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Abstract

In the relational data model (RDM), normal forms are con-
ditions for relation schemata that a database design should
satisfy to ensure an absence of processing difficulties with the
database. Omne prime example of such a normal form is the
Boyce-Codd normal form guaranteeing the absence of redun-
dancies and update anomalies caused by functional dependen-
cies (FDs).

Many different data models have been introduced over the
years trying to capture data beyond relational structures. The
success of those advanced data models will depend, in partic-
ular, on the study of normal forms. In fact, finding a unifying
framework and extending achievements of relational databases
to deal with advanced database features such as complex ob-
ject types are currently two major challenges in database design
(Biskup 1995, Biskup 1998).

Such a unifying approach, capturing various different data
models at a time, can be based on the type systems underlying
the various data models. In the present paper, we study nor-
malisation in the presence of base, record and finite list types.
Nested lists are used as a data structure whenever order mat-
ters. List types are therefore supported by many advanced
data models such as genomic sequence, deductive and object-
oriented data models including XML.

On the basis of a finite axiomatisation of FDs in the pres-
ence of lists the Nested List Normal Form (NLNF) is proposed
as a weaker normal form than BCNF. This proposal is seman-
tically justified by formally proving that NLNF is equivalent to
the absence of redundancy. Moreover, NLNF is equivalent to
the absence of strong insertion and most forms of replacement
anomalies, and sufficient for the absence of all types of update
anomalies.

Keywords: Advanced Data Models, Database Design,
Normalisation, Functional Dependencies, Lists

1 Introduction

1.1 Normalisation in Relational Databases

Relational database systems have evolved to an in-
dustry standard since their invention by E.F. Codd in
1970 (Codd 1970). This is a result of the simplicity
and the sound theoretical basis of the relational data
model (RDM). One important issue associated with
the use of relational databases is the correct struc-
ture or design of data to be used. Several criteria,
referred to as normal forms, have been proposed as
conditions for relation schemata that a database de-
sign should satisfy to ensure an absence of processing
difficulties with the database. These normal forms
give a database designer unambiguous guidelines in
deciding wich databases are good in the quest to avoid
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bad designs that have redundancy problems and up-
date anomalies. Such normal forms have already been
introduced in (Codd 1972) by Codd himself. In gen-
eral, they are dependent on the type of integrity con-
straints or rules which apply to data items within
the database. The most important class of integrity
constraints are functional dependencies (FDs) which
have been intensely studied since their introduction
in (Codd 1972). FDs cause difficulties such as re-
dundancy in the representation of data and update
anomalies. Codd proposed the Boyce-Codd normal
form (BCNF) in (Codd 1974) to overcome these dif-
ficulties. Intuitively, a relation schema is in BCNF
if it is in first normal form and the left-hand side of
each nontrivial FD in the given set of FDs is a su-
perkey for the relation schema with respect to this
set of FDs. Codd conjectured that BCNF is an exact
condition on a relation schema that avoids redundan-
cies and update anomalies. Later on, after the no-
tions of redundancy and update anomaly had been
clarified and formalised, it was shown in (Bernstein
& Goodman 1980), (Fagin 1981) and (Vincent 1994)
that this is indeed the case. Thus, BCNF is a com-
pletely justified normal form in that sense. This is
a big step towards automatically verifying whether
a relation schema is well-designed. Since BCNF is
a simple syntactic condition, the results above show
that the relation schema is indeed well-designed in the
sense that no redundancies and no update anomalies
in terms of FDs can occur.

1.2 Challenges with Advanced Data Models

Nowadays there is a need to store data beyond re-
lational structure, and many different advanced data
models have been proposed over the last years. First,
so called semantic data models have been developed
(Chen 1976),(Hull & King 1987), which were origi-
nally just meant to be used as design aids, as ap-
plication semantics was assumed to be easier cap-
tured by these models (Batini & Ceri & Navathe
1992),(Chen 1983),(Tjoa & Berger 1993). Later on
some of these models, especially the nested relational
model (Paredaens & De Bra & Gyssens & Van Gucht
1989), object oriented models (Schewe & Thalheim
1993) and object-relational models, the gist of which
are captured by the higher-order Entity-Relationship
model (HERM, (Thalheim 1992, Thalheim 2000))
have become interesting as data models in their own
right. Most recently, the major research interest
is on the model of semi-structured data and XML
(Abiteboul & Buneman & Suciu 2000), which may
also be regarded as some kind of object oriented
model.

One key problem is to develop dependency the-
ories (or preferably a unified theory) for the most
relevant advanced data models. These are proba-
bly the HERM as a nested model with various bulk



type constructors, good theoretical foundations and
proven practical relevance (Thalheim 2000), the ob-
ject oriented model (Schewe & Thalheim 1993), the
semi-structured data model and XML (Abiteboul &
Buneman & Suciu 2000), which add unions and most
importantly references, the expansion of which leads
to rational tree structures. The development of such
a dependency theory will have a significant impact
on understanding application semantics and laying
the grounds for a logically founded theory of well-
designed databases.

Biskup (Biskup 1995, Biskup 1998) lists in particu-
lar two challenges for database design theory: finding
a unifying framework and extending achievements to
deal with advanced database features such as complex
object types.

1.3 Contributions

This paper continues to take on these two challenges.
In order to provide a unifying framework and to cap-
ture several data models at a time our work is based
on an abstract algebraic approach in the context of
nested attributes. Recall that the set of all subsets of
a relation schema forms a Boolean Algebra with re-
spect to inclusion and the set operations of union,
intersection and difference. This simple algebraic
foundation is the basis for the success of relational
database design. In order to extend these achieve-
ments to complex object databases we will follow a
similar algebraic approach.

In order to show how this approach works with
complex object types we consider the finite list type
first. This choice has several reasons. The finite list
type is perhaps the most common data type. The
need for lists arises from applications that store or-
dered relations, time-series data, meteorological and
astronomical data streams, runs of experimental data,
multidimenstional arrays, textual information, voices,
sound, images, video, etc. Lists have been subject
to studies in the deductive and temporal database
community for some time (Richardson 1992), (Naqvi
& Tsur 1989). The list type also naturally appears
in object-oriented databases (Schewe & Thalheim
1993), (Gardarin & Cheiney & Kiernan & Pastre &
Stora 1989) and is in particular important for XML
(Abiteboul & Buneman & Suciu 2000), (W3C 2001).
Recently, bioinformatics has become a very impor-
tant field of research. Of course, lists occur naturally
in genomic sequence databases (Seshadri & Livny &
Ramakrishnan 1996), (Bry & Kroger 2003).

A finite axiomatisation of FDs in the presence
of lists has been provided in (Hartmann & Link &
Schewe 2004). This axiomatisation is very close to
Armstrong’s original set of axioms for the implica-
tion of FDs in relational databases (Armstrong 1974).
That is, reflexivity, augmentation and transitivity are
the three defining properties sufficient for capturing
implication of FDs even in the presence of lists. It
will turn out in this paper that the simplicity of this
axiomatisation allows for a natural generalisation of
normalisation. Note that the simplicity and elegance
of relational database design are key reasons for the
success of the RDM. Finding an elegant and natu-
ral generalisation to complex object types within a
unifying framework is therefore a big step forward.

The first contribution of this paper is the formal
definition of processing difficulties in the presence of
lists. It turns out that the notion of redundancy can-
not simply be extended to our new framework, but
needs some adaption. Moreover, we will formally de-
fine various update anomalies caused by FDs in the
presence of lists.

The second contribution is to provide syntacti-
cal conditions that describe well-designed nested at-

tributes in the presence of lists with respect to a given
set of FDs. The article proposes the Nested List
Normal Form (NLNF) which turns out to be strictly
weaker than a simple generalisation of BCNF. An-
other contribution is the characterisation of NLNF.
This characterisation makes it possible to automati-
cally check whether a given nested attribute is indeed
in NLNF with respect to a given set of FDs.

