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Abstract

Reflective Relational Machines were introduced by S.
Abiteboul, C. Papadimitriou and V. Vianu in 1994, as
variations of Turing machines which are suitable for
the computation of queries to relational databases.
The machines are equipped with a relational store
which can be accessed by means of dynamically built
first order logic queries. We initiate a study on ap-
proximations of computable queries, defining, for ev-
ery natural k, the k-approximation of an arbitrary
computable query g. This, in turn, motivates us to de-
fine a new variation of Reflective Relational Machines
by considering two different logics to express dynamic
queries: one for queries and a possibly different one
for updates to the relational store. We prove several
results relating k-approximations of queries with the
new machines, and also with classes of queries defined
in terms of preservation of equality of FOF theories.
Finally, we summarize a few open problems related
to our work.

Keywords: query computability, reflective machines,
query approximations.

1 Introduction

In 1980, A. Chandra and D. Harel initiated the con-
struction of a Computability Theory for queries to
relational databases (Chandra A. K., Harel D. 1980).
They came out with a formalization of the notion of
computable query, and also with a formal program-
ming language QL which characterized exactly the
class of computable queries, denoted as CQ. As to
the classical computability theory for functions de-
fined in the set of natural numbers (as in (Hopcroft
J., Ullman J. 1979)) it was shown to be inadequate
for the purpose of studying computable queries. The
reason is that from a conceptual point of view it is
desirable for a model of computation of queries to be
representation independent (Ullman J. D. 1988). This
means, roughly, that queries to databases which rep-
resent the “same” reality should evaluate to the same
result. This concept was partially captured in the
definition of computable query by using the mathe-
matical concept of isomorphism. Specifically, the def-
inition of computable query requires that queries on
isomorphic databases must evaluate to the same re-
sult. Hence, when using a Turing machine to com-
pute a query, the resulting relations computed by the
machine on isomorphic databases should be isomor-
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phic. And Turing machines are not defined in that
way. Turing machines are not supposed to preserve
isomorphisms, since they are built to compute func-
tions on natural numbers, rather than structures, i.e.,
relational databases. So, another kind of formal ma-
chine was needed as a model of query computation.

By now, there are different formalisms which may
be used to compute, or express, queries. Among the
most important we can include formal programming
languages, formal machines and logics with finite in-
terpretations. In the present work we will concentrate
our attention in formal machines, specifically in the
reflective relational machine model and some varia-
tions of it.

The reflective relational machine (RRM from now
on) was developed in (Abiteboul S., Papadimitriou
C., Vianu V. 1994) as an extension of the relational
machine introduced in (Abiteboul S., Vianu V. 1991),
where they have been called loosely coupled generic
machines and denoted as GM'°5¢. They have been
further studied in (Abiteboul S., Vianu V. 1995) and
(Abiteboul S., Vardi M. Y., Vianu V. 1995), where
they were renamed as relational machines (RM from
now on), and also in (Abiteboul S., Vardi M. Y.,
Vianu V. 1997) and (Abiteboul S., Papadimitriou C.,
Vianu V. 1998).

Both models are based on Turing machines in-
teracting with a database using First-Order queries.
RM: s are similar in spirit to the computation carried
out in practical languages such as C plus SQL, while
the RRM s allow dynamic generation of queries in the
style of reflective programming languages like Prolog
or Lisp. In such languages, clauses or functions can
be generated and evaluated in execution time, respec-
tively.

Several properties of relational databases which
are related to the notion of homogeneity in classi-
cal Model Theory were defined an studied in (Turull
Torres J. M. 2001). Such properties demonstrated to
be useful as a means to increase the computational
power of sub-classes of the RRM s of bounded vari-
able complexity (which are known to be incomplete).

In the same paper the classes QCQ" of computable
queries were defined. They provide a semantic char-
acterization of the computation power of sub-classes
of RRM defined by limiting the number of variables
in the First-Order queries used by the machine to in-
teract with the database.

In (Turull Torres J. M. 2002) a variation of the
reflective relational machine called reflective counting
machine (RCM) was defined together with a charac-

terization of its expressive power denoted as QC ch.

Both semantic classifications provide an alterna-
tive measure of the computability power of these for-
mal machines. They also have been studied in a dif-
ferent setting in the context of query optimization
(see (Link S., Turull Torres J. M. 2003)). They used
the fact that by definition, the answer of any query in



the classes QC Qk and OC Qck, for every k > 1, when
evaluated on an arbitrary database, is the union of
some equivalence classes in the relation of equality of
FOF and C* types, respectively. Roughly, FO* is
the fragment of first order logic (FO) of the formu-
las with up to k different variables, and C* is FO*
plus counting quantifiers of the form 32"z for all m.
What makes these classes interesting in the context
of query optimization is that such equivalence rela-
tions can be computed efficiently, since it is known
(Otto M. 1997) that equality of FO* types and of C*
types is decidable in PTIME. The concept of type,
in the Model Theoretic sense, is central in this set-
ting, and in the present work we make heavy use of
it. In Subsection 2.3 we give the needed background
on types, as well as a more intuitive introduction to
that notion.

Aiming to initiate a study on approximations of
computable queries, we define in this article the k-
approximation of an arbitrary computable query g,
as the closure under equality of FOF types of the
actual query ¢g. That is, if ¢(I) is the answer to a
query q on a database instance I, then the answer
to the k-approximation of ¢ on I (denoted as g (1))
will contain not only the tuples in ¢(I) but also those
tuples which have the same properties (up to those
expressible in FO¥) on I, as the tuples in ¢(I).

The intuition behind this notion is that we think
in computing a query in such a way that the database
can be appreciated in all its details (i.e., we can see all
its F'O types, or isomorphism types), but our capabil-
ity to generate the answer to the query is not precise,
in the sense that we cannot distinguish among tuples
beyond FO¥.

Intuitively, it could seem that for every k the k-
approximations to all computable queries are in the

class OCO¥. but we prove here that this is not the

case. That is, the classes QCQk are not suitable to
characterize k-approximations of queries.

This, in turn, motivates us to define a variation of
RRM by considering two different logics to express
dynamic queries: one for Boolean queries (£,) and
a possibly different one for r-ary queries, or updates
(Ly). We denote this new machine as RRM (Ly, Ly,).

