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Abstract

This article describesa dispensationordergenerational-
gorithmfor genotypingusingthePyrosequencingmethod.
Theinput templateof thealgorithmis a slightly restricted
regular expressionover the DNA stringsthat canbe ex-
pectedin a givensample.Thealgorithmcomputesa dis-
pensationorderthatallowsfor determining,for eachpoly-
morphismin theinput template,thegenotypeof any sam-
ple.

Thealgorithmhasthestructureof a non-deterministic
rewrite system,whichgivesriseto asearchtree.Weshow
thatwithin any branchof thesearchtree,therewrite sys-
tem is con�uent andterminating. We usenogoodgener-
ation andlimited discrepancy searchto prunethe search
treeandto focusthesearchfor shorterdispensationorders
beforelooking for longerones.

The algorithm as describedherein assumessamples
from a diploid genome,but canreadilybegeneralizedto
general

�

-ploid genomes.

Keywords: SequenceAnalysis, SNP Analysis, Rewrite
Systems,NogoodGeneration.

1 Intr oduction

The Pyrosequencingsequencingmethod was devel-
oped (Nyrén, Pettersson& Uhlén 1993, Ronaghi,
Karamohamed,Pettersson,Uhlén & Nyrén 1996, Ron-
aghi,Uhlén& Nyrén1998)basedon thecombinationof
four enzymes:(i) polymerase(bacterial),(ii) sulphurylase
(yeast),(iii) luciferase(�re�y) and(iv) apyrase(potato).
In this way, the incorporationof a speci�c nucleotidecan
bequantitatively detectedasvisible light; seeFig. 1.

Assumingamonoploidinputsample,eachcycleof the
methodproceedsasfollows1: A speci�c nucleotideis dis-
pensed,i.e.addedto thereaction,andis incorporatedinto
astrandof DNA if it matchesthecurrentbaseof theinput
strand. If it matchesa stretchof � bases,it is incorpo-
rated � times. Eachincorporationevent is accompanied
by emissionof visible light with energy proportionalto
theamountof incorporatednucleotide,i.e. to � , thenum-
berof matchedbases.Thiscontributesonepeakof height

� to a histogramcapturingtheoutcomeof thereaction.
Fig. 1 givestheimpressionthatthenucleotidesshould

be dispensedin a cyclic order. While this is appropri-
atefor completelyunknown sequences,it is verywasteful
in termsof reagentsandthroughputfor singlenucleotide
polymorphism(SNP)analysis,whereall but thepolymor-
phic part(s)of the input sequenceis known. Hence,an
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algorithmthat cangeneratea customdispensationorder
for a speci�c SNPtemplateis of greatpracticalvalue.

In this article, we will develop suchan algorithmfor
generalizedSNPanalysis:it handlespolymorphismsover
sequencesof nucleotidesratherthansinglenucleotides,as
well astemplatescontainingmultiple polymorphisms.In
fact,a templatecanbeseenasa somewhatrestrictedreg-
ular expression,which recognizesa language(generates
a setof alleles). The generalideaof the algorithmis to
transforman input template � into a dispensationorder

� , so that it allows any sampledescribedby � to be un-
ambiguouslygenotyped2. This requirementwill bemade
moreprecisein Sect.3.

Example1
Supposethatwearegiventheinput template3
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which contains 4 polymorphismsgenerating24 alle-
les. A dispensationorder � for this template is
CACAGATGATATC. Assumingthatwe aredealingwith a
diploid genome,� admitsunambiguousgenotyping,for:

It can be shown that for any two pairs of al-
leles

�! �"$#%�

and
�

�

"	&��

, either the superimposed
histogramfor

�! �"$#%�

is distinct from the super-
imposedhistogramfor

�

�

"	&��

, or, for eachpoly-
morphism,themultisetof alternativespresentin

�
 �"'#(�

equalsthemultisetof alternativespresent
in

�

�

")&'�

.

Considere.g. the allele pairs
�!*
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.
They are distinct pairs but representthe samegenotype
consideringone polymorphismat a time. So the fact
thatthepairsyield identicalsuperimposedhistograms(see
Fig. 2) doesnot causeany ambiguity.

How can we arrive at a dispensationorder � from a
templatecontainingalternatives? We have taken the ap-
proachof a rewriting system,the goal of which is to re-
moveall disjunctionswhile preservingthelanguagebeing
recognizedaswell asensuringthattheobtained� is sepa-
rating.Thealgorithmconsistsof four components:

4 A rewrite system.
4 A checker thattestswhether� is separating.
4 A generatorof nogoodsto helpavoid non-separating

dispensationorders.
4 A searchprocedure.
2In this case,5 is calledaseparatingdispensationorder.
3The templatenotation is a variant of regular expressionsand is de�ned in

Sect.2.