The most important contribution is the semantic
justification of this new normal form. It is demon-
strated that the integrity of nested attributes in
NLNF can be tested more efficiently. The paper
demonstrates formally that nested attributes which
are in NLNF with respect to a given set of FDs are
well-designed. That is, nested attributes are in NLNF
with respect to a given set of FDs if and only if this
nested attribute is non-redundant with respect to the
given FDs. A further semantic justification is pro-
vided by the facts that NLNF is equivalent to the
absence of insertion anomalies, and equivalent to the
absence of two forms of replacement anomalies. Fur-
thermore, NLNF is sufficient for the absence of an-
other type of replacement anomaly. These results ex-
tend results from relational database design.

Finally, the paper shows that the algebraic ap-
proach based on nested attributes seems to be very
natural. That is, established results from relational
database theory can be carried over to complex ob-
ject databases. The nesting of attributes can be eas-
ily extended to sets, multisets, unions, references etc.
Therefore, our work might serve as a unifying frame-
work for the foundation of dependency theory in ad-
vanced data models.

1.4 Outline

The article is structured as follows. First, we dis-
cuss briefly some related work in Section 2. Sub-
sequently, the abstract data model based on typing
and nested attributes is introduced in Section 3. The
definition of FDs and their finite axiomatisation from
(Hartmann & Link & Schewe 2004) are repeated in
Section 4. The issue of redundancies in the presence
of lists is treated in Section 5. As in the RDM, redun-
dancy can be defined in terms of the set of FDs that
is given by the designer or in terms of all FDs implied
by such a given set. It is shown that both notions
coincide. The Nested List Normal Form (NLNF) is
proposed as a normal form for nested attributes. The
first main result is that NLNF is equivalent to the ab-
sence of redundancy caused by FDs. NLNF is strictly
weaker than Boyce-Codd normal form. Furthermore,
NLNF is characterised in two different ways making
it practically relevant and giving some more insight.
In Section 6 the dynamic property of abnormal up-
date behaviour is studied. Strong insertion anomalies
and three different types of replacement anomalies
are considered. It is proven that NLNF is equiva-
lent to the absence of strong insertion anomalies and
equivalent to the first two types of strong replacement
anomalies. Moreover, NLNF is sufficient for the ab-
sence of the third type of replacement anomalies. We
conlcude in Section 7 and comment on future work in
Section 8.

2 Related Work

Dependency and normalisation theory have been
studied in the context of advanced data models. The
works in (Mok & Ng & Embley 1996) and (Ozsoyoglu
& Yuan 1987) consider the nested relational data
model where the nesting refers to sets rather than
lists. Both articles define functional dependencies



based on the notion of a path, and deviate signifi-
cantly from our approach.

The work in (Tari & Stokes & Spaccapietra 1997)
addresses the development of a normalisation the-
ory for object-oriented data models that have com-
mon features to support objects. They provide an
extension of functional dependencies to cope with
the richer semantics of relationships between objects,
called path dependency, local dependency, and global
dependency constraints. An object is said to be in
normal form if and only if the user’s interpretation of
this object is derivable from the model of the object.
Again, this approach is very different from ours.

The papers (Arenas & Libkin 2002) and (Vincent
2003) study the problem of normalisation in the con-
text of XML. In both articles, the definition of FDs
is based on the notion of a path. There are, however,
different types of FDs which lead to a different ex-
pressiveness. See (Hartmann & Link 2003) for a dis-
cussion. Normalisation should then be studied from
different points of view.

The approach in this paper specifically focuses on
lists and is of algebraic nature. The authors are not
aware of any similar work in the literature.

3 The Algebra of Nested Attributes

This paper considers record and finite list types.
Nested attributes, however, can be defined with re-
spect to many more types such as sets, multisets,
unions and references.

3.1 Nested Attributes

We start with the definition of flat attributes and val-
ues for them.

Definition 3.1. A universe is a finite set U together
with domains (| i.e., sets of values) dom(A) for all A €
U. The elements of U are called flat attributes. O

For the relational data model a universe was suffi-
cient. That is, a relation schema is defined by a finite
and non-empty subset R C /. For higher-order data
models, however, nested attributes are needed. In the
following definition we use a set £ of labels, and as-
sume that the symbol ) is neither a flat attribute nor
a label, i.e., A ¢ U U L. Moreover, flat attributes are
not labels and vice versa, i.e., U N L = 0.

Definition 3.2. Let ¢/ be a universe and £ a set of
labels. The set NA = NA(U, L) of nested attributes
over U and L is the smallest set satisfying the follow-
ing conditions:

e AeNA,
e U CNA,

e for L € L and Ny,...,N, € NA with k > 1 we
have L(Ni,...,Ni) € NA,

e for L € L and N € NA we have L[N] € NA.

We call X null attribute, L(Ny, ..., Ny) record-valued
attribute and L[N] list-valued attribute. O

We can now extend the mapping dom from flat
attributes to nested attributes, i.e., we define a set
dom(N) of values for every nested attribute N € NA.

Definition 3.3. For a nested attribute N € NA we
define the domain dom(N) as follows:

o dom()) = {ok},

o dom(L(Ny,...,Ni)) = {(vi,...,ux) | v; €
dom(N;) fori = 1,...,k}, i.e., the set of all
k-tuples (vi,...,v) with v; € dom(NV;) for all
i=1,...,k, and

o dom(L[N]) = {[v1,---,vn] | v; € dom(N) for i =
1,...,n}, i.e., the set of all finite lists with ele-
ments in dom(N). O

The empty list is denoted by [ |]. For exam-
ple, the domain of L[)] is the set of all finite lists
where all entries in the list are ok, i.e., Dom(L[)\]) =
{1, [ok], [0k, ok],...}. _

Note that the relational data model is completely
covered by the presence of tuple-valued attributes
only. Instead of relation schemata R we will now con-
sider a nested attribute N, assuming that a universe
U and a set L of labels are fixed. An R-relation r is
then replaced by some finite set r C dom(N).

3.2 Subattributes

Dependency theory in the relational data model is
based on the powerset P(R) for a relation schema R.
In fact, P(R) is a powerset algebra with partial order
C, set union U, set intersection N and set difference
—. We will generalise these operations for nested at-
tributes starting with a partial order <.

Definition 3.4. The subattribute relation < on the
set of nested attributes N'A over U and £ is defined
by the following rules, and the following rules only:

e N < N for all nested attributes N € N'A,
e )\ < A for all flat attributes A € U,
e )\ < N for all list-valued attributes N € N'A,

° L(Nl,...,Nk) S L(Ml,...,Mk) whenever Ni S
M;foralli=1,...,k,

e L[N] < L[M] whenever N < M.

For N,M € NA we say that M is a subattribute of
N if and only if M < N holds. We write M £ N if
and only if M is not a subattribute of N. O

The subattribute relation < on nested attributes
is reflexive, anti-symmetric and transitive.

Lemma 3.1. The subattribute relation is a partial
order on nested attributes. O

Informally, M < N for N,M € NA if and only
if M comprises at most as much information as N
does. The informal description of the subattribute
relation is formally documented by the existence of
a projection function 7% : Dom(N) — Dom(M) in
case M < N holds.

Definition 3.5. Let N, M € NA with M < N. The

projection function w; : Dom(N) — Dom(M) is de-
fined as follows:

o if N = M, then my = idp,m(n) is the identity
on dom(N),

o if M = ), then 7l : Dom(N) — {ok} is the
constant function that maps every v € Dom(N)
to ok,

o if N=L(Ny,...,Ny) and M = L(M, ..., M),
then 7y = 7711\\[,[11 X -0 X 7711\\[,[’; which maps
every tuple (v1,...,vx) € Dom(N) to

(72 (v1), - .., 70 (vg)) € Dom(M), and



oif N = L[Nl and M = L[M'], then
aly ¢ Dom(N) — Dom(M) maps ev-
ery list [v1,...,v5] € Dom(N) to the list
[N (1), ..., 7N (vn)] € Dom(M). O

Example 3.1. Members of some fitness studio work
out on certain weekdays following a particular sched-
ule. This consists of an ordered sequence of exercises
on machines. Each exercise is divided into sets of cer-
tain numbers of repetitions. Each of these sets is exe-
cuted with a certain weight. The corresponding nested
attribute could be

Fitness(Member, Week, Day, Schedule[Ezercise(Machine,
Sets[Rep(Number, Weight)])]).