We prove that for every k > 1, RRM(FO, FO¥)
includes the class of k-approximations to all com-
putable queries. We still do not know, though,
whether the inclusion is strict. We also study the
relation between the RRM machines with variable
complexity k and RRM (FO, FO¥), and we give some
initial results (see Propositions 7 and 8).

Although the concept of query approximation has
been previously studied in fields as decision support
systems, OLAP and data mining, the approach usu-
ally taken in such fields has been quite different to the
approach proposed here. In those fields, the emphasis
has been on the problem of generating fast approxi-
mate answers to queries posed to large databases and
the methods more frequently used are statistical or
histogram based (see for instance (Ioannidis Y., Poos-
ala V. 1999, Pavlov D., Mannila H., Smyth P. 2001)).
In contrast, in this work the emphasis is on the formal
definition and study of the concept of approximation
to computable queries.

Another characteristic of the concept of approxi-
mation used in such fields as data mining is that the
error of an approximate answer is measured in terms
of metric or quasi-metric distances. Such distances do
not take into account the properties of the database.

As we use for our purpose a concept of similarity
based in equality of FOF types, in this setting an ap-
proximation of a query is measured in a semantic way,

taking into account the properties of the tuples in the
database. An interesting consequence of this is that
by choosing different bounds in the amount of vari-
ables allowed, it is possible to graduate the precision
of the approximation to a given query. Furthermore
such precision measure is determined by the proper-
ties of the tuples in the database.

We believe that the definition of query approxi-
mation presented in this paper can also be useful in
areas as artificial intelligence or data mining when-
ever a “fuzzy” answer rather than an exactly answer
is pursued.

Now we proceed to outline the organization of the
paper.

In Section 2 we give a brief background of the main
technical concepts regarding computable queries, and
Finite Model Theory and its relation to Database
Theory. We also introduce some known results which
we use in our present work.

In Section 3, we include the formal definitions of
relational machine and reflective relational machine
as well as a brief and more intuitive explanation. We
also include there two different semantic classifica-
tions of computable queries (i.e., classifications de-
fined in terms of properties of queries as functions)
which have been defined and studied in (Turull Tor-
res J. M. 2001) and (Turull Torres J. M. 2002).

We define in Section 4 our concept of approxima-
tion of computable queries as well as a new variation
of RRM intended as a syntactic characterization of
k-approximations. Initial results concerning this new
approach to query approximation and its relation to

the classes QC Qk are presented in this section.

In Section 5, we summarize a few open problems
related to our work on semantic characterizations of
RRM s and query approximations.

Finally, in Section 6, we outline some directions
we are aiming to follow in our research programme
with respect to query approximations.

2 Preliminaries

Unless otherwise stated, in the present article we will
follow the usual notation in Finite Model Theory, as
in (Ebbinghaus H., Flum J. 1999).

We use w to denote the set on natural numbers,
as it is usual in Model Theory.

We define a relational database schema, or sim-
ply schema, as a set of relation symbols with as-
sociated arities. We don’t allow constraints in the
schema, and we don’t allow constant symbols either.
If o = (Ry,..., Rs) is a schema with arities r1,...,rs,
respectively, a database instance, or simply database
over the schema o is a structure I = (DY, Rf ... RI)
where D! is a finite set, which contains exactly all the
elements of the database, and for 1 <i < s, R! is a
relation of arity r;, i.e., Rf C (D).

When we use graphs as examples of databases, we
will refer to the schema of the graphs. By that we
mean a schema with only one relation symbol (be-
sides the symbol for equality), and where that relation
symbol is of arity 2.

We will use ~ to denote isomorphism. That is, if T
and J are two databases of some schema o, we denote
as I ~ J the existence of an isomorphism between [
and J, i.e., a bijection which preserves all the rela-
tions in . An automorphism in I is a bijection from
dom(I) onto dom(I) which preserves all the relations
in o.

We will denote as B, the class of all the databases
of schema o.



2.1 Computable Queries

Following (Chandra A. K., Harel D. 1980) we next
define the formal notion of computable query.

Definition 1 Fizing a schema o and an integer r >
0, we define a computable query of arity r and schema
o, as a partial function q : B, — Bgy, where R is a
relation symbol of arity r, and where q has the follow-
ing properties:

i. For every database I of schema o on which q is

defined, dom(q(I)) C dom(I).

1. q 1S a partial recursive function for some linear
encoding of the input databases.

1. q preserves isomorphisms, i.e., for every pair of
databases of schema o, I and J, and for ev-
ery isomorphism h : dom(I) — dom(J), either
q(J) = h(q(I)), or q is undefined on both I and
J.

A computable Boolean query is a 0-ary computable
query.

Note that a query may be partial, that is, it may
be defined on a proper sub-class of B,. Otherwise, if
the query is defined on the whole class of databases
of schema o, we say that it is a total query.

We denote the class of computable queries of
schema o as CQ,. Consequently, CQ denotes the
whole class of computable queries of all schemas.

2.2 Finite Model Theory and Databases

We refer the reader to (Ebbinghaus H., Flum J.,
Thomas W. 1984) as a source book for mathemat-
ical logic, to (Ebbinghaus H., Flum J. 1999) and
Immerman N. 1999) for finite model theory, and
Abiteboul S., Hull R., Vianu V. 1994) for the re-
lation between databases and finite model theory.

We will use the notion of a logic in a general sense,
without a formal definition, which would be compli-
cated and unnecessary to present our work. As it is
usual in this setting, we will regard a logic as a lan-
guage, that is, as a set of formulas.

We will only consider signatures, or vocabularies,
which are purely relational, i.e., there are no constant
symbols nor function symbols. We will assume always
that the signature includes a symbol for equality.

We consider only finite structures. So that our
structures will always be finite relational structures.
Consequently, if £ is a logic, the notions of satisfac-
tion, denoted as =, and equivalence between sen-
tences, denoted as =, will be related to only finite
structures.

If £ is a logic, and o is a signature, we will denote
as L, the class of formulas from £ with signature o.
If I is a structure of signature o, or o-structure, we
define the £ theory of I, as The(I) = {p € L, :
I l=¢ ¢}. That is, The(I) is the class of all Boolean
queries expressible in the logic £ which are TRUE on
1.