Figure1: ThePyrosequencingmethod.A sampleis analyzedwrt. a cyclic dispensationorderAGTCAGTC...Assuming
a monoploidsample,thesequenceCTGCTTAA is obtained.

C A C A G A T G A T A T C
6
7 1 2 0 0 0 0 1 0 1 2 0 0 1
6�8 1 1 1 0 0 0 1 1 0 1 1 2 1
6�9 1 1 1 0 0 0 1 0 1 2 0 0 1
6(: 1 2 0 0 0 0 1 1 0 1 1 2 1

6
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Figure2: Allelesandhistograms

The rest of the article is structuredas follows: in
Sect.2, we de�ne somenecessarynotionsandnotations;
Sect.3 de�nesa rewrite systemfor templates;Sect.4 de-
scribeshow to checktheseparationproperty;Sect.5 de-
scribesthenogoodgenerator;Sect.6 givesthesearchpro-
cedure;Sect.7 discussesrelatedwork and future direc-
tions.Finally, weconclude.

2 Preliminaries

We will need the following notation: sequenceis de-
notedby juxtaposition;? denotestheemptysequence;al-
ternatives are separatedby @ ; A B

7�C

B

8
C�D�D�D E denotesa list;

FGF�H

7
C

H

8�C�D�D�DJIGI denotesa multiset; parenthesesare used
for grouping.

For a matrix K , KML denotesthe N�O
P row, and KRQ

S de-
notesthe T1O
P column. For two vectorsU

7 and U

8 , U

7WV

U

8

denotestheir scalarproduct.
A DNA stringor simplystringis asequenceof thefour

nucleotidesX

C)YZC	[\C)] . For a string 6 , ^
_	`2a�b

6dc denotesits
�rst nucleotide.

A nodeegf denotesa stretchof h nucleotidese , where
h is an integer if hjilk is �x ed,or m otherwise.A linear
templateis a possiblyemptysequenceof nodeswhereno
adjacentnodeshavethesamenucleotide.A polymorphism
is a numberof alternative linear templates.A constituent
is a nodeor a polymorphism. A templateis a sequence
of constituents.An input templateis a templatein which
all nodeshave�x edmultiplicity. For atemplate

H

, ^
_	`2anb

H

c

( oqpG`2anb

H

c ) denotesits �rst (last)constituent.
A dispensationorderis obtainedfrom alineartemplate

by takingthenucleotidesequence,ignoringthemultiplic-
ities. A dispensationorder r is separating if for eachsam-
plerecognizedby thegiveninputtemplate

H

, thefollowing
propertyholds:

For eachpolymorphisms of
H

, r allows for de-
terminingwhichalternativesof s actuallyoccur
in thesample.

Given a dispensation order r and a string 6 ,
t�u�vxw1t

a�b
r

C

N

C26dc denotesthe height of the N�O
P peakof the
histogramobtainedfrom the Pyrosequencingreactionon

6 wrt. r ; and _

u

`�b
r

C

N

C26dc denotestheresidueof 6 , i.e. the
possiblyemptyunincorporatedsuf�x of 6 , after comple-
tion of the N$O
P cycleof thereactionwrt. r .

3 The Rewrite System

The goal of the rewrite systemis to transformthe input
template

H

into a linear one. This is doneby applying
a rewrite procedure multiple times, until

H

is linear. In
eachiteration,oneor morepolymorphismsarerewritten
away. Eachiteration rewrites the templatefrom a form

y{z}|

to a form
y{z{~J|

where
y

and
|

areleft unchanged
by theprocedure,and

y

and
z•~

arelinear templates.For
thedispensationorder r obtainedfrom

z•~

, the following
propertiesmusthold:

In-phase. For any allele 6 generatedby
z

, the Pyrose-
quencingreactionwrt. r will fully incorporate6 but
will not incorporateany nucleotideof any allelegen-
eratedby

|

.

Separation. r is separating.

Optimality . Preferably, r is asshortaspossible.

3.1 The Rewrite Procedure

Therewrite procedureis concernedwith avariableregion
of thetemplate(

z

above).A variableregioninitially con-
sistsof a singlepolymorphism.During therewrite proce-
dure,the variableregion may engulf onenodeof its left
context, andseveralconstituentsof its right context.