A small snapshot of a database of this schema is

(Sylvester,1, Monday,[(Bench,[(10,80),(5,90)]),
(Incline,[(8,70),(5,75),(1,80)])]),
(Sylvester,1, Tuesday,[]),
(Sylvester, 1, Thursday,[(Bench,[(10,85),(5,85)]),

(Incline,[(8,75),(5,75),(1,75)])]),
(Arnold,1,Monday,[(Bench,[(8,100),(5,120)]),

(Incline,[(6,70),(4,75),(2,80)])]),
(Arnold,2, Wednesday,[(Bench,[(10,100),(7,120)]),

(Incline,[(10,100)])]).

3.3 The Brouwerian Algebra
Fix a set U of attribute names, and a set £ of labels.
Definition 3.6. Let N € NA be a nested at-

tribute. The set Sub(N) of subattributes of N is
Sub(N) = {M | M < N}. The bottom element Ay of
Sub(N) is given by Ay = L(An,,...,An,) Whenever

N = L(Ny,...,Ng), and Ay = A whenever N is not
a tuple—valued attribute. O

We study the algebraic structure of Sub(N). A
Brouwerian Algebra (McKinsey & Tarski 1946) is a
lattice (L, C, U, M, =, 1) with top element 1 and a bi-
nary operation — which satisfies a~b C ciff a C blLic
for all ¢ € L. In this case, the operation — is called
the pseudo-difference. The Brouwerian complement
—a of a € L is then defined by —a = 1-a. A Brouwe-
rian Algebra is also called a co-Heyting Algebra or a
dual Heyting Algebra. The system of all closed sub-
sets of a topological space is a well-known Brouwerian
Algebra. It is obvious that (Sub(N),<, Ay, N) is a
partially ordered set with bottom element Ax and top
element N.

Definition 3.7. Let N € NA and Y, Z € Sub(N).
The join Y Un Z, meet Y My Z and pseudo difference
Y=nZ of Y and Z in Sub(N) are inductively defined
as follows:

oYI_INZ—ZlffYSfoY My Z =Y and
Z=-nAn=Z,and Z <Y iff Z=NY = An,

e if N =L[M],Y = L[A],Z = L[B], then Y oy
Z_L[AOMB]forOE{ ,M} a dleﬁY
then Z—=NY = L[B MA]

o if N = L(Ny,...,N,),Y = L(4,,...,A,) and
Z = L(By,...,B,), then Y oy Z = L(A; on,

By,...,Ayon, By) for o € {U,N,=}.

In order to simplify notation, occurences of A in
a tuple-valued attribute are usually omitted if this
does not cause any ambiguities. That is, the sub-
attribute L(My, ..., My) < L(Ny,...,Ny) is abbre-
viated by L(M;,,...,M;) where {le, My} =
{M; : M;é)\Njandlgjgk}andzl<---<
i- If M; = An; for all j = 1,...,k, then we
use A instead of L(Mi,...,My). The subattribute
L1 (A, /\7 LQ[Lg()\, )\) ) Ole (A, .B7 L2[L3(C, D)]) is ab-
breviated by L;(A, L2[A]). However, the subattribute

L(A,)\) of L(A, A) cannot be abbreviated by L(A)
since this may also refer to L(\, A).

If the context allows, we omit the index N from the
operations Ly, My, =y and from Ax. The Brouwe-
rian Algebra of

Schedule[Exercise(Machine, Sets[Rep(Number,
Weight)])]

is illustrated in Figure 1. Schedule is abbreviated by
J, Exercise by K, Machine by A, Sets by L, Rep by
M, Number by B and finally Weight by C.

JK(A,LIM(B,ON)]

.J[K(AVL[M(B)])] >

JK(ALIAD]

JK(LME.OMN]
J[K(L[M(B)]

JKLIAD]

JK(ALIMECD]

JK(A)]

JAl

Figure 1: Example of a Brouwerian Algebra

Given some nested attribute N € NA and Y, Z €
Sub(N), we use Y5 = N-Y to denote the Brouw-
erian complement of Y in Sub(N). Again, we omit
the subscript N if the context allows. The pseudo
difference Z—Y of Z and Y in Sub(NV) satisfies

Z-Y <X ifandonlyif Z<YUX

for all X € Sub(N). Consequently, for all X €
Sub(N) holds Y¢ < X if and only if X UY = N
holds.

The following result is straightforward to see:
Sub(A) is isomorphic to the Boolean Algebra of or-
der 0, Sub(A), A a flat attribute, isomorphic to the
Boolean Algebra of order 1. Sub(L(P)) is isomorphic
to Sub(P), Sub(L(Py,...,P,)) isomorphic to the di-
rect product of Sub(P), ..., Sub(P,), and Sub(L[P])
is isomorphic to Sub(P) augmented by a new min-
imum. It is an easy exercise to show that the set
of all (finite) Brouwerian Algebras is closed with re-
spect to both operations (add a new minimum, direct
product). The following theorem generalises the fact
that (P(R),C,U,N, —, 0, R) is a Boolean Algebra for
a relation schema R in the RDM. This provides us
with a powerful framework for the study of various
dependency classes in advanced data models.

Theorem 3.1. (Sub(N), <,Un,Mn,=n,N) forms a
Brouwerian Algebra for every N € NA. O

Note that (Sub(N),<,U,M,(-)¢,\,N) is in gen-
eral not boolean. Take for instance N = L[A] and
Y =L[Al. Then Y = Nand YNY® =Y # A

Furthermore, Y¢¢ = )\ # Y. Moreover, every Brouw-
erian Algebra is distributive.

4 Axiomatising FDs in the Presence of Lists

This section repeats the definition of FDs and their
finite axiomatisation proven in (Hartmann & Link &
Schewe 2004).

Definition 4.1. Let N € N'A be a nested attribute.
A functional dependency on N is an expression of



the form X — Y where X,Y € Sub(N). A finite
set r C Dom(N) satisfies a functional dependency
X —>YonN (- X = Y)if and only if for all values
t1,ta € r with ¥ (t1) = 7¥(t2) always 7 (t1) =
7 (t3) follows. O

The notions of implication (=) and derivability
(Fo) with respect to a set SR of inference rules for a
class C of dependencies can be defined analogously to
the notions in the RDM (see for instance (Abiteboul
& Hull & Vianu 1995, pp. 164-168)). Let ¥ be a
set of dependencies from C on some nested attribute
N. We are interested in the set of all dependencies
in C implied by ¥, ie., 5z = {p € C | X [ ¢}
Our aim is finding sets R of inference rules which are
sound (2 C %) and complete (X3 C X) for the
implication of dependencies in the class C, and where
¥t ={p €C | T Fx ¢}. In this paper, we consider
the class C of FDs.

One main result of (Hartmann & Link & Schewe
2004) provides a sound and complete set of inference
rules for the implication of FDs in the presence of
lists.

Theorem 4.1. The generalized Armstrong Azioms,
i.e.

X-=Y
X—-Xuy’

XY, Y27
X—=Z ’

Y <
XY —°7

called the reflexivity axiom, the augmentation rule
and the transitivity rule, form a sound and complete
set of inference rules for the implication of FDs in the
presence of base, record and finite list types. O

Proofs of the following lemma and Theorem 4.1
can be found in (Hartmann & Link & Schewe 2004).
The lemma will be useful for subsequent studies.

Lemma 4.1. Let N € NA. For all X € Sub(N)
there are t1,ts € Dom(N) such that ¥ (t1) = 7l (t2)
holds if and only if Y < X. O

Example 4.1. In order to sketch how these rules
work we prove the soundness of the join rule

XY X7
X->YUuz

using the following derivation tree

XUY—-X X-—>Z2
XUy —-2
XUY »>Xuyuz XUuYuz—-vyYuz
XUY —-Yuz
X—-Yuz

X =Y
X ->XUY

O

Example 4.2. We continue Example 3.1 by adding
some FDs to the nested attribute. An entry in the
database is completely determined by its value on the
subattribute Fitness(Name, Week, Day), i.e., mem-
bers come to the studio at most once a day. Members
of our studio follow a strict schedule. They commit
to the same sequence of exercises on individual week-
days. That is

Fitness(Name, Day) — Fitness(Schedule[Exercise(Machine)]).