A database schema will be regarded as a relational
signature, and a database instance of some schema o,
as a finite and relational o-structure. Consequently,
the class of all finite o-structures is exactly what we
denoted as B, at the beginning of this section.

By o(x1,...,2,) we denote a formula of some
logic, whose free variables are ezactly {z1,...,z,}.
Let free(p) be the set of free variables of the formula
o. It p(xy,...,21) € Lo, I € By, ap, = (a1,...,ax)
is a k-tuple over I, let I = ¢(x1,...,2)[a1,. .., ak
denote that ¢ is TRUE, when interpreted by I, un-
der a valuation v, where for 1 < i < k, v(x;) = a;.

That is, we consider the tuple aj as a (partial) valu-
ation. We will use the same notation also when the
set of free variables of the formula is strictly included
in {x1,...,x%}, even when the formula is a sentence.

Then we can consider the set of all such valuations,
as follows:

ol ={(a1,...,ax) : a1, ...,ax € dom(I)A
IEp(z,...,z5)a1,. .. a0k}

That is, ¢! is the relation defined by ¢ in the structure
I, and its arity is given by the number of free variables
in .

Formally, we say that a formula ¢(x1,...,x) of
signature o, expresses a query g of schema o, if for
every database I of schema o, is ¢(I) = !. Similarly,
a sentence @ expresses a Boolean query g if for every
database I of schema o, is ¢(I) = 1 iff T |= ¢.

Note that when using logics as query languages
only total queries are considered.

We denote as FOF, for some integer k > 0, the
fragment of first order logic where only formulas
whose variables are in {x1,...,x;} are allowed. In

this setting, FOF is itself a logic. This logic is clearly
less expressive than FO, i.e., the class of queries which
can be expressed in FO¥ is strictly included in the
class of queries which can be expressed in FO.

As an example, recall that a k-clique, denoted as
K, is a complete graph with k£ nodes. The Boolean
query, “is the graph a (k+1)-clique?”, in the schema
of graphs, is not expressible in FO* (see (Immerman
N. 1999)). On the other hand the query is easily
expressible in FOF!,

We denote as C*, for some integer k > 0, the
logic which we get by adding to FO* counting quan-
tifiers, i.e., all the existential quantifiers of the form
32my, for every m > 1. Informally, the semantics
of 32™x(y) is that there exists at least m different
elements in the structure or database, which satisfy

®.

2.3 Types, or Properties of tuples

Given a database I and a k-tuple over I, ap =
(a1,...,ax), we want to consider all the properties
of @, in the database. One possible such property is
whether the tuple belongs to a given k-ary relation in
I. But there are many more properties that a; may
satisfy, given the components of the tuple and the re-
lations which form the database. Different sub-tuples
of a; may belong to relations of arity < k ; two dif-
ferent components of a; may belong to two different
tuples in some relation, which in turn have some com-
mon components, and so on. As we want to consider
all such properties, we can use a logic, say F'O, and
see which properties of the tuple can be expressed by
formulas in that logic. Then we can ask ourselves
whether the chosen logic is “complete” in this sense,
that is, whether all the properties which we want to
consider are expressible through that logic. Note that
we should not consider only formulas with exactly k
free variables, because we want to include also the
properties of the different components of the tuple,
as well as of the different sub-tuples.

It turns out that there is a very interesting formal
concept in model theory which is quite suitable for
our purpose, namely, the notion of type. We refer the
interested reader to (Dawar, A. 1993), (Dawar, A.,
Lindell, S., Weinstein, S. 1995) and (Otto M. 1997)
where the subject of types is studied in depth. In this
sub-section we will usually follow the notation as in
(Otto M. 1997).



Definition 2 Let £ be a logic. Let I be a database
of some schema o, let ax = (a1,...,a) be a k-tuple
over I. The L type of ay in I, denoted tp¥(ay), is
the set of formulas in L, with free variables among
{x1,..., 2}, such that every formula in the set is
TRUE when interpreted by I for any valuation which
assigns the i-th component of ay to the variable x;,
for every 1 < i < k. In symbols tp¥(ay) = {p € L, :
free(p) C{z1,...,ax} AN E plar,. .., axl}

It is note worthy that, according this definition,
the L theory of the database I, i.e., The(I), is in-
cluded in the £ type of every tuple over I. That is,
the class of all the properties of a given tuple, which
are expressible in £, includes not only the properties
of all its sub-tuples, but also the properties of the
database itself.

Note that the type of two different k-tuples of the
same database may be different, even if the types of
the corresponding components are the same. Think
of a complete binary tree of depth h. If we consider
types for single elements (i.e., k = 1), then we have
only h+1 different types, because all the nodes of the
same depth satisfy the same properties. They can be
exchanged by an automorphism of the tree. Now let
us consider types for pairs (k = 2). We can build two
pairs, such that the type of the two first components is
the same, and the type of the two second components
is also the same, but the types of the two pairs are
different. Just take for one pair a node in some depth
> 0 and one of its sons, and for the other pair we take
a node of the same depth as the first component of the
first pair, and another node in the next level of the
tree, but which is not the son of the first component.

Considering the logic £ as a query language, we
may also regard an L type as a set of queries. The L
type of a tuple ai over a database I is the set of all
l-ary queries, with 0 < [ < k, which are expressible
in £, and such that the tuple @, (or the correspond-
ing sub-tuple, according to the free variables in the
corresponding formula) belongs to the answer of all
of them, when evaluated on the database I. More-
over, the (infinitary) conjunction of all the £ formulas
which form the £ type of ag, is itself a query, though
not necessarily expressible in £. The answer to this
query when evaluated on I is the set of k-tuples over
I whose L type is tp¥ (ax).

We can also think of a type of a tuple, without
having a particular database in mind, just by adding
properties (formulas with the appropriate free vari-
ables) to a set as long as it remains consistent. That
is, we can first define a type for a given schema and
a given length of tuple, and then ask whether in a
given database there is a tuple of that length and
of that type. This is the idea behind the next defini-
tion. First, let us denote as Tp* (o, k), for some k > 0,
the class of all L types for k-tuples over databases of
schema o. In symbols

Tp* (o, k) = {tp¥(ar) : I € B, A ay, € (dom(I))*}

That is, Tp* (o, k) is a class of properties, or a set
of sets of formulas.