The rewrite procedureoperateson the con�guration
€

y

C)•(C

|

C	‚„ƒ where• is thepolymorphismto beeliminated,
y

is alineartemplate,
|

is atemplate,and‚†…

F

‚

L

I is the
setof allelescorrespondingto thevariableregion. Each‚

L

is a list of stringsandis interpretedasthealleleformedby



concatenatingits strings.Each ‡‰ˆ hasthesamenumberŠ

of strings.Eachindividualstring ‡ ˆŒ‹ ariseseitherfrom an
alternativeof somepolymorphism,or from a singlenode.
Initially, ŠŽ•R• andeach‡ ˆ/• is thestringarisingfrom one
alternativeof ‘ . Severalexamplesareshown in thesecond
columnof Fig. 3.

‡ is usedby the separationchecker. For a �x ed ’ ,
“G“

‡„ˆŒ‹�”1” is themultisetof stringsarisingfrom the ’%•
– con-
stituentof thevariableregion.

There are four deterministic rules and one non-
deterministicone. The rules are applieduntil the poly-
morphismhasa singlealternative, which is the termina-
tion criterionfor theprocedure.Thein-phaserequirement
canbe handledincrementally, whereasthe separationre-
quirementcanonly be checked at the endof the rewrite.
Wewill now describeeachrule. Therulesaresummarized
in Fig. 3.

3.2 Absorption Rule

Appliesif wearein oneof thefollowing cases,where— is
a nodewith thesamenucleotideas ˜š™1›-œn•
ž{Ÿ :

 

— is the�rst nodeof somealternativeof ‘ .
 

— is ¡
¢�›-œ�•�£}Ÿ and ‘ containstheemptysequence.

Then ˜q™G›2œn•�ž{Ÿ is distributedinto eachalternative. Also, the
string arisingfrom ˜q™G›2œ�•
ž{Ÿ is addedto the front of each
elementof ‡ . This rule is language-preserving.

The motivation of this rule is to ensurethe in-phase
property, and in particularthe basicfact that eachcycle
in the Pyrosequencingreactionincorporatesa maximal
stretchof a givennucleotide.

3.3 Distrib ution Rule

Applies if theAbsorptionRule doesn't apply andwe are
in oneof the following cases,where — is a nodewith the
samenucleotideas ¡
¢�›2œn•
£}Ÿ :

 

— is thelastnodeof somealternativeof ‘ .
  Oneof the alternativesof ‘ contains— , andanother

oneis theemptysequence.

Then ¡
¢�›-œ�•�£}Ÿ is distributed into eachalternative. Also,
the string arising from ¡
¢�›-œ�•
£}Ÿ is addedto the back of
eachelementof ‡ . This rule is language-preserving.

The motivation of this rule is to ensurethe in-phase
property.

3.4 Product Rule

Applies if noneof theabove rulesappliesand ¡
¢�›-œ�•
£}Ÿ is
a polymorphism. Then ‘ and ¡
¢	›2œn•�£}Ÿ arereplacedby a
singlepolymorphismover all combinationsof their alter-
natives. A new ‡ is obtainedby addingthestringarising
from everyalternativeof thesecondpolymorphismto ev-
eryelementof ‡ . This rule is language-preserving.

The motivation of this rule is to ensurethe in-phase
property. A careful analysiscould perhapsreveal cases
wherein-phasecould be preservedwithout applyingthis
rule.

3.5 Factoring Rule

Appliesif noneof theabove rulesappliesandall alterna-
tivesof thepolymorphism‘ begin with nodeswith acom-
monnucleotide,which is factoredout into a nodeplaced
in front of ‘ . Thefactorednodemayhave variablemulti-
plicity, i.e.therewrittentemplatemayrecognizeasuperset
of the languagerecognizedby theoriginal template. ‡ is
unchanged.Also, duplicatealternativesareremovedfrom
thepolymorphism.

This rulecontributesto thetransformationinto a linear
template.

3.6 Ordering Rule

Appliesif noneof theotherrulesapplies.Oneof thefol-
lowing rewritesis done:

1. If somealternatives begin with nodeswith a com-
mon nucleotide,then it is factoredout into a node
placedin front of ‘ . This rewrite is tried for eachnu-
cleotidethatoccursin at leastoneleadingnode.The
nucleotidethatstartsthe longest(in termsof nodes)
alternative is tried �rst. ‡ is unchanged.

2. If the ’1•
– alternative is theemptysequence,then:

(a) ¡
¢	›2œn•�£}Ÿ is distributedinto eachalternative.

(b) Thesinglenodeof the ’%•
– alternativeis factored
outandplacedin front of ‘ .