Moreover, the week and sequence of exercises deter-
mine the sequence of numbers of sets, i.e., how many
sets of the same exercise are performed on each ma-
chine.

Fitness(Week, Schedule[Ezercise(Machine)]) —
Fitness(Schedule[Ezercise(Sets[A])]).

If we add the member, then this determines even the
number of repetitions for each set in the sequence of
exercises.

Fitness(Member, Week, Schedule[Ezercise(Machine)]) —
Fitness(Schedule[Ezercise(Sets[Rep(Number)])]).

Note that the snapshot from Ezample 3.1 satisfies the
FDs given. O

5 Redundancy

It is demonstrated how the notion of redundancy in
terms of FDs has to be adapted when the list con-
structor is present. In order to characterise non-
redundant nested attributes a new normal form is
proposed which is strictly weaker than a simple ex-
tension of BCNF to lists.

5.1 Basis Attributes and Keys

Some further preliminary definitions are given which
will be needed later. First we identify the set of those
subattributes which is needed to describe any subat-
tribute as the join of some elements of this set.

Definition 5.1. Let N € NA. The subattribute ba-
sis SubB(N) of N is the smallest set SubB(N) C
Sub(N) such that for all X € Sub(N) we have X =
LZ for some Z C SubB(N). Every X € SubB(N)
is called a basis attribute for N. A basis attribute
X € SubB(N) is called mazimal if and only if X <Y
for some basis attribute Y € SubB(N) implies that
X =Y holds. Basis attributes that are not maxi-
mal are called non-mazimal. Maximal basis attribute
of N are denoted by MaxB(N), non-maximal basis
attributes of N by NMazB(N). O

It is immediate that A ¢ SubB(N) since A = U{.
Furthermore, SubB(N) is not an anti-chain with re-
spect to <. Note that any element in Dom(N) is
uniquely determined by its values on all elements in
MazB(N) (join rule).

Example 5.1. We determine the subattribute basis
Of Schedule[Exercise(Machine,Sets[Rep(Number, Weight)])] aS

{ Schedule[Exercise(Machine)],
Schedule[Ezercise(Sets[Rep(Number)])]
Schedule[Ezercise(Sets/[Rep(Weight)])], Schedule[\],
Schedule[Ezercise(Sets[A\])] }-

Mazimal basis attributes are Schedule[Ezercise(Machine)],
Schedule[Ezercise(Sets[Rep(Number)])] and Schedule[Ezercise(
Sets[ Rep(Weight)])]. The non-maximal basis attributes
are Schedule[\] and Schedule[Ezercise(Sets/\])]. The struc-
ture of the subattribute basis is illustrated in Figure
2. O

Figure 2: Structure of Subattribute Basis

The concept of keys is very important in relational
databases. Given a nested attribute IV, a subattribute
X € Sub(N) is a key whenever the equality of two ele-
ments from the domain of NV on X already implies the
equality of these elements, i.e., values on X uniquely
identify an element.

Definition 5.2. Let N € N'A be a nested attribute
and ¥ a set of FDs on N. A subattribute X € Sub(N)
is called a superkey for N ifandonly if ¥ E X - N
holds. In case there is not any proper subattribute X'
of X (X' < X and X # X') which is also a superkey
for N, we call X a minimal key for N. O



Obviously, X € Sub(N) is a superkey if and only
if X - N € % by Theorem 4.1. If =, £* for some
r C Dom(N) and X is a superkey for N, then ¢ = to
whenever 74 (t1) = ¥ (¢2) for some t1,t5 € 7. An FD
of the form X — N € X* is called a key dependency
on N if and only if X is a minimal key for N. The set
of all key dependencies is denoted by Xyey. Define the
closure X+ of X with respect to ¥ as X+ = U{Z |
X — Z € Tt} It follows that X is a superkey for N
if and only if X+ = N.

Example 5.2. According to Example 4.2 the subat-
tribute Fitness(Member, Week,Day) is a minimal key
fOT‘ Fitness(Member, Week, Day, Schedule] Ezercise(Machine,
Sets[Rep(Number, Weight)])]).

5.2 Trivial FDs

Suppose we are given a nested attribute N. As in
the RDM, there are some FDs on N which are sat-
isfied by any r C Dom(N). We call these FDs triv-
ial. The reflexivity aziom from Theorem 4.1 states
that whenever ¥ < X for X,Y € Sub(N), then
every r C Dom(N) satisfies the FD X — Y. In
other words, X — Y with ¥ < X is a trivial de-
pendency. One can also show that all trivial FDs
have this form. Therefore, assume X — Y is such a
trivial dependency on N and Y £ X holds. Define
r = {t1,t2} C Dom(N) by mf,(t1) = = (t2) if and
only if W < X. Note that this is always possible ac-
cording to Lemma 4.1. Since Y £ X holds, it follows
that =, X — Y. This contradicts the triviality of
X =Y. Hence, Y < X must hold indeed.

Proposition 5.1. An FD X — Y on some nested
attribute N € N A is trivial if and only if Y < X
holds. O

The FD

Fitness(Schedule[Exercise(Sets[Rep(Number)])]) —
Fitness(Schedule[Exercise(Sets[A])])

is a trivial one. Given the sequence of numbers of
repetitions for each set and each exercise implicitely
tells us the number of sets for each exercise in that
sequence.

5.3 Adapting the Notion of Redundancy

In the RDM, the definition of redundancy is based on
viewing FDs not only as integrity constraints on a re-
lation, but also as representing the fundamental units
of information for retrieving and updating the data in
a relation. This interpretation of the semantics of the
information stored in a relation was implicit in the
original study of normalisation by Codd (Codd 1972),
and has since been used in many aspects of database
theory. A relation schema is defined to be redundant
with respect to a given set of FDs if there exists a
relation over the schema which satisfies all these FDs
and which has at least two tuples which are identical
on a fact. If we formalise this notion of redundancy
from the RDM, which goes back to (Beeri & Bernstein
& Goodman 1978), in the framework of nested at-
tributes, then we obtain the following definition. Let
N be a nested attribute and ¥ a set of FDs on N. We
call N redundant with respect to ¥ if and only if there
is some r C Dom(N) with =, ¥ and there are some
ti,t2 ET with #; 75 ty and Wguy(tl) = Wguy(tz) for
some non-trivial FD X — Y € ¥. Intuitively, this
notion of redundancy seems to make perfect sense.

Example 5.3. Take a look at the FD

Fitness(Week, Schedule[Ezercise(Machine)]) —
Fitness(Schedule[Exercise(Sets[A])])

from Example 4.2. This is obviously a non-trivial FD.
The elements

(Sylvester, 1, Thursday,[(Bench,[(10,85),(5,85)]),
(Incline,[(8,75),(5,75),(1,75)])]) and
(Arnold,1,Monday,[(Bench,[(8,100),(5,120)]),
(Incline,[(6,70),(4,75),(2,80)])])

coincide on Fitness(Week,Schedule[Ezercise(Machine,
Sets[A])]), i.e., the FD above causes some redundancy
according to the definition above. O

The last example shows that our current defini-
tion of redundancy is not really appropriate anymore.
That is, the FDs

Fitness(Week, Schedule[Exercise(Machine)]) —
Fitness(Schedule[Exercise(Sets[Rep(Number)])]) and
Fitness(Week, Schedule[Exercise(Machine)]) —
Fitness(Schedule[Exercise(Sets[Rep(Weight)])])

are not satisfied by the instance of Example 3.1
and, consequently, redundancy would need to be
defined in terms of the non-maximal basis at-
tribute Fitness(Schedule[Exercise(Sets[A])])- ThiS7 how-
ever, appears to be impossible as the information in
Fitness(Schedule[Exercise(Sets[A])]) Will always be contained
in  Fitness(Schedule[Exercise(Sets|[Rep(Number)])]) and Fit-
ness(Schedule[Exercise(Sets[Rep(Weight)])]). The point here
is that the information in a non-maximal basis at-
tribute Y cannot be separated from the information
in the maximal basis attribute Z with Y < Z. This
motivates the following definition.