Definition 3 Let £ be a logic. Let o be a schema,
let k >0, and let o € Tp*(o,k) (i.e., o is the L type
of some k-tuple over some database in B, ). Let I be
a database of schema o. We say that I realizes the
type « if there is a k-tuple ay over I whose L type is
a. That is, if tp*(ay) = a.

Let I be a database of some schema o, and let k >
0. We denote as Tp*(I, k) the class of the properties

of all the k-tuples over the database I, which can be
expressed in £. In symbols

TpL(I7 k) = {tpf(dk) tay € (dom([))k}

The next is a well known result, and means that
when two databases realize the same (FO* or C¥)
types for tuples, it does not mind which length of tu-
ples we consider; for proofs see among others (Turull
Torres J. M. 2001) and (Turull Torres J. M. 2002).

Fact 1 For every k > 1, for every schema o, for
every pair of databases I, J of schema o, and for
every 1 <1 <k, the following holds:

o TpFO™ (I, k) = TpFO" (J,k) « TpFo*(1,1) =
TpFO"(J,1)

. TpCZ(I,k:) = TpC" (Jk) < Tpc (I,]) =
TpC (J,1)

The relation between types of tuples and theories
of databases for the logics FO* and C* is stated in
the following fact, which among other sources, can be
found in (Otto M. 1997).

Fact 2 For every k > 0, for every schema o, and for
every pair of databases I, J of schema o, the follow-
ing holds: I=porJ <= TpFo* (I,k) = TpFo” (J, k).
Similarly, for every k > 0, for every schema o, and
for every pair of databases I, J of schema o, the fol-

lowing holds: I=cwJ < Tpck (I,k)= Tpck (J,k).

Although types are infinite sets of formulas, due
to the next results of A. Dawar and of M. Otto, re-
spectively, a single FO* (C*) formula is equivalent to

the FOF (C*) type of a tuple over a given database.
And this equivalence holds for all the databases of the
same schema.

Proposition 1 (Dawar, A., Lindell, S., Weinstein,
S. 1995) For every schema o, for every database I of
schema o, for every k > 0, for every 1 <1 <k, and

for every l-tuple a; over I, there is an FOF formula
o€ tpfok (a1) such that for any database J of schema
o and for every l-tuple by over J

J = olbr] <= tpF " (@) = tp5°" (b))

Moreover, such a formula ¢ can be built induc-
tively for a given database. If an FO* formula ¢
satisfies the condition of Proposition 1, we say that ¢

k
is an isolating formula for tp¥©” (a;).

Similarly, a C* formula is equivalent to the C¥
type of a tuple over a given database.

Proposition 2 (Otto M. 1996) For every schema o,
for every database I of schema o, for every k > 1,
for every 1 <1 < k, and for every l-tuple a; over I,

there is a C* formula x € tp?k (ar) such that for any
database J of schema o and for every l-tuple by over

J
T xlb) = t¢" @) = tp5" (by)

Again, such a formula y can be built inductively
for a given database. If a C* formula y satisfies the
condition of Proposition 2, we say that x is an isolat-
ing formula for tp?k (@).

Given a logic £, and a database I, it may be the
case that £ is not powerful enough to express all the
properties of every tuple over I. That is, two tuples



over the database may differ in some property, which
is not expressible in the logic L.

In order to study in a formal setting whether a
given logic is expressive enough regarding types, we
need to define types considering the algebraic proper-
ties of the tuples in a given database, i.e., having no
logic in mind.

Definition 4 Let o be a schema, let I be a database
of schema o, let k > 0, and let ar, = (a1, ...,ax) be
a k-tuple over I. Let L be a logic. We say that the
type tp% (ay) is an automorphism type if for every k-
tuple by = (b1,...,bx) over I, if tp¥(ag) = tp¥(by),
then there exists an automorphism f in the database I
which maps ay onto by, i.e., for 1 <i <k, f(a;) =0;.

Thus, regarding the tuple a, in the database I,
the logic L is sufficiently expressive as to include all
the properties which might make a; distinguishable
from other k-tuples in the database I.

We now give a stronger definition, which states
that a given type is not only expressive enough in the
given database, but also in the whole class B, of all
the databases of the same schema.

Definition 5 Let o be a schema, let I be a database
of schema o, let k > 0, and let ay, = (a1,...,ax) be a
k-tuple over I. Let L be a logic. We say that the type
tp%(ay) is an isomorphism type if for every database
J € B,, and for every k-tuple by, = (b, ...,by) over
J, if tp£(ay) = tp5(by), then there exists an isomor-
phism [ : dom(I) — dom(J) which maps ay, in I onto
by in J, ie., for 1 <i <k, f(a;) = b;.

The following is a well known result, which, among
other sources, can be found as Proposition 2.1.1 in
(Ebbinghaus H., Flum J. 1999).

Proposition 3 For every schema o, and for every
pair of (finite) databases I, J of schema o, the fol-
lowing holds: I=ppJ <= I ~ J.

Moreover, the FO theory of every database is
equivalent to a single FO™1 sentence where n is the
size of the database.

This means that, given a database, F'O is expres-
sive enough to describe the database up to isomor-
phism, i.e., there exists a sentence A; € FO such
that MOD(A;) = {J € B, : J = I}. Such A sen-
tence is usually called the diagram of the database.

Finally, we define two equivalence relations.

Definition 6 Let k, | be positive integers, such that
k>1>1. We denote by =y, the (equivalence) relation
induced in the set of l-tuples over a given database I,
by the equality in the FO* types of the l-tuples. That
is, for every pair of l-tuples a; and by over I, a; = b;
iff tpfok(dl) = tpfok (b). Similarly, we denote by
=cr the (equivalence) relation induced in the set of
l-tuples over a given database I, by the equality in
the C* types of the l-tuples. That is, for every pair

of l-tuples @; and by over I, a; =c« by iff tp?k(@l) =
ck 7
th (bl)

3 Machines for Computing Queries

FO provides a rich class of database queries. How-
ever, some plausible queries are not FO expressible.
Aho and Ullman (Aho A. V., Ullman J. D. 1979)
proved that the transitive closure query cannot be
expressed in relational algebra and so neither in F'O.