(c) Thestringarisingfrom ¡
¢�›-œn•
£}Ÿ is addedto the
backof eachelementof ‡ .

This rewrite is tried last.

The factorednodewill have variablemultiplicity, i.e.
therewrittentemplatewill recognizeasupersetof thelan-
guagerecognizedby theoriginaltemplate.Also,duplicate
alternativesareremovedfrom thepolymorphism.

Thisrulecontributesto thetransformationinto alinear
template. It alsorepresentsa choice-pointin the rewrite
procedure,thusgeneratinga searchfor a valid dispensa-
tion order. Thepurposeof theheuristicis to favor shorter
dispensationordersover longerones.

Fig.3 showsanexamplewherethisruleproducesthree
differentrewritesfrom onetemplate.

3.7 Con�uence and Termination

ThefactthattheOrderingRuleisnon-deterministicmeans
that the rewrite proceduregeneratesa searchtree with
choice-pointscorrespondingto alternative rewritesby the
OrderingRule. Eachleaf of the searchtreecorresponds
to a linear template,which canbe seenasa regular ex-
pressionrecognizingany string that is recognizedby the
input template ¤ . Nevertheless,it is meaningfulto con-
sidercon�uenceandterminationwithin a givenbranchof
the searchtree, from the root to a leaf. Within a given
branch,eachapplicationof theOrderingRule is commit-
tedto oneparticularchoice.We summarizetheseproper-
tiesin Prop.1.

Proposition1 For a givenbranch of thesearch tree, the
rewrite systemis con�uentandterminating.

Proof.

Con�uence. Trivial, sinceall rules are mutually exclu-
sive,and ‘ is a speci�c polymorphism.

Termination. Thegoalof therewrite systemis to rewrite
the con�guration until only onealternative of ‘ re-
mains. We will show that this is always donein a
�nite numberof steps.Consider�rst theeffectof the
ruleson thetemplate:

  Absorptioncanbeappliedasthevery �rst step
in a branch, and may also be applicableaf-
ter a Productof two polymorphismsthat both
containthe empty sequenceas an alternative.
So the numberof applicationsof Absorption
is boundedabove by the numberof polymor-
phisms.

  Distribution, ProductandOrdering(case2) in-
corporate¡
¢�›2œ�•
£}Ÿ into ‘ .

  FactoringandOrdering(case1) decreasetheto-
tal sizeof ‘ andemit onenodeinto ž .



Rule Template Rewritten Template
¥

Rewritten
¥

Absorption ¦
§�¨
¦�§�©�ª�§�«�¬
§ ¨
¦(­{©�¦�§�ª�§�«-¬
§

®%¯

¦G°$±

¯

ª1°�²

®(¯

¦Z±)¦1°$±

¯

¦Z±)ª1°�²

Absorption ¦�§�¨
³�©�ª�§�«-¦�§ ¨
¦�§�©�¦�§�ª�§�«2¦�§

®%¯

³2°$±

¯

ª1°�²

®(¯

¦Z±)³)°$±

¯

¦Z±)ª1°�²

Distribution ¬\§�¨
¦�§�©�ª�§�«-ª�§�´
§ ¬�§�¨
¦�§�ª�§�©�ª(­�«-´
§

®%¯

¦G°$±

¯

ª1°�²

®(¯

¦Z±)ª1°$±

¯

ªZ±)ª1°�²

Distribution ¬ § ¨�³µ©G¦ § ª § ¦ § «-ª § ´ § ¬ § ¨
ª § ©�¦ § ª § ¦ § ª § «�´ §

®%¯

³)°'±

¯

¦(ª(¦1°�²

®%¯

³�±	ª1°'±

¯

¦(ª(¦Z±)ª1°�²

Product ¬
§�¨
¦�§}©�ª�§�«�¨�³µ©�ª�§�´
§�«�¬
§ ¬
§�¨
¦�§�©�¦�§�ª�§�´
§�©�ª�§�©�ª(­�´
§�«�¬
§

®%¯

¦G°$±

¯

ª1°�²

®(¯

¦Z±)³)°$±

¯

¦Z±)ª%´%°'±

¯

ªZ±)³)°$±

¯

ªZ±)ª%´%°�²

Factoring ´ § ¨
¦ § ´ § ©�¦ ­ ª § ©�¦ § ª § «-¦ § ´ § ¦�¶G¨!´ § ©�ª § «-¦ §

®%¯

¦1´%°$±

¯

¦(¦%ª1°$±

¯

¦(ªG°'²

®(¯

¦%´%°'±

¯

¦(¦(ª1°'±

¯

¦(ª1°'²

Ordering ´ § ¨�³µ©G¦ § ©G¦ ­ ´ § ¦ § ©�ª § ¦ § «-¬ § ´ § ¦�¶�¨�³�©�´ § ¦ § ©�ª § ¦ § «�¬ §