Definition 5.3. Let N € NA be a nested attribute
and ¥ a set of FDs on N. Let Z,,5, € X1 denote

the set of all X — Y € ¥t where
e Y < X holds or
e Y is a non-maximal basis attribute of V.

The elements of the closure E:asty of Y5ty under

derivation with respect to the generalized Armstrong
Axioms from Theorem 4.1 are called nasty FDs on N
with respect to X.

The following lemma characterises nasty FDs
which are derivable from a given set of FDs.

Lemma 5.1. Let N € NA, X a set of FDs on N and
X 3Y ext.We have X - Y € £F__. if and only

nasty
if every M € MaxB(N) with M <Y also implies
that M < X.

Proof. Let X — Y € . . Consider the proper
chain

Enasty =¥ C¥C---CE = ErTasty

where X; results from X;_, for 1 < j < k, by single
application of one the inference rules from Theorem
4.1. We proceed by induction on j. If j = 0 and X —
Y € Enasty, thenY < X or Y € NMaxzB(N). Either
way, every maximal basis attribute of N which is also
a maximal basis attribute of ¥ must be a maximal
basis attribute of X, as well. Assume now that this
property holds for all elements in X; for some j > 0.
Consider the single X - Y € ¥, —%;. I X =Y
has been infered using the reflexivity axiom, then ¥ <
X and the property holds again. If the augmentation
rule was used, then Y = XUY'  and X - Y' € &;. If
M € MazB(N) N MaxB(Y), then M € MazB(X)
or M € MaxB(Y"). In the latter case we can apply
hypothesis and conclude that M € MaxB(X) as well.
It remains to consider the case where X — Y has been
infered using the transitivity rule, i.e, X — Z,Z —
Ye, M e MaxB(N)N MaxB(Y), then M €
MazB(Z) by hypothesis applied to Z — Y € X,



and then M € MaxB(X) by hypothesis applied to
X —>Zc€ 2]

We need to show that X — Y € E:asty, if for

all M € MaxB(N) with M < Y also implies that
M < X. Let Y7 = UMazB(Y) N MazB(N)).
Since (MazB(Y) N MazB(N)) C (MazB(X) N
MazB(N)), it follows that Y3 < X and there-
fore X — Y7 € X,asy- Note that MazB(Y) —
MazB(N) C NMaxzB(N) holds. This implies X —
Y' € Epasty for every Y € MazB(Y) — MaxzB(N).
This gives X — Y, € Bl for Yo = U(MazB(Y) —
MazB(N)) by the join rule. Applying the join rule
again gives X - Y € BF . where Y = Y] UY

nasty

holds. O

We are now prepared to define a better notion of
redundancy for nested attributes in terms of FDs.

Definition 5.4. Let N be a nested attribute and X
a set of FDs on N. We call N redundant with respect
to ¥ if and only if there is some r C Dom(N) with
E, ¥ and there are some t1,t2 € 7 with ¢ # t2
and 7Y v (t1) = 7%,y (t2) for some FD X - Y € &
which is not nasty on N with respect to X. O

Example 5.4. With Definition 5.4 of redundancy,
the FD

Fitness(Week, Schedule[Ezercise(Machine)]) —
Fitness(Schedule/Ezercise(Set[\])])

from Ezample 4.2 and 5.3 does not cause redundan-
cies anymore, as desired. O

Note also that we can define two notions of redun-
dancy. Definition 5.4 considers only FDs in ¥ itself.
As in the RDM, one might define redundancy with re-
spect to all implied FDs, i.e., ¥*. That is, N is called
redundant with respect to ¥* if and only if there is
some 7 C Dom(N) with =, £* and there are some
ti,t20 €T with #; 75 ts and Wguy(tl) = ﬂ%uy(tz) for
some FD X — Y € ¥* which is not nasty on N with
respect to X. It can be proven, as in the RDM, that
both notions are in fact the same.

Theorem 5.1. Let N be a nested attribute and ¥ a
set of FDs on N. Then N is redundant with respect
to X if and only if N is redundant with respect to X*.

Proof. Tt is easy to see that redundancy of N with
respect to X is sufficient for the redundancy of N
with respect to £t since |=, ¥ implies |=, ¥t and
Y C ¥*. It remains to show that redundancy of N
with respect to X is also a necessary condition for V
to be redundant with respect to ¥*. Therefore, we
assume that N is non-redundant with respect to X.
This means that for all r C Dom(N) with =, ¥ and
for all t1,ty € r with 7§,y (t1) = 7%,y (t2) for some
X — Y € X, which is not nasty, follows t; = t5. We
will show that N is non-redundant with respect to
¥*. Let therefore

E:EOCElc...CEk:E+

be a chain where ¥; results from ¥;_; by application
of one of the Armstrong Axioms from Theorem 4.1.
What we show, in fact, is that ¥ can be replaced by
Y;. We proceed by induction on j. For j = 0 there is
nothing to show. Let j > 0, i.e., ¥; —X;_; consists of
exactly one dependency X — Y. If X — Y has been
infered using the reflexivity axiom, then Y < X which
means that X — Y is trivial and, therefore, also
nasty. The non-redundancy of N with respect to X;
follows therefore from the hypothesis that N is non-
redundant with respect to ¥;_, since there is nothing

to show for X — Y. Consider the case where X — Y
has been infered using the augmentation rule, i.e.,
Y=XUuY' withX -Y' €X;_;. f X - Y is nasty,
the statement follows from the hypothesis. Assume
therefore that X — Y is not nasty and 7§ (1) =
7y (t2) for some t;,ty € r with  C Dom(N) and
E- T;. It follows that 7{(t1) = 7¥(t2) and since
= ¥;_1, and in particular |=, X — Y’, we obtain
that 7% v/ (t1) = 7%,y (t2) holds. If X — Y’ was
nasty, the join rule would imply that X — Y is nasty,
too. Therefore, X — Y’ is not nasty. Now, we can
apply the hypothesis and conclude that ¢; = ¢5 holds.
It follows that V is non-redundant with respect to ¥;.
Finally, consider the case where X — Y has been de-
rived using the transitivity rule with X — Z, Z —
Y € ¥;_1. Again, we assume that =, X; for some
r C Dom(N) and 7%y (t1) = 7%y (t2) holds with
X — Y not being nasty. Since |=, ¥;_1, we conclude
that 7%, (t1) = 71X, (t2) and 75 3 (t1) = 75,y (t2)
hold as well. If X — Z and Z — Y were both nasty,
then X — Y would be nasty, too. It follows that at
least one of X — Z or Z — Y is not nasty. In ei-
ther case we can apply hypothesis, and consequently
t; = to. This concludes the proof.

5.4 The Nested List Normal Form

The Boyce-Codd Normal Form has been introduced
in (Codd 1974) and intensively studied since then.
A relation schema R is in BCNF if and only if it is
non-redundant with respect to the set of FDs on R.
One might therefore say that a well-designed schema,
should be in BCNF. If N is some nested attribute
and ¥ a set of FDs on N, then we say that N is
in Boyce-Codd Normal Form (BCNF) if and only if
every X — Y € X* is trivial or X is a superkey for
N. We might now ask whether BCNF for a nested
attribute is a sufficient and necessary condition for
the non-redundance of N. Clearly, a nested attribute
in BCNF is non-redundant in the sense of Definition
5.4. The converse, however, is false.

Example 5.5. Suppose we have a database for stor-
ing the prime factorization of positive integers n.