In this section and the next, we will consider more
powerful languages which model arbitrary computa-
tions interacting with a database using a finite set
of FO queries. Such computations are modelled by
a formal machine, the Loosely Coupled Generic Ma-
chine (GM'"°%¢) introduced in (Abiteboul S., Vianu
V. 1991), today renamed as relational machine (RM).

A RM consists of a TM augmented with a finite
set of fixed-arity relations forming a relational store
(rs). Designated relations contain initially the input
database, and one specific relation holds the output
at the end of the computation. In a transition the
rs can be modified through a F'O query. Thus, RM
provides arbitrary computation interacting with the
database through F'O queries. RMs can be thought
of as database application programs, which often use
a relational language like SQL embedded in a pro-
gramming language like C. The T'M part of the RM
corresponds to the use of a programming language
and the FO queries on the rs correspond to the SQL
queries.

Formally, a RM is an eleven-tuple

M =(Q,%,d,q0,b,F,0,7,T,Q,P)
where:
Q, X, qo, b and F are defined as in the T'M model;
o is the vocabulary of the rs;
7 C o is the vocabulary of the input structure;
T € o is the output relation;

Q is a finite set of F'O sentences of vocabulary o;

S R W

® is a finite set of FO formulas with free variables
of vocabulary o, and

T.6:QxEXxN—>YxQx{R,L} x P x o is the
transition function of M.

Note that at each step of a computation the con-
tents of the rs is a o-structure, and that the query
computed by the machine is of the form ¢ : B, —
Bty

An instantaneous description of a RM consists of
an ID of the T'M component, together with the cur-
rent content of the relational store. Note that transi-
tions are based on:

i. the current state,
ii. the contents of the current tape cell, and
iii. the answer to a yes/no FO query on the store.

Let I; be the o-structure which is the contents of
the rs. Each transition involves the following actions:

i. move right (R) or left (L) the head on the tape,

ii. overwrite the current tape cell with some tape
symbol,

iii. change state, and

iv. update the relational store so that the new con-
tents of it is the structure I obtained from I
by changing the contents of one relation in o ac-
cording to the result of the evaluation of one FFO
formula in ® on the structure I; (denoted from
now on by R « ¢, where R € 0 and ¢ € ®).

The machine starts in the start state, with the in-
put in the designated relations of the relational store,
and an empty tape. It halts when a halting state is
reached.



The arity of a RM is the maximum number of
variables used in its F'O queries.

It is easily seen that the relational machines define
only generic mappings from the input structure to the
output relation, i.e., all RM computations preserve
isomorphisms.

The RM model is strictly more powerful than FO.
Relational machines can compute transitive closure
queries, as shown in the following example.

Example 1 “Set of pairs (a,b) of cities such that b
can be reached from a with an arbitrary number of
stopovers”.

Let M be the following RM where o = (F,T,S) is
the vocabulary of the rs, 7 = (F) is the vocabulary of
the input structure and T is the output relation.

1.7 F(xay)7 S — F(.I',y),
2T — T(nly) v I(T(@, 2) A F(21));
3. If ~(Ve,y(T(z,y) < S(z,y)) then
S —T(z,y)
Goto step 2;

4. Halt.

When M halts, the result of the query is the con-
tents of the relation T in rs. Note that the machine
does the composition of F' with itself until no new pair
of cities is added to T.

Relational machines are restricted to use a fixed
set of queries. In particular it implies a constant
bound on the number of variables, a fact with im-
portant consequences in the expressive power.

Nowadays database programming environments
do away with this limitation, and allow programmable
queries constructed dynamically by the program, and
not explicitly by the programmer. RM as defined pre-
viously fail to model this reflective style of database
programming.

In (Abiteboul S., Papadimitriou C., Vianu V.
1994) the relational machines are extended so that
they interact with the relational store via a writable
query tape. Such machines are called reflective rela-
tional machines (RRM).

A RRM M is a RM extended with a writable
query tape used to interact with the relational store
(rs). The rs is capable of storing an unbounded num-
ber of arbitrary relations Ry, Ri, Ro,.... Initially,
the relational store contains only the input relations
Ry, ..., R, whose arities rg,...,r, depends only on
M, all tapes are empty and the machine is in the
initial state. M computes as an ordinary two tape
Turing machine, with the following unique exception:
when the “query state” is reached, then the contents
of the query tape is interpreted as a formula. Two
kinds of formulas are allowed.

1. yes-no queries of the form

@(Ril, e

where i1, ...,7; are natural numbers, and ¢ is a
FO sentence over the vocabulary (R;,,..., R;,).
The query is evaluated in a single step on the
relational store. Depending on the answer, the
machines moves to one of the particular states

7Rik>

yes, no.
2. Updates of the form
R; — ¢o(Ry,,...,Ri,)
where j,41,...,%; are natural numbers, and ¢ is

a FO formula with free variables over the vo-
cabulary (R;,,..., R;. ). The result of query ¢ is
assigned to the relation R;. The machine moves
to a particular state, say update done.

If R; does not yet exist in the rs, it is added to
the store.

When some error during the evaluation of a query
posed on query tape occurs the machine halts and
rejects.

The variable complexity of a reflective machine M
is the largest number of variables ever used in a query.

It is immediate that reflective relational machines
are more powerful than relational machines. There is
a RRM M which computes the query

“even(S) = true iff |5 is even”

on a unary relation S. M goes on asking queries of
the form

dzq,...,2m /\

1<i<j<m

(@i £z) A\ S

form = 1,2, ... until it receives a negative answer.

The wvariable complezity of a RRM is the max-
imum number of variables which may be used in
the dynamic queries which are generated by the ma-
chine throughout any computation. We will denote
as RRM*, with k > 0, the sub-class of reflective rela-
tional machines with variable complexity k. That is,
machines in RRM* may use at most k different vari-
ables in the F'O formulas which are generated in the
query tape during any computation. RRMOW will
denote the sub-class of RRM with bounded variable
complezity, i.e., RRM whose variable complexity is
bounded by some integer. In symbols RRMOM) =
Ugzo RRM.

In (Abiteboul S., Papadimitriou C., Vianu V.
1998) it was shown that the RRM model is complete.
However, it was also shown there that the sub-class
RRM®® is incomplete. Moreover, it is equivalent
to the RM model (Abiteboul S., Vardi M. Y., Vianu
V. 1997).