®%¯

³)°'±

¯

¦1°$±

¯

¦%¦%´�¦1°'±

¯

ª(¦1°'²

®%¯

³2°$±

¯

¦1°'±

¯

¦(¦%´�¦1°'±

¯

ª(¦1°�²

Ordering ´ § ¨�³µ©G¦ § ©G¦ ­ ´ § ¦ § ©�ª § ¦ § «-¬ § ´ § ª�¶�¨�³�©�¦ § ©�¦ ­ ´ § ¦ § «�¬ §

®%¯

³)°'±

¯

¦1°$±

¯

¦%¦%´�¦1°'±

¯

ª(¦1°'²

®%¯

³2°$±

¯

¦1°'±

¯

¦(¦%´�¦1°'±

¯

ª(¦1°�²

Ordering ´ § ¨�³µ©G¦ § ©G¦ ­ ´ § ¦ § ©�ª § ¦ § «-¬ § ´ § ¬
¶�¨�³µ©�¦ § ¬ § ©�¦ ­ ´ § ¦ § ¬ § ©�ª § ¦ § ¬ § «

®%¯

³)°'±

¯

¦1°$±

¯

¦%¦%´�¦1°'±

¯

ª(¦1°'²

®(¯

³n±)¬1°$±

¯

¦Z±2¬%°$±

¯

¦%¦%´�¦Z±2¬%°$±

¯

ª%¦Z±)¬1°'²

Figure3: Rewrite Rules

Since · is �nite andnevergrows,andthenumberof
applicationsof Absorptionis bounded,̧ canonly be
expandeda �nite numberof times. After its lastex-
pansion,it takesatmost © ¸�© applicationsof Factoring
andOrdering(case1) to reachtermination,where © ¸�©

is thetotalnumberof nodesof ¸ .

4 SeparationChecker

Theinput of thechecker is a candidatedispensationorder
¹ anda set

¥

of alleles,for onerewritten variableregion.
In this section,we will describehow to testwhether ¹ is
separating.The descriptionwill assumesamplesfrom a
diploid genome,but themethodcanbereadilygeneralized
to generalº -ploid genomes;seeSect.7.

First, assumethat ©

¥

©�»½¼ and ©

¹

©�»½¾ . We sim-
ulate the Pyrosequencingreactionon eachelementof

¥

wrt. ¹ , obtaining an ¼R¿À¾ matrix Á , where ÁÃÂÅÄÆ»

Ç�È�ÉšÊGÇ%Ë

¨

¹

±'Ì1±

¥

Â
« .

Then,we checkif theequationÁÎÍqÏ>ÐÑÁ=ÍxÒÓ»ÔÁÎÕ)Ï>Ð

Á
Õ

Ò hasany non-trivial solutionfor Ö

§

±	Ö

­

±2×

§

±)×

­ÓØ

¯JÙ

±2¾W° .
This is implementedby introducinga ÚÛ¿Ü¼ matrix Ý of
0/1-variables,posingtheconstraintsystem4:

Ö

§ßÞ

Ö

­

Ö

§ßà

×

§

×

§áÞ

×

­

Ö

­ãâ

» ×

§

Ö

­ãâ

» ×

­

Ý

§)ä

»

å

Ù

± if æ.»çÖ

§

è

± otherwise

Ý

­�ä

»

å

Ù

± if æ.»çÖ

­

è

± otherwise

Ýµé

ä

»

å

Ù

± if æ.»Ñ×

§

è

± otherwise

Ýëê

ä

»

å

Ù

± if æ.»Ñ×

­

è

± otherwise
Ý

§íì

Áïî

§

ÐÃÝ

­ðì

Áïî

§

» Ý
é

ì

Áïî

§

ÐÃÝ
ê

ì

Áïî

§...
Ý

§íì

Áïî

ñ

ÐÃÝ

­ðì

Áïî

ñ

» Ý
é

ì

Áïî

ñ

ÐÃÝ
ê

ì

Áïî

ñ

(1)

4The�rst � veconstraintsarefor breakingsymmetries.