Factor(Integer, Prime[Number], Exponent/Number])

would be a suitable mnested attribute where
Prime[Number| is the list of prime factors of n
in increasing order, and FEzponent/Number] the list
of exponents for each corresponding prime factor in
Prime[Number]. A small snapshot of the database
could be

(85,[5,7],[1,1

J

(12,[2,3],[2,1%,

(37,[37],[1]),
(936,[2,5,15],[3,2,1]).
Minimal keys are Factor(Integer) and Fac-
tor(Prime[Number], Exponent[Number]). Fur-

thermore, we have the FDs

Factor(Prime[\]) — Factor(Ezponent[\])
Factor(Ezponentf\]) — Factor(Prime[A]).

According to Definition 5.4, the nested attribute is
non-redundant with respect to the FDs given. That
18, every FD has a superkey on the left-hand side or
is masty. On the other hand, however, N is not in
BCNF with respect to the FDs given. O

Example 5.5 shows that BCNF is not a necessary
property for non-redundant nested attributes. Thus,
BCNF is too strong to characterise non-redundant
nested attributes and, therefore, we would like to find
a weaker normal form.



Definition 5.5. Let N be some a nested attribute
and ¥ a set of FDs on N. We say that N is in Nested
List Normal Form (NLNF) with respect to X if and
only if every X — Y € ¥* is a nasty dependency on
N with respect to ¥ or X is a superkey for N. O

Note that BCNF implies NLNF, but not vice
versa. The nested attribute in Example 5.5 is not
in BCNF, but in NLNF. This is a first and important
semantic justification for NLNF.

5.5 NLNF - The same fact is only stored once

We show that NLNF captures exactly those nested
attributes which are non-redundant in the sense of
Definition 5.4.

Theorem 5.2. Let N be a nested attribute and ¥
a set of FDs on N. Then N is non-redundant with
respect to 2 if and only if N is in NLNF with respect
to X.

Proof. Assume that N is in NLNF. If N was redun-
dant with respect to ¥*, then there would be some
r C Dom(N) with |=, ¥* and t1,t3 € 7, t1 # t2 with
¥y (t) = 7%y (t2) for some FD X — Y € T*
which is not nasty. In particular, 7% (t;) = 7% (t2)
holds as X < XUY. Since N isin NLNFand X - Y
is not nasty it follows that X is a superkey for N. This
implies t; = t, which is a contradication. Therefore,
N must be non-redundant with respect to X*.
Assume N is non-redundant with respect to X*.
Let X -+ Y € X* be an FD which is not nasty.
Non-redundance of N with respect to X* implies that
t1 = ty for all t;,t € r C Dom(N) with |, T*
and 7§ v (t1) = 7%,y (t2). This means that X UY
is a superkey for N. If 7% (t;) = «¥(t2) holds for
some ti,ta € r, then 7¥¥(t;) = 7wl (ty) also holds
since =, X — V. This implies 7%y (t1) = 7%y (t2)
and t; = t9 follows. In other words, X is already
a superkey for N. Since this is true for every X —

Y € ¥* which is not nasty we conclude that N is in
NLNF. O

5.6 Characterising NLNF

Given some nested attribute NV and some set ¥ of FDs
on N, how can we check whether N is in NLNF? That
is, how can we check whether N is non-redundant
with respect to ¥*? By Definition 5.5 one needs to
check whether every X — Y implied by ¥, i.e., every
X — Y in ¥* is a nasty dependency or whether X is
a superkey. This is not very practical, although the
implication problem for FDs is efficiently decidable,
even in the presence of lists. However, we will show
now that checking every FD in ¥ suffices.

Theorem 5.3. Let N be a nested attribute and ¥ o
set of FDs on N. N is in NLNF with respect to X if
and only if every X — 'Y € X is a nasty dependency
with respect to . or X is a superkey for N.

Proof. Obviously, if every X — Y in ¥* is a nasty
dependency or X is a superkey, then the same is true
for every FD in X since X C X*. Tt is therefore suffi-
cient to show that every X — Y in ¥t has superkey
X or is a nasty dependency, if the same is true for
every FD in X. Consider again the proper chain

2220C21C"'C2k22+

where X, results from X;_;, j > 0, by a single appli-
cation of one of the inference rules from Theorem 4.1.
We show that there is already some FD in ¥;_; which
is not nasty and where X is not a superkey, if there

is some X' — Y' in ¥, which is not nasty and where
X' is not a superkey. Let j > 0and X - Y € %
not nasty and X not a superkey. Since X — Y is not
nasty, it is in particular not a trivial dependency. This
means X — Y has not been derived by the reflexivity
rule according to Proposition 5.1.

Assume that X — Y has been derived by means
of the augmentation rule, ie., Y = XU Z and X —
Z € ¥;_1. Obviously, X — Z cannot be nasty since
X — Y would immediately be nasty too. Moreover,
X is not a superkey by assumption. Hence, X — Z €
X;_1 is not nasty and X is not a superkey.

Assume that X — Y has been derived by means
of the transitivity rule, ie., X - Z,Z Y € X;_;.
By definition of nasty dependencies, at least one of
X — Z,Z — Y cannot be nasty. On the other
hand, neither X nor Z are superkeys. X is not
a superkey by assumption. If Z was a superkey,
then X — Z,Z — N € Xt and therefore also
X — N € X7 by transitivity. This means that X
would be superkey, a contradiction. It is now imme-
diate that one of X — Z,Z — Y € X;_; is neither
nasty nor has a superkey on the left-hand side. O

Theorem 5.3 tells us that NLNF is invariant under
derivation (implication) of FDs. This guarantees that
one is able to check efficiently whether a given nested
attribute is non-redundant with respect to X*. We
will now give yet another characterisation of NLNF
which will, in particular, give us a different proof of
Theorem 5.3. The result extends a well-known result
from (Fagin 1981) for relational databases. In order to
verify whether a nested attribute N in NLNF satisfies
all FDs given, one simply needs to check whether V
satisfies all key dependencies and all nasty FDs. This
makes integrity checking more efficient and is another
justification why nested attributes in NLNF are well-
designed. Unlike the RDM where one simply needs
to check the satisfaction of all key dependencies for
relation schemata in BCNF, one still needs to deal
with all nasty FDs when a nested attribute in NLNF
is given. This is the price for introducing lists.

Theorem 5.4. Let N be a nested attribute and ¥ a
set of FDs on N. N is in NLNF with respect to % if
and only if every r C Dom(N) with |=; Siey U S0,
implies =, X.

Proof. Assume there is some r C Dom(N) with =,
Ykey U Bfgiys but £ B. Then there is some X —

nasty’
Y € ¥ which cannot be nasty and where X is not a
superkey. Since ¥ C ¥*, N cannot be in NLNF with
respect to X.
Vice versa, assume that N is not in NLNF with
respect to . Then there is some X — Y € ¥t which
is not nasty and where X is not a superkey. We show

that there is some r C Dom(N) with =, SieyUS . ,
but £, B. We define the closure XL o = L{Z |
X = Zc¢€ E:asty} of X with respect to nasty FDs.
According to Lemma 4.1 we define some r C Dom(N)
with r = {¢,¢'} by

my(t') = my(t) if and only if W < XE

We show first that |=, Xiey. Let K be an arbitrary
minimal key for N. Since X is not a superkey for NV

we have X[, < Xt # N. This implies that X,

nasty nasty
cannot be a superkey neither. Consequently, K <«
X sty and therefore 7 (') # 7 () by definition of
r

'+We show that |=+T Shsty holds. Let U — V €
D U £ X

nasty* nasty? then 7Tg(tl) # 7Tg(t) and



- U — V. Suppose U < X;;sty and, therefore,
(') = ) (2).