In (Turull Torres J. M. 2001) a semantic charac-
terization of the sub-classes of total queries computed
by RRM s with variable complexity k (total(RRM*)
from now on), for every natural number k, was stud-
ied in order to determine the increment of such sub-
classes of RRM s working on homogeneous databases.

Such characterization was achieved by defining, for
every k > 1, the class QCQ" C total(CQ), as the
total queries which cannot distinguish between two
non isomorphic databases when the properties which
make them different need more than k variables to be
expressed in FO. The way in which the classes QCQF
was defined is to some extent implicit in (Abiteboul
S., Vianu V. 1995) and (Abiteboul S., Vardi M. Y.,
Vianu V. 1995).

Definition 7 Let o be a database schema, and let
k>1and k>r>0. Then we define

QCOk = {fr € CQ,VI,J € By :
TpFO™(I,k) = TpFO" (J, k) =

TpFO (I, f(I)), k) = Tp"O" ((J, f(J)), k)}
where (I, f(I)) and {J, f(J)) are databases of schema

o U {R}, with R being a relation symbol of arity r;
we also require that f(I) be closed under =j. Fur-

ther, we define QCQF = |J, QCQ¥, and QCQ¥ =
Uiz1 QCQ".



That is, a query is in the sub-class QCQF if for
every pair of databases of the corresponding schema,
say o, and for every FOF type for k-tuples if either
both databases have no k-tuple of that type, or both
databases have a non empty subset of k-tuples of that
type then the relations defined by the query in each
database also agree in the same sense, considering
the schema of the databases with the addition of a
relation symbol with the arity of the query.

Intuitively, the different sub-classes QC Qk in the
hierarchy QCQ, correspond to different degrees of
“precision”, say, with which the queries in the given
sub-class need to consider the database for them to
be evaluated.

The next result states that the classes QC Qk form
a strict hierarchy inside CQ

Proposition 4 (Turull Torres J. M. 2001) For every
k>1, QCO* 5 Qcor.

As an example of a query which belongs to the sub-
class (QCQ]C+1 - QCQk), consider the query “nodes
in (k + 1)-cliques which are subgraphs of the input
graph”, defined in the schema of the graphs.

Now we give a syntactic characterization of the

sub-classes QCQF, by means of a computation model.

Theorem 1 (Turull Torres J. M. 2001) For every
k > 1, the class of total queries which are computable

by RRM* machines is exactly the class QCQF.
Corollary 1 QCQ¥ = total(RRMOW).
Corollary 2 QCQ¥ C CQ.

In (Otto M. 1996), M. Otto defined a new model
of computation of queries, inspired in the RM of
(Abiteboul S., Vianu V. 1995), to characterize the ex-
pressive power of fixed point logic with the addition
of counting terms (see (Immerman N. 1999)). The fi-
nite set of operations which the machine of Otto can
perform includes the capability to count, where the
parameter m of the counting quantifier 32™ is dy-
namically defined.

Next, we define a machine introduced in (Turull
Torres J. M. 2002) which is similar to the model of
Otto, but which is inspired in the RRM of (Abiteboul
S., Papadimitriou C., Vianu V. 1998), instead.

Definition 8 We define, for every k > 1, the re-
flective counting machine of variable complexity k,
which we denote by RCMF®, as a reflective relational
machine RRM¥, where dynamic queries are C* for-
mulas, instead of FOF formulas. In all other aspects,
our model works in exactly the same way as RRMP".
We define RCMCW = J,~, ROMP*.

In the same spirit than in previous section, we
present now a semantic characterization of the sub-
classes of total(RCMF) for every natural number k.
The hierarchy of sub-classes that we consider for this

purpose was originally defined in (Turull Torres J.
M. 2002).

Definition

9 Le be a database schema, and let
k>1andk>r

to
> 0. Then we define

0cQS" = {f" €CQ, VI, J € B, :

Tp°" (1,k) = TpC" (J, k) =

Tp" (I, F(1), k) = Tp" ((J, f())), k)}

where (I, f(I)) and {(J, f(J)) are databases of schema
o U {R}, with R being a relation symbol of arity r;
we also require that f(I) be closed under =cx. We

define, further 0cQ?" = Uy QCQEk, and QCQC" =
Upsr Q7"

Proposition 5 (Turull Torres J. M. 2002) For every

k > 1, there is some h > k such that QCQC}L )
k

QCo“ .

Proposition 6 (Turull

Q" cco.

Finally, the characterization of the expressive
power of the model RCMF is provided by the next
theorem.

Torres J. M. 2002)

Theorem 2 (Turull Torres J. M. 2002) For every
k > 1, the class of total queries which are computable

by RCMPF* machines is exactly the class QCQCk,

Corollary 3 RCMOM = coc”.

4 Computing Approximations of Queries

In a general setting, we can consider an approxima-
tion of a query ¢ as a query ¢’ which defines for every
database I a relation ¢'(I) “close” to q(I).

More precisely, in this section we will consider that
qx is a k-approzimation of a query q of arity r < k
iff for every database I, the relation g (I) defined by
qr. over I includes exactly those r-tuples in dom(I)"
which have the FO* type of some tuple in ¢(I).

We present next an example which shows how the
concept of k-approximation works.

Example 2 Think of a query q which, given a tree,
asks for those nodes of a given depth d with exactly
two sons. It is easy to express such query in FO*.

Ya(z) A Jy, 2(E(x,y) N E(x,2) A (y # 2) A
Vw(E(z,w) — (w=y) V(v = 2))))

p(r) =

where Yq(x) is true iff © is a node of depth d.

Yo(z) = Vy(—E(y,z))
Yar1(z) = 3yaly) A E(y, z))

Clearly if we posse such query q over the database
(tree) T of Figure 1 asking for the nodes of depth 2,
we will obtain the unary relation ¢(T) = {a21,a24} as
answer.

Figure 1: Tree T




Taking into account that at least four variables are
required to express that a given node in a tree has ex-
actly two sons, we apply our concept of approrimation
to this example. It turns out that the q3 approrima-
tion of q includes the node ass which actually has tree
sons, i.e., q3(T) = {a21,a24,a25}. Note that asy,asq

and ass have the same FO? type.

Now, we proceed with the formal definition of our
concept of approximation.