If asolutionis found,it meansthattheallelecombinations
¨�Ö

§

±)Ö

­

« and ¨!×

§

±)×

­

« will yield identicalsuperimposedhis-
togramsfor ¹ . This violatesthe separationproperty, if
thesecombinationsrepresentdistinct genotypes.That is
thecaseiff thereexistsa ò suchthat:

®G®

¥

ÍšÏ
ó�±

¥

ÍJÒ�ó%²1²

â

»

®G®

¥

Õ)Ï�ó�±

¥

Õ-Ò�ó%²1² (2)

If sucha ò exists,we saythat ¨�Ö

§

±	Ö

­

±)×

§

±)×

­

±
òô« is a witness
to thefactthat ¹ is non-separating,andtherewrite proce-
durebacktracksto themostrecentapplicationof Ordering
Rule,trying analternativerewrite.

5 NogoodGeneration

Having encounteredadeadend,i.e.adispensationorder ¹

thatis non-separatingwrt. a givenwitness,we would like
to avoid �nding in thefutureotherdispensationordersthat
arealsonon-separatingwrt. thesamewitness.To thisend,
wecapturethedeadendjustencounteredin anogood, and
in theFactoringandOrderingrules,wecheckthatthepar-
tial dispensationorderproducedsofardoesnotmatchany
nogood.Nogoodrecording(Schiex & Verfaillie 1994)is a
known techniquefor pruningthesearchtreein backtrack
search.It is well known thatnogoodsshouldbeasgeneral
aspossiblein orderto bemaximallyeffective.

Our�rst nogoodgenerationschemeisbasedonthefact
that certainpre�xes ¹�õ of ¹ may alsobe non-separating.
We capturethis ideain thefollowing proposition:

Proposition2 Let ¹ bea dispensationordersatisfying(1)
and(2) for alleles Ö

§

±)Ö

­

±2×

§

±)×

­

andpolymorphismò . Then
for any pre�x ¹

õ of ¹ satisfyingthe following conditions,
anydispensationorderbeginningwith ¹

õ alsosatis�es(1)
and(2) for Ö

§

±)Ö

­

±)×

§

±2×

­

and ò .

ö

·µÍšÏð»ç÷

Ènø

¨

¹
õ

±�©

¹
õ

©Å±

¥

ÍšÏ�« beginsafter polymorphismò

ö

·µÍJÒù»ç÷

Ènø

¨

¹
õ

±�©

¹
õ

©Å±

¥

ÍJÒn« beginsafter polymorphismò

ö

·
Õ

Ïð»ç÷

Ènø

¨

¹
õ

±�©

¹
õ

©Å±

¥

Õ
Ï�« beginsafterpolymorphismò

ö

·
Õ

Òù»ç÷

Ènø

¨

¹
õ

±�©

¹
õ

©Å±

¥

Õ
Ò�« beginsafterpolymorphismò

ö

®1®

·µÍšÏ�±)·µÍJÒ�²G²µ»

®1®

·�Õ)Ïn±)·�Õ-Ò�²1²

Proof.

1. From(1), we have that the incorporatedpartsof the
allelesyield identicalsuperimposedhistograms.



2. Themultisetformedby theunincorporatedpartsof ú$û

and ú/ü equalsthemultisetformedby theunincorpo-
ratedpartsof ý�û and ý ü , andsoany continuationof þGÿ

will yield identicalsuperimposedhistogramsfor the
givenwitness.

Thus, as a �rst nogood generationrule, we could
searchfor the shortestpre�x þ�ÿ for which the conditions
of Prop. 2 hold. However, we can do better than that.
Given suchan þ�ÿ , we observe that a dispensationorder

þ�ÿ ÿ will also be non-separatingprovided that þGÿ ÿ yields
the samesequenceof peaksfor the witnessalleles,pos-
sibly interspersedwith zero-heightpeaks. Namely, if

þ ÿ ÿ��

�

û þ ÿ

û������

���

þ ÿ

� where��	 is asequenceof nucleotides
suchthat each��	 will generatezero-heightpeaksfor the
witnessalleles.How canwe compute� 	 ? Let




	 denote
considerthe setof exposednucleotidesafter the �
��� dis-
pensationof þ :




	

� �������
����������� þ��������! #"%$&$�')(

�������
����������� þ��������  +* $&$�')(

�������
����������� þ��������-,&"%$&$�')(

�������
����������� þ�������� ,
* $&$�'

We have thatthenucleotidesthatmayoccurin �.	 areex-
actly thosethatdon't occurin




	�/

û .
Wearenow readyto presentanimprovednogoodgen-

erationrule in thefollowing proposition:

Proposition3 Let þ bea dispensationordersatisfying(1)
and(2) for alleles ú

û
�	ú/ü0�2ý

û
�)ý�ü andpolymorphism1 . Let þGÿ

bea pre�x of þ satisfyingtheconditionsof Prop. 2. Then
any dispensationorder þGÿ ÿ generated by the regular ex-
pression �

�

û�2
þ�ÿ

û������

���

2
þ�ÿ

�43�3�3

$ where ��	

�5��6
�&78��9:�&;8'=<




	�/

û alsosatis�es(1) and(2) for ú�û>�	ú
ü

�2ý�û)�)ý
ü and 1 .