It follows from the soundness of
the join rule that X — X € XF . We have
Xty = U € i, by reflexivity. Consequently,
X = U € E,J{asty by transitivity, too. Since U —
Ve Ty, we derive X — V € f  as well. This

and we conclude 7 (') = 7l ().

nasty
means V < X:asty

Hence, =, U = V.
We show finally that j£, . If Y < X

nasty held
we would infer XX — Y € Tf - by reflexiv-

ity, and X = Y € U} . by transitivity since also

nasty
+ + ; :
X = X asty € Ynasty holds. This, however, is a con-

tradiction. Therefore, Y £ X . and as X < X

nasty nasty
holds as well, it follows that 7¥(¢') = ¥ (t) and

¥ (') # 7 (t). We conclude £, %* and conse-
quently -, X. O

According to Theorem 5.4, if N is not in NLNF
with respect to X, then there is some r C Dom/(N)
with =, Siey UST iy, but £, . This means there is
some FD in ¥ which is not nasty and where the left-
hand side is not a superkey. This gives an alternative
proof for Theorem 5.3.

6 TUpdate Anomalies

In the RDM, a relation schema in BCNF does not
have any update anomalies. This is another justi-
fication why relation schemata should be in BCNF
(Bernstein & Goodman 1980). We will demonstrate
that nested attributes in NLNF behave very similar.
First, the next example reveals a surprising fact.

Example 6.1. Consider Example 5.5 again with Fac-
tor(Integer, Prime[Number], Exponent[Number]). Re-
call that this nested attribute is non-redundant with
respect to the FD given in Example 5.5. Say our
database simply consists of the tuple

(12,/2,3],/2,1])

and the tuple (35,[5,7],[1,1,0]) happens to be in-
serted. Then obviously all key dependencies are still
satisfied by the new relation, but the FD

Factor(Prime[\]) — Factor(Ezponent[\])
is not satisfied. O

Example 6.1 shows that, in general, the absence of
redundancy for a nested attribute does not imply the
absence of insertion anomalies. Therefore, it cannot
be expected that nested attributes in NLNF do not
have update anomalies. We define, however, strong
update anomalies in the context of nested attributes.
The main difference to the RDM is that updated re-
lations which define any strong anomaly do not only
satisfy all key dependencies on the nested attribute,
but also all nasty FDs. Deletion anomalies cannot
occur with FDs and are therefore not defined.

Definition 6.1. Let N be a nested attribute and X
a set of FDs on N.

1. We say that N has a strong insertion anomaly
if and only if there is some r C Dom(N) with

- ¥ and some t ¢ r with |=, () Dkey U E:astya
but l?éru{t} 3.

2. We say that N has a strong replacement anomaly

e of type 1 if and only if there is some r C
Dom(N) with =, ¥ and some ¢t € r and
t' € Dom(N) with 7& () = #¥ (') for some
minimal key K on N and =, _1u{#} SkeyU
E:asty and l?ér—{t}u{t’} ¥ hold.

e of type 2 if and only if there is some r C
Dom(N) with |, ¥ and some ¢t € r and
t' € Dom(N) with 7¥ (t) = ¥ (¢') for some
distinguished minimal key K on N and

}|1=rla{t}u{t'} Skey Uty and -, yuqey &
old.

e of type 3 if and only if there is some r C
Dom(N) with =, ¥ and some ¢t € r and
t' € Dom(N) with #&(t) = #&#') for
all minimal keys K on N and |=,_ 300}
Zkey U Z;'l_asty and bér—{t}u{t'} ¥ hold.

We say that N has a strong update anomaly if and
only if N has a strong insertion or a strong replace-
ment anomaly of some type.

Example 6.2. Consider again the nested attribute

Fitness(Member, Week, Day, Schedule[Ezercise(Machine,
Sets[Rep(Number, Weight)])])

and the database from Example 3.1 together with the
FDs from Example 4.2. An insertion of the tuple

(Sylvester,2, Tuesday, [(Butterfly,[(20,50)])])

leads to a new relation which satisfies all key depen-
dencies and all nasty dependencies, but the FD

Fitness(Name, Day) — Fitness(Schedule[Ezercise(Machine)])

is now violated. Similarly, replacing the tuple

(Sylvester,1, Thursday,[(Bench,[(10,85),(5,85)]),
(Incline,[(8,75),(5,75),(1,75)])])

by

(Sylvester, 1, Thursday,[(Bench,[(12,85),(6,85)]),
(Incline,[(10,75),(5,75),(1,75)])])

leads to a replacement anomaly of type 1, for instance.
The new relation still validates all key dependencies,
the new and old tuple coincide on the minimal key
Fitness(Member, Day, Week), but the FD

Fitness(Member, Week, Schedule[Ezercise(Machine)]) —
Fitness(Schedule[Ezercise(Set[Rep(Number)])]).

is violated. O

The next theorem generalises a result from (Fagin
1981). It shows that NLNF is an exact condition for
the absence of strong insertion anomalies.

Theorem 6.1. Let N be a nested attribute and ¥ o
set of FDs on N. Then is N in NLNF if and only if
N does not have any strong insertion anomaly.

Proof. This follows from the proof of Theorem 5.4.
In fact, if N has a strong insertion anomaly, then
there must be some X =+ Y € ¥ C ¥t which is not
nasty and where X is not a superkey. Consequently,
N cannot be in NLNF. Vice versa, if NV is not in
NLNF, then there is some X — Y € Xt which is
not nasty and where X is no superkey. When can
now define ¢,t' € Dom(N) exactly as we did in the
proof of Theorem 5.4. Take then for instance r = {t'}
which obviously satisfies =, . The proof of Theorem
5.4 shows then that 'ZTU{t} Ykey U Z:asty7 but l#ru{t}
3. O



NLNF is also an exact condition for the absence of
type 1 replacement anomalies. This is an extension of
a well-known result in relational databases (Vincent
1992).

Theorem 6.2. Let N be a nested attribute and ¥ a
set of FDs on N. Then is N in NLNF if and only if
N does not have any strong replacement anomaly of
type 1.

Proof. Obviously is N not in NLNF if N has a
strong replacement anomaly of type 1. Let’s as-
sume that N is not in NLNF. Then there is some
X — Y € Xt which is not nasty and where X
is not a superkey. It follows by Lemma 5.1 that
there is some M € MazB(N) with M € MazB(Y)
and M ¢ MazrB(X). That means X — M € X*

and X - M ¢ X% again by Lemma 5.1. Let

nasty>
X =u({Z € SubB(N) : X — Z € ©+} — {M}).
Define tg,t' € Dom(N) with

ay(to) =ny (') iff  Z<XF.
Moreover, define t € Dom(N) by 3 (t) = 7 (to)
and 7 (t) = 7Y (#') for all Z € MazB(N) — {M}.
Since M € MaxB(N) the element t is well-defined.
It follows then that

aY (o) =ay(t) iff  Z<XT

Let r = {to,t}. Show first that =, X. Let U —
V e X TfU < X', then we need to show that
V < X* as well. It follows X* — U € X by the
reflexivity axiom, X — X1t € ¥t by the join rule.
Applying the transitivity rule a few times shows X —
E/( +€ ¥*. This means, by definition of X T, that V <

Show next that ':r—{t}u{t'} Ykey U Ejasty' Let K
be some minimal key for N. From K < X}, fol-
lows K < X%+, but X is not a superkey. This is
a contradiction, i.e. K ¥ Xj; which means that
al(to) # 7R(#). Let U — V € Ei‘asty. As-
sume further that ) (to) = 7 (#). For all V' €
MazB(V) N MazB(N) follows V' € MazB(U) by
Lemma 5.1. This implies that V' < X, holds, too.
As MazB(V) — MazB(N) C NMazB(N) holds fol-
lows V! € NMaxzB(N) and therefore X — V' €
Yhasty for all V! € MazB(V) — MaxzB(N). Conse-
quently, V' < X} forall V! € MazB(V)—MazB(N)
(M € MaxB(N)). Since V = U(MazB(V) N
MazB(N))U(MazB(V)— MaxB(N)) we have V <
X3, by means of the join rule.

It is obvious that [, _(uqey T since X < X
(M ¢ MazB(X)), but M £ Xi;, ie., oo
X - M.

It remains to show that there is some minimal
key K such that 7l (t) = 7). Let Ny =
U(MazB(N) — {M}). From X — M € It follows
X UNy — MU Ny € ©t. This is equivalent to
Ny — N € 1 since X < Njys and M U Ny = N.
It follows that Nys is a superkey, i.e., there is some
minimal key K < Njs. Since ¢ and t' only differ on
M, it follows that 7 (t) = =& (¢').