Definition 10 Let q be a total computable query of
arity v and of schema o. Let k > r. Let I € B,.
Then we define q(I) as follows:

qe(I) = {a € dom(I)" : 3b € q(I) Nb =}, a}

The following are well known facts (for proofs,
among other sources see (Turull Torres J. M. 2001)).

Fact 3 For every k > 1 equivalence classes in =y, for
k-tuples are unions of equivalence classes in =41 for
k-tuples.

Fact 4 For every k > 1 equivalence classes in =y, for
k-tuples are unions of equivalence classes in =~ for
k-tuples”.

From Facts 3 and 4, the following result is straight-
forward

Fact 5 For every database I, for every query q and
for every k=1, qi(I) 2 qui1 (1) 2 q(I).

Note that, each time we decrease the index k, we
add zero or more tuples to gi(I) but we never delete
a tuple. Conversely, each time we increment k, we
get either a better approximation of ¢ or the same
approximation as before. If we look at the Example 2
at the beginning of this section, we can appreciate
this clearly.

@ (7) =dom(T) D q2(T) = {az1,a22, a2, a25} O

3(7T) = {az1,a24,0a25} O qa(T) = q(7)

Intuitively, it could seem that for an arbitrary
k and an arbitrary computable query ¢, the k-
approximation of g belongs to the class QC Q*. But
this turns out to be not true. The next result means
that the classes QC Qk are not suitable to characterize
k-approximations of queries.

Proposition 7 It is not true that for every com-
putable query q and for every k, q, € QCQF or equiv-
alent gy, € total(RRM¥).

Proof: We construct a counterexample. Let g be a
query that is defined as the set of nodes in the biggest
clique of a graph that is the disjoint union of two
cliques. If the cliques have equal size or the graph is
not the disjoint union of two cliques then ¢ is defined
as the empty set. Let G; = KipUKjy1 be the dis-
joint union of a clique of size k£ with a clique of size
k+ 1 and Gy = K;UK} be the disjoint union of two
cliques of size k. It follows that ¢(G1) = V (Kj4+1) and
qr(G1) = V(Gy) while ¢(G2) = 0 and g1 (G2) = 0, but
as G1 =por (s it is clear that g, cannot be computed
by any RRM* and thus ¢ ¢ QCQ".

]

The previous result also has a positive reading. It
indicates that we are in presence of probably interest-
ing classes of queries which need further study. Hav-
ing this in mind, we can think in a different approach
to this topic by defining a new model of computation
similar to the RRM model but with the addition of
an extra tape for updates (the update tape) and where
the original query tape cannot be used for this pur-
pose. Using such schema we can define machines in
which the logic used to interact with the rs does not
need to be the same for both, queries and updates.

Definition 11 We define, for a given pair L, and
L., of abstract logics, the RRM (L, L,,) machine, as a
reflective relational machine extended with a writable
update tape. This model works in exactly the same
way as RRM with the following important exceptions:

1 when the “query state” is reached, then the con-
tents of the query tape is interpreted as a formula

of the form
SD(Rhw . 7le)

., i are natural numbers, and @ is
aRik>;

where iy, ..
a L4 sentence over the vocabulary (R;,, . ..
i.e., ¢ has no free variables,

14 when the “update state” is reached, then the con-
tents of the update tape is interpreted as a for-
mula of the form

Rj — (p(Ril,...,Rik)

where j,i1, ..., are natural numbers, and ¢ is a
L., formula with free variables over the vocabulary
(Riy,...,Ri. ). The result of query ¢ is assigned
to the relation R;.

For every k, we denote as RRM() the class
of machines RRM (FO,FO¥). We point out that
RRM* = RRM(FO* FO*) and that RRM =
RRM(FO, FO,).

Finally, we present two results on the class of
queries computed by RRM®*) machines. The first

result shows that the new RRM®*) model as defined
above is effectively different than the RRM* model
regarding the class of queries computed by each of
them, i.e., we are really talking of two different ma-
chines.

Proposition 8 total(RRM™®) > total(RRM*)
Proof:

a. To prove (total(RRM ™)) D total(RRMF)) is triv-
ial, since for every q € total(RRM*) and for every
database I, q(I) is closed under FOF types.

b. To prove that total(RRM¥) is strictly included in

total(RRM (k)), we consider the k-approximations
qi of the query “set of nodes in the biggest clique”
defined in the proof of Lemma 7 and we build for
every k a RRM®) machine M, which computes
qr. Mg, works as follows:

1. Determine the size n of the domain of the
database. M,, goes on asking queries of the
form

Jx1, .. Ty, /\

1<i<j<m

(zi # @)

for m = 1,2, ... until it receives a negative an-
swer. Then n=m — 1.



2. For every mi # msy such that m; + ms = n,
M,, goes on asking if the input database I is
equal to the disjoint union of K,,, and K,,,.

3. In case M, does not obtain any positive answer
in the previous step, then it updates (using the
update tape) the designated unary output rela-
tion with the empty set and halts. Otherwise,
My, keeps on updating auxiliary relations of the
appropriate arity with the formula

S Ty) = /\

1<i<j<m

@(Ilv" E('Tiwxj)

from m = k down-to 1, until some of the result-
ing relations is not empty. Then M, updates
the output relation with the formula

Y(x) = 3xe, ..., xm(e(x, 22, ..., Tm) V...V
21, o1 (@(21, ..o, Tm—1,2))) and halts.

As we saw in Proposition 7 that g¢r ¢
total(RRM¥), then the inclusion is strict.

O

The second result shows that the RRM®*) ma-
chines defined in the present paper have enough
computation power as to compute the class of k-
approximations of all queries in total(CQ).

Proposition 9 total(RRM®*)) D {q : q €
total(CQ)}, i.e., the class of total computable queries
which are computable by RRM*) machines includes
the class of k-approxzimations of queries in total(CQ).

Proof: Let qr be an r-ary query which is the k-
approximation of a query ¢ € total(CQ) of schema
o. We will build a RRM*) machine M,, , which will
compute gi. M,, works as follows:

1. Mg, computes the size of the domain 7.

2. My, goes on writing down diagrams A; in its query
tape for databases in B, of size n till the database
I in the s models A; (I |E A;). When it happens,
it means that the diagram A; in the query tape is
the diagram Aj of the database I in the rs.