Proof. By construction,the �
	 will generatezero-

heightpeaksfor thewitnessalleles.
Thus, eachnogoodis computedas a regular expres-

sion,or for ef�ciency, asthecorresponding�nite automa-
ton. In eachapplicationof OrderingRule,therulechecks
that the dispensationorder þ obtainedfrom the rewritten
templateis not recognizedby any nogood.

Example 2
Consider:?

Original template:7

ü

��6

ûA@

7

û

$
�

7

ûB@

;

ûB@

6

û

$
;

û .
?

Tentative rewritten lineartemplate:7
2C6�2

7
2

;
2 .

?

Tentativedispensationorder þ : CACT.
?

Alleles and corresponding histograms:
� �

	 C A C T
1 D 7E78�

6
��78��;EF 2 1 1 1

2 D 7E78��7:��78��;EF 4 0 0 1
3 D 7E78�

6
�&;���;EF 2 1 0 2

4 D 7E78��7:�&;���;EF 3 0 0 2
5 D 7E78�

6
�

6
��;EF 2 2 0 1

6 D 7E78��7:�
6

��;EF 3 1 0 1
?

þ is notseparating,for allelecombinations�HG
��IJ$ and

��K
�&LJ$ yield identicalsuperimposedhistograms,and

for thepolymorphism��6

ûB@

7

û

$ we have that:

�M��6
��7:'M'

�N�M�
�

ü	ü
�&�PO

ü
'M'RQ

�S�M�
�-T

ü
�&�PU

ü
'M'

�N�J�
78�&7:'M'

?

CAis apre�x of þ satisfyingtheconditionsof Prop.2,
witness:

� C A �������
þ���VW�&�

	

$
�&�����

þ���XM���

	

$
�&�����

þ��
G

���

	

$

2 4 0 CCCCT T T
3 2 1 CCATT ATT TT
4 3 0 CCCTT TT TT
6 3 1 CCCAT AT T

?


ZY

�N� 7�'E�




û �S��6 ��;8' .
?

Regularexpressionconstructedaccordingto Prop.3:

��6

@

9

@

;W$

2

7 � 7

@

9[$

2

6

3�3�3

Thefollowing examplecomparesthetwo nogoodgen-
erationschemesononeexampletakenfrom areal-life test
suite.

Example3
Giventemplate:

��6

ûB@

7

ûB@

;

û

$ ��6

û\@

7

ûB@

;

ûB@

9

û

$ ��6

ûB@

7

ûB@

;

û

$

7

û

;

û

9

û

7

û

6

û

;

û

�^]

@

7

û

$�9

û

6

û

7

û

;

û

No separatingdispensationorder exists for this tem-
plate.Thefollowing tableshowsfor thetwo schemes:the
numberof nogoodsgenerated,the numberof times that
a partialdispensationorderwasfoundto matchsomeno-
goodresp.not matchany nogood,andthetotal execution
time:

By Prop. 2 By Prop. 3
# nogoodsgenerated 1095 2
# somenogoodmatched 10189 12430
# no nogoodmatched 26565 10644
executiontime (msec) 242000 4500

6 Search Procedure

Wecouldlet thesearchproceduresimplyperformaback-
track searchover all possiblerewrites, stoppingas soon
asa separatingdispensationorderis found. However, we
would like to �nd a dispensationorderthat is asshortas
possible. Recall that the OrderingRule tries the rewrite
that tendsto give theshortestdispensationorder�rst. So
we would like to minimize the numberof timesthat the
OrderingRule is allowedto try a non-�rst rewrite on any
branch. This ideais tantamountto Limited Discrepancy
Search(Harvey & Ginsberg 1995). In Alg. 1, we show
how this canbedone.

The �&��_=�&`a�&��b�cWd procedureperformsa searchwith a
givendiscrepancy limit e , boundingthenumberof times
thattheOrderingRuleis allowedto try anon-�rst rewrite.
Theapplicationof thatrule on line 8 will createa choice-
point. Thebacktrack statementon line 17 will make the
procedurebacktrackto the mostrecentlycreatedchoice-
point,causingtherule to try anotherrewrite.