Consequently, there is some r = {tg,t} C Dom(N)
with =, ¥ and there are ¢t € r,t' € Dom(N) with

¥ (t) = 7l (t') for some minimal key K for N such

that Izr—{t}U{t’} EkeyUErTasty and béT_{t}U{tl} ¥ hold.
This means that IV has a replacement anomaly of type
1. O

The following theorem also generalises a well-
known result from (Vincent 1992).

Theorem 6.3. Let N be a nested attribute and X o
set of FDs on N. Then is N in NLNF if and only if
N does not have any strong replacement anomaly of
type 2.

Proof. Obviously is NV not in NLNF if V has a strong
replacement anomaly of type 2. Let’s assume that N
is not in NLNF. The existence of some X — M €
ot — oty with M € MazB(N), M ¢ MazB(X)
and X is not a superkey for N follows as in the proof
of Theorem 6.2. Let K be some distinguished minimal
key for N.

If M ¢ MazB(K), then we can proceed ex-
actly as in the proof of Theorem 6.2. It remains
to consider the case where M € MaxzB(K). Let
Q < U(SubB(K) — MazB(N)) maximal with re-
spect to < and the property that X U @ is not a
superkey. Further define G = (XM K)UQ)". Define

to,t,t' € Dom(N) with
1. 7% () = 7¥ (to) if and only if Z < G,

2. m¥ (") = ¥ (o) if and only if Z < (X UG)},

nasty?
3. wi¥(t) = 7R (t").

The first two properties imply that 75 (t) = & ('), in
particular Y g (1) = T g (t') and wfy (1) = m§ (
We show that SubB((X U G){..) — SubB(G)

nasty
disjoint to SubB(K). Assume there is some B €
SubB((X LU G)*

sty) — SubB(G) with B € SubB(K).

It follows immediately that B ¢ SubB(X)—SubB(QG)
since XMK < G. This leaves us with B € SubB(K)—
SubB(G@) and B € NMaxzB(N), or equivalently
B € SubB(K) — MazB(N) and B ¢ SubB(G). By
definition of () follows that X LI @ U B is a superkey.
From B € SubB((XUG)} .., ) follows B < (XUQ)*.

nasty
Therefore, X U @ is already a superkey, a contradic-
tion to the choice of Q). The elements tg,t,t are well-
defined, and in particular can ¢ and ¢' be chosen to
coincide on K.

The claim is that to,t,t' define a replacement
anomaly of type 2. It is rather easy to show that

Fitoty © and gy 0y S, hold (the tuples coin-
cide on closed sets, respectively).

Assume to and ' coincide on some minimal key
K'. Then K' < (XUG){ 4y, and XUG — K' € &+,

nasty’

This implies that X UQ — K’ € ¥+ holds, i.e., X LUQ
is some superkey, a contradiction to the choice of Q.
Consequently, to and t' differ on every minimal key
K'.

It is now sufficient to show that g vy X = M
holds. First of all, 7§ (t) = 7§ (#') since X < (X U
Q) Recall that M < K,M ¢ SubB(X), and

nasty*

M € MaxB(N). From M € MaxB(N) follows M £
Q@ and therefore M £ (X N K) U Q. Moreover, if
(XNK)UQ — M € Xt held, then K would not
be a minimal key. It follows that M £ G. From
M € MazB(N),M ¢ MaxB(G),M ¢ MaxzB(X)
and X UG — M € X7 follows immediately X LI

G — M ¢ ¥}, by Lemma 5.1. This means M £
(X U G)fsty and therefore mpy(t') # mjy(to). This
o

concludes the proof.

It remains to study strong type 3 replacement
anomalies.



Lemma 6.1. Let N be a nested attribute and ¥ a set
of FDs on N. If N is in NLNF, then N does not have
any strong replacement anomaly of type 3. O

Unlike the case for strong type 1 and strong type
2 replacement anomalies, the converse to Lemma, 6.1
does not hold in general.

Example 6.3. Consider the nested attribute
Paper(Lecturer, Course, Textbook)
together with the FDs

Paper(Lecturer, Course) — Paper(Textbook) and
Paper(Textbook) — Paper(Course).

This nested attribute is not in NLNF with respect to
the FDs given. However, the mested attribute does
not have any strong replacement anomalies of type 3.
In fact, Paper(Lecturer, Course) and Paper(Lecturer,
Textbook) are both minimal keys. Consequently, ev-
ery (modified) tuple t' with =X (t) = w&#') for all
minimal keys K must be equal to t. This implies 1m-
mediately that 7 — {t} U {¢'} = r cannot satisfy both
Er T and (. T simultaneously. O

The final result follows immediately from the pre-
vious theorems.

Theorem 6.4. A nested attribute in NLNF does not
have any strong update anomalies. Strong replace-
ment anomalies of type 1 coincide with strong replace-
ment anomalies of type 2.

The results for strong update anomalies and
NLNF are the same as for update anomalies and
BCNF.

7 Conclusion

This article has studied normalisation in the presence
of lists. The approach is based on a mathematically
well-founded algebraic framework based on nested at-
tributes. This framework can easily be extended to
other complex object types, thus providing a unify-
ing approach to studying dependencies in various ad-
vanced data models. FDs can be captured by a sim-
ple generalisation of Armstrong’s axioms in this con-
text (Hartmann & Link & Schewe 2004). As in the
RDM, FDs cause processing difficulties such as re-
dundancy and abnormal update behavior. The paper
has introduced formal definitions for redundancy and
various forms of update anomalies in the presence of
lists. The main contribution was the proposal of the
Nested List Normal Form, a normal form for nested
attributes which guarantees the absence of process-
ing difficulties. Indeed, the paper has formally justi-
fied the proposal. NLNF is equivalent to the absence
of redundancy, insertion anomalies and two types of
replacement anomalies. Furtermore, NLNF avoids
type 3 replacement anomalies. Moreover, it has been
shown that nested attributes can be efficiently tested
whether they are in NLNF with respect to a given
set of FDs. Finally, integrity checking for nested at-
tributes in NLNF can be reduced to checking all key
constraints and all nasty FDs given.

8 Future Work

There are many ways of continuing this research. For
the future, we would like to explore richer type sys-
tems containing sets, multisets, unions and even ref-
erences leading to rational trees. The class of FDs in
the presence of base, record and finite set types has
already been studied in (Hartmann & Link 2003) and

has led to a more sophisticated set of inference rules
since the extension rule is no longer valid in the pres-
ence of sets. We have also looked at extending this
result to lists and multisets.

Another line of research is to extend the classes of
dependencies considered. A further important class of
dependencies are multi-valued dependencies (MVDs).
The work in (Hartmann & Link & Schewe 2004) pro-
vides a finite axiomatisation of FDs and MVDs in the
presence of lists. This work takes full advantage of the
Brouwerian Algebra of subattributes. In (Hartmann
& Link 2004) a membership algorithm for deciding
the implication of FDs and MVDs has been proposed
and proven to work correctly and in polynomial time.
In the future, various other classes of relational depen-
dencies (Thalheim 1992), including join dependencies
and inclusion dependencies, together with their inter-
actions should be studied with respect to various type
systems.

The main objective is of course the study of nor-
mal forms for nested attributes which guarantee well-
designed databases. The desirable goal would be a
theory extending the results from (Vincent 1994) to
databases supporting various types. Recall that the
Brouwerian Algebra of subattributes can be easily
extended to cover sets, multisets, unions etc. The
question is then whether the results of this paper
can be carried over to different combinations of these
types. Another desirable goal is to cover MVDs in
an extension of the fourth normal form (4NF) and
to semantically justify that extension. The decom-
position of nested attributes into NLNF and other
normal forms should also be subject to future work.
Such a decomposition will, in general, not preserve
FDs, and an extension of third normal form and the
synthesis approach from the relational data model
could be pursued. It might turn out that pivoting
(Hartmann 2001) is a more natural approach to de-
compostion.
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