3. Using Ay, M,, builds a canonical representation
I’ of I in its TM tape.

4. Now M,, computes ¢(I') in its TM tape.

5. For every r-tuple s; over I', M, builds in its TM
tape the isolating formula ¢;, as in Proposition 1
for the FOF type of s; and in this way we get

isolating formulas for the types in TpFO’c (r'r).

6. M,, evaluates as queries (in the update tape) the
formulas ¢,,, for every i, which are in FO¥, and
assigns the results to the working r-ary relation
symbols S; in the relational store, respectively
(note that these queries are evaluated on the in-
put database).

7. Finally, M,, assigns to the output relation in the
rs the tuples in the relations S; corresponding to
the tuples which are in the output relation of the
query ¢ in the T'M tape.

O

We do not know yet whether the RRM®*) ma-
chines are able to compute queries which are not in
the respective class of k-approximations or not. In-
deed, this is our first open problem in the next section.

5 Open Problems

In this section we include a small list of open prob-
lems in the area of semantic classification of database
queries in which we are working at present.

Problem 1 We know that total( RRM*)) D {q :
q € total(CQ)} by Proposition 9. What we do
not know yet is whether the incluston s strict, i.e.,

whether total(RRM*)) C {qy, : q € total(CQ)} holds.

Problem 2 We already know that RRM®) >
RRMP¥, then it would be interesting to find a char-
acterization of the expressive power of the machines

RRM®)

Problem 3 Find a characterization of the class of
queries q such that its k-approximations fall in the
classes QCQF, i.e., the class of queries q such that
for every k > 1, g, € QCQ*.

There are also several open problems related to
the expressive power of the RRM* and the RCM¥*
working in homogeneous databases; see (Turull Tor-
res J. M. 2001) and (Turull Torres J. M. 2002). We
present next an open problem of this kind.

Let k> 1. A database I is C*-homogeneous if for
every pair of k-tuples @y and by over I, if ap =g by,
then a, =~ bg; where =~ denotes the (equivalence)
relation defined by the existence of an automorphism
in the database I mapping one k-tuple onto the other.
That is, ap =~ by iff there exists an automorphism f
on [ such that, for every 1 <i <k, f(a;) = b;.

We define next a presumably stronger notion re-
garding homogeneity: strong C*-homogeneity. To
the authors’ knowledge it is not known whether
there exist examples of classes of databases which
are C*-homogeneous for some k, but which are not
strongly C*-homogeneous. However, the considera-
tion of strong C*-homogeneity makes sense not only
because of the intuitive appeal of the notion, but also
because this is the property proved in (Turull Tor-
res J. M. 2002) to be a lower bound with respect to
the increment in computation power of the machine
RCMPF* when working on strongly C*-homogeneous
databases. Up to know, we could not prove that this
result holds for C*-homogeneous databases as well.
Let k > 1. A database I is strongly C*-homogeneous
if it is C"-homogeneous for every r > k.

Definition 12 For any schema o, let us denote as
arity(o) the mazimum arity of a relation symbol

in the schema. We define the class QCQC as the
class of queries f € CQ of some schema o and
of any arity, for which there exists an integer n >
max{arity(f), arity(c)} such that for every pair of

databases I, J in B, if Tpch(I, h) = Tpch(J, h),

then TpC" (I, f(I)), h) = TpC" ((J, f(J)), h)} where
I, f(I)) and (J, f(J)) are databases of schema o U
R} with R being a relation symbol with the ar-
ity of the query f, and h = max{n, min{k
I and J are strongly C*-homogeneous}}.

Problem 4 Clearly, CQ D QCQ° D 0CQ°". But,
unlike the analogous class QCQ in (Turull Torres J.
M. 2001), we do not know whether the inclusions are
strict.



6 Conclusions and Future Work

We defined a formal notion of approximation of com-
putable query, making use of the Model Theoretic
concept of FO* type. The use of FO* types as an
approximation measure also seems to be new. We
believe that such notion is interesting not only from
a theoretical perspective (as it was explored in this
paper) but also from a practical perspective. For in-
stance, it can be useful in areas as decision support
systems. Note that, we use a concept of similarity
based in properties of the tuples, which in turn can
have applications in the search of common behavior
patterns.

In an attempt to characterize syntactically the
classes of k-approximations defined in this article,
we defined a new variation of Reflective Relational
Machine. We found that such machine includes the
classes of k-approximations for every natural number
k but we still do not know whether such inclusion
is strict or not. The intuitive idea behind this new
machine is that it has capability to appreciate the
database in all its details but its capability to generate
answers to queries is not precise. We proved in this
article that such kind of machines are not subsumed
by the Reflective Relational Machines. We think that
they are interesting on their own right and that they
can provide more insight on the nature of query com-
putation.

Our concept of k-approximation as closure under
equality of FO* types can be generalized and applied
to other logics as long as they are less expressive than
FO. Indeed, the study of C* types in this context is
part of our research programme in query approxima-
tions. That is, we can define for every k, the notion
of C* approximation of a query ¢ as the closure under
equality of C* types of the actual query q. More pre-
cisely, we will consider that gox is a C* approzimation
of a query g of arity r < k iff for every database I, the
relation gor (I) defined by gor over I includes exactly
those r-tuples in dom(I)” which have the C* type of
some tuple in ¢(I). And then, we can do a similar
study with machines RRM (FO, C*).

In a different perspective, we are also planning to
explore approximations of queries, using the notion
of almost everywhere equivalence of Logics defined
in (Hella L., Kolaitis P., Luosto K. 1996). This
notion was previously used in the context of database
queries in (Turull Torres J. M. 2002). Intuitively, two
queries ¢ and ¢’ are equivalent almost everywhere if
as we consider databases of bigger sizes, the ratio of
databases of the same size were ¢ and ¢’ coincides
grows tending to one. Formally, let ¢ be a schema,
let ¢, ¢’ be two computable queries of schema o and
let pi(g—q) be as follows:

Hig=q') = liMn—oo

{I € B, :dom(I)={1,....,n} Aq(I) =¢ (1)}
H{I € By : dom(I) ={1,...,n}}|

Then, we say that ¢’ coincides with g over almost all
databases iff y(4—,) = 1. Clearly, this concept can be

interpreted as a notion of approximation of queries
where H(q=q) = 1 means that ¢’ is an approximation

of the query gq.
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