The ����_=��`a�&� procedurecalls �&��_=�&`a�&��b�cWd with stepwise
increasede , until eitherasolutionis found,or thediscrep-
ancy limit is not reached.Throughoutthesearch,nogoods
areaccumulatedandhelpprunethesearchtree.

7 Futur eand RelatedWork

In order to generalizethe handling of the separation
propertyfrom diploid to f -ploid genomes,the following
straightforwardchangesneedto bemade:

1. Witnessesmustconsistof G
f allelesanda polymor-

phism.

2. In the constraint system (1), we need variables
ú
û)�

3�3�3

�	ú

� and ý�û0�

3�3�3

�)ý

� anda G
fhgji matrix k .

3. Theconstraints(1) and(2), thede�nition of



	 , and
Propositions2 and3 must be generalizedto taking

ú
û

�

3�3�3

�	ú

� and ý
û

�

3�3�3

�)ý

� into account.



PROCEDURE l�m�n=l�o+p�mMq^rJs�r>tvu

1: eraseall nogoodsandcandidateorders
2: wyx{z

3: while |�l&m�n=l&oap&m�}�~W•8qHrJs�r�tHs&w�u do
4: if thediscrepancy limit w wasreachedthen
5: w€x•wƒ‚…„

6: else
7: warning:noseparatingdispensationorder
8: r�t:x the�rst savedcandidateorder
9: return

PROCEDURE l�m�n=l�o+p�m�}�~W•�q^rJs�r>t�s�wEu=†�q�‡‰ˆWŠ^‹�Œ:s�•�Ž>•�ŒWu

1: loop
2: rewrite r into r�t t usingall rulesbut OrderingRule
3: if r�t t containsapolymorphismthen
4: if w‘•’z then
5: applyOrderingRuleto r>t t giving r ,
6: trying the�rst rewrite only
7: else
8: applyOrderingRuleto r>t t giving r ,
9: trying any rewrite

10: w€x•w\“’„

11: elseif r�t t is separatingthen
12: r�t:x•r�t t

13: return •�Ž)•PŒ

14: else
15: save r�t t asa candidateorder
16: computeandassertanogood
17: backtrack

Algorithm 1: Rewriting avariableregion

As anextensionof thework reportedherein,we have
used a constraint programmingapproach(Hentenryck
1989) to solve the problemof multiplexed analysis,i.e.
generatinga singledispensationorder for multiple input
templatesdescribingamixtureof samples.Thisis doneby
merging dispensationorderscomputedby our algorithm
in sucha way that theability to genotypeeachsampleis
retained.

Our algorithm is the successorof anotheralgorithm,
whichhandledSNPsandindels,but notgeneralinputtem-
plates.Thepreviousalgorithm5 canroughlybedescribed
asa greedyalgorithm. It did not decomposetheproblem
into (i) computingindividual dispensationordersand(ii)
multiplexing them. Our algorithmhasbeenencapsulated
into a Pyrosequencingsoftwaremodule.

8 Conclusion

We have describeda dispensationordergenerationalgo-
rithm for genotypingusing the Pyrosequencingmethod.
Theinput templateof thealgorithmis a slightly restricted
regular expressionsover the DNA stringsthat canoccur
in agivensample.Thealgorithmcomputesadispensation
orderthatallows for determining,for eachpolymorphism
in theinput template,thegenotypeof any sample.

Weconjecturewithoutproofthatif avaliddispensation
orderexists,thealgorithmwill �nd it.

Thealgorithmhasthestructureof a non-deterministic
rewrite system,whichgivesriseto a searchtree.We have
shownthatwithin any branchof thesearchtree,therewrite
systemis con�uent andterminating.We prunethesearch
treebyusingastrongnogoodgenerator, whichgeneralizes
non-separatingdispensationorders into regular expres-
sions.Wefocusthesearchfor shortdispensationordersby
usinglimited discrepancy search.Thealgorithmwasim-
plementedin SICStusProlog(Carlssonet al. 1995),mak-
ing heavy useof Prolog'suniquecapabilitiesfor backtrack
search,dynamicpredicates,andsymboliccomputation.

We describedthealgorithmassumingsamplesfrom a
diploid genome,andthenshowedhow to generalizeit to

5A proprietary, unpublishedalgorithm.

general ” -ploid genomes.We outlinedhow to extend it
to multiplexed analysisand brie�y comparedit with an
existingalgorithm.
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