NogoodGeneration

Having encountered deadend,i.e. adispensatiomrder
thatis non-separatingvrt. a givenwitness,we would like
toavoid nding in thefutureotherdispensatiomrdersthat
arealsonon-separatingrt. thesamewitness.To thisend,
we captureghedeadendjustencountereéh anogood and
in theFactoringandOrderingrules,we checkthatthepar
tial dispensatiorderproducedsofardoesnotmatcharny
nogood.Nogoodrecording(Schiex & Verfaillie 1994)is a
known techniquefor pruningthe searchireein backtrack
searchlt is well known thatnogoodsshouldbeasgeneral
aspossiblein orderto bemaximally effective.

Our rst nogoodgeneratiorschemés basednthefact
that certainpre xes of may alsobe non-separating.
We capturethis ideain thefollowing proposition:

Proposition2 Let beadispensatiormrdersatisfying(1)
and(2) for alleles andpolymorphism . Then
for anypre x  of satisfyingthe following conditions,
anydispensatiororder beginningwith  alsosatis es(1)

and(2) for and .
beginsafter polymorphism
beginsafter polymorphism
begginsafter polymorphism
baginsafter polymorphism
Proof.

1. From (1), we have thatthe incorporatecpartsof the
allelesyield identicalsuperimposedlistograms.



2. Themultisetformedby theunincorporategartsof
and equalsthe multisetformedby the unincorpo-
ratedpartsof and , andsoary continuatiorof
will yield identicalsuperimposedthistogramdor the
givenwitness.

|

Thus, as a rst nogood generationrule, we could
searchfor the shortestpre x ~ for which the conditions
of Prop.2 hold. However, we can do betterthan that.
Given suchan , we obsenre that a dispensatiororder

will also be non-separatingrovided that  yields
the samesequencef peaksfor the withessalleles,pos-
sibly interspersedwith zero-heightpeaks. Namely if

where isasequencef nucleotides
suchthateach will generatezero-heightpeaksfor the
witnessalleles.How canwe compute ? Let  denote

considerthe setof exposednucleotidesafterthe  dis-
pensatiorof :
We have thatthe nucleotideghatmayoccurin  areex-

actly thosethatdon't occurin .
We arenow readyto presentinimprovednogoodgen-
erationrule in thefollowing proposition:

Proposition3 Let beadispensatiomrdersatisfying(1)
and(2) for alleles andpolymorphism . Let
bea pre x of satisfyingthe conditionsof Prop. 2. Then
any dispensatiororder  geneiated by the regular ex-
pression whee

alsosatis es(1) and(2) for and .

Proof. By constructionthe  will generatezero-
heightpeaksfor thewitnessalleles. d

Thus, eachnogoodis computedas a regular expres-
sion,or for ef ciency, asthe correspondingnite automa-
ton. In eachapplicationof OrderingRule,therule checks
thatthe dispensatiororder obtainedfrom the rewritten
templateis notrecognizedy any nogood.

Example 2
Consider:

Originaltemplate:
Tentative rewrittenlineartemplate:

Tentatve dispensatiomrder : CACT
and

Alleles corresponding

T

histograms:

oOUDWNRE
WNWN BANO
RPNOROR P>
oococoorD
RPRPNNPR P

is notseparatingfor allelecombinations and
yield identical superimposedhistogramsand

for the polymorphism we have that:

CAisapre x of satisfyingtheconditionsof Prop.2,

witness:
|C A
214 0 CCCCT T T
32 1 CCATT ATT TT
413 0 CCCTT TT TT
6|3 1 CCCAT AT T

Regularexpressiorconstructediccordingo Prop.3:

|

Thefollowing examplecompareshetwo nogoodgen-
erationscheme®noneexampletakenfrom areal-lifetest
suite.

Example 3
Giventemplate:

No separatinglispensatiororder exists for this tem-
plate. Thefollowing tableshavs for thetwo schemesthe
numberof nogoodsgeneratedthe numberof timesthat
a partialdispensatiomrderwasfoundto matchsomeno-
goodresp.not matcharny nogood,andthe total execution
time:

| By Prop.2 By Prop.3
2

# nogoodsgenerated 1095

# somenogoodmatched 10189 12430

# no nogoodmatched 26565 10644

executiontime (msec) 242000 4500
|

6 Search Procedure

We couldlet the searchproceduresimply performaback-
track searchover all possiblerewrites, stoppingas soon
asa separatinglispensatiororderis found. However, we
would liketo nd adispensatiororderthatis asshortas
possible. Recallthat the OrderingRule tries the rewrite
thattendsto give the shortestdispensatiororder rst. So
we would like to minimize the numberof timesthat the
OrderingRuleis allowedto try a non- rst rewrite on ary
branch. This ideais tantamounto Limited Discrepang
Search(Harvey & Ginsbeg 1995). In Alg. 1, we shav
how this canbedone.

The procedureperformsa searchwith a
givendiscrepang limit , boundingthe numberof times
thatthe OrderingRuleis allowedto try anon- rst rewrite.
Theapplicationof thatrule online 8 will createa choice-
point. The backtrack statemenbn line 17 will make the
procedurebacktrackto the mostrecentlycreatedchoice-
point, causingtherule to try anotherewrite.

The procedurecalls with stepwise
increased , until eitherasolutionis found,or thediscrep-
ang limit is notreachedThroughouthesearchnogoods
areaccumulate@ndhelpprunethesearchree.

7 Futur e and Related Work

In order to generalizethe handling of the separation
propertyfrom diploid to -ploid genomesthe following
straightforvardchangeseedto be made:

1. Witnessesnustconsistof
phism.

allelesanda polymor

2. In the constraint system (1), we need variables
and anda matrix

3. Theconstraintg1) and(2), thede nition of , and
Propositions2 and 3 must be generalizedo taking
and into account.



PROCEDURE
1: eraseaall nogoodsandcandidateorders
2:
3. while do
4. if thediscrepang limit wasreachedhen
5:
6. else
7 warning: no separatinglispensatiororder
8: the rst savedcandidateorder
9: return
PROCEDURE
1: loop
2. rewrite into usingall rulesbut OrderingRule
3. if  containsapolymorphismthen
4 if then
5 applyOrderingRuleto  giving
6: trying the rst rewrite only
7 else
8: applyOrderingRuleto  giving
9: trying ary rewrite
10:
11: elseif isseparatinghen
12:
13: return
4.  else
15: sase asacandidateorder
16: computeandasseranogood
17: backtrack

Algorithm 1: Rewriting avariableregion

As an extensionof the work reportedherein,we have
used a constraint programmingapproach(Hentenryck
1989) to solve the problemof multiplexed analysis,i.e.
generatinga single dispensatiororder for multiple input
templateglescribingamixtureof samplesThisis doneby
melging dispensatiororderscomputedby our algorithm
in sucha way thatthe ability to genotypeeachsampleis
retained.

Our algorithmis the successoof anotheralgorithm,
whichhandledSNPsandindels,but notgenerainputtem-
plates.The previousalgorithn? canroughly be described
asa greedyalgorithm. It did not decompos¢he problem
into (i) computingindividual dispensatiorordersand (i)
multiplexing them. Our algorithmhasbeenencapsulated
into a Pyrosequencingoftwaremodule.

8 Conclusion

We have describeda dispensatiororder generatioralgo-
rithm for genotypingusing the Pyrosequencingnethod.
Theinputtemplateof thealgorithmis a slightly restricted
regular expressionver the DNA stringsthat canoccur
in agivensample.Thealgorithmcomputes dispensation
orderthatallows for determiningfor eachpolymorphism
in theinputtemplate the genotypeof ary sample.

We conjecturewithoutproofthatif avalid dispensation
orderexists, thealgorithmwill nd it.

The algorithmhasthe structureof a non-deterministic
rewrite systemwhich givesriseto a searchree.We have
shavn thatwithin any branchof thesearchree therewrite
systemis con uent andterminating.We prunethe search
treeby usingastrongnogoodgeneratoiwhichgeneralizes
non-separatinglispensationordersinto regular expres-
sions.We focusthesearcHor shortdispensatioordershy
usinglimited discrepang search.The algorithmwasim-
plementedn SICStusProlog(Carlssoretal. 1995), mak-
ing heavy useof Prolog'suniquecapabilitiefor backtrack
searchdynamicpredicatesandsymboliccomputation.

We describedhe algorithmassumingsamplesrom a
diploid genome andthenshoved how to generalizdt to

5A proprietary unpublishecalgorithm.

general -ploid genomes.We outlined how to extendit
to multiplexed analysisand brie y comparedt with an
existing algorithm.
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