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Abstract

Functional Dependencies have recently been generalized
(Hoffmann, Link, Schewe 2002) to the Higher-Order Entity-
Relationship Model (HERM). A sound and complete set of
rules for the implication of these functional dependencies has
also generalized the well-known Armstrong Axioms from the
Relational Data Model (RDM) to the HERM.

This article proposes algorithms which solve the implication
problem for generalized functional dependencies in the HERM
efficiently. Correctness and complexity results are proven. The
main result shows that the implication problem for functional
dependencies in the HERM is decidable in linear time. Some
applications of the implication problem for generalized func-
tional dependencies are discussed. Algorithms are implemented
and tested.

Keywords: Advanced Foundations of Databases,
Logic in Databases, Entity-Relationship Modeling,
Functional Dependencies

1 Introduction

Functional dependencies are well-known for the Re-
lational Datamodel (RDM) for almost 30 years now.
They are used whenever values on some attributes al-
ready determine the values on some other attributes.
Functional dependencies play an important role in
the design theory of relational databases. Funda-
mental is the finite axiomatization for the implication
of functional dependencies by the Armstrong Axioms
(Armstrong 1974).

The Higher-Order Entity-Relationship Model, in-
troduced by B. Thalheim in (Thalheim 1992), pro-
vides an interesting conceptual datamodel, as it is
strictly founded in theory. Schemata in the HERM
can be mapped automatically to relational database
schemata. It is natural to ask, whether the theory
of functional dependencies can be carried over to the
conceptual level, i.e., the HERM.

The start to this line of research has been made
in (Hoffmann, Link, Schewe 2002) where a finite ax-
iomatization of functional dependencies in the HERM
has been proposed. The present article investigates
the implication problem for functional dependencies
in the HERM. That is, given a set ¥ of functional
dependencies and a further functional dependency o,
decide whether ¢ is implied by ¥. The finite axiomati-
zation from (Hoffmann, Link, Schewe 2002) provides
a sound and complete set of inference rules R which
guarantees that o is implied by ¥ if and only if ¢ can
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be derived from ¥ using only rules from R. Find-
ing such a derivation, however, is a difficult problem
in general. This paper proposes an algorithm which
solves the implication problem for functional depen-
dencies in HERM in linear time. This is of great
interest, since the HERM is not only an intuitive tool
for conceptual design, but may serve as a mathemati-
cal model upon which practical database management
systems are built.

The paper repeats fundamental definitions from
the HERM in Section 2. One feature of the HERM
are nested attributes, which can be derived from flat
attributes by various ways of nesting such as a record
or finite set construction. Section 3 summarizes the
main results from (Hoffmann, Link, Schewe 2002), in
particular the sound and complete rule system for the
implication of functional depedencies in the HERM.
Given a nested attribute X, the set Sub(X) of its
subattributes carries the structure of a Heyting Alge-
bra H. In the beginning of Section 4 it is shown that
the implication problem can be solved by forming the
closure of a nested attribute with respect to the given
set of functional depedencies. This leads to a first
algorithm that makes direct use of algebraic opera-
tions from H. The correctness of this algorithm is
proven. In the sequel, some theoretical results reveal
how to compute these algebraic operations by famil-
iar means. The first algorithm is revised revealing its
complexity. Finally, the correctness of an optimized
algorithm is proven. It is shown that it solves the im-
plication problem for functional dependencies in the
HERM in linear time. Section 5 comments on the
implementation and shows some test results. Some
applications of the implication problem for functional
dependencies in the HERM are discussed in Section
6. Finally, Section 7 summarizes the results and dis-
cusses research plans for the future. In particular,
the structure of nested attributes is sufficient to de-
fine the concept of functional dependencies for semi-
structured data and therefore, for XML as well. We
strongly believe that all the results from (Hoffmann,
Link, Schewe 2002) and from this paper carry over.

2 Preliminaries

We assume familarity with fundamental definitions of
the RDM and functional dependencies in the RDM.
Any of (Abiteboul, Hull & Vianu 1995, Paredaens
1989) provide more than we need.

The setting of this paper is the Higher-Order Entity-
Relationship Model, introduced in (Thalheim 1992).
For a comprehensive study see also (Thalheim 2000).
We briefly repeat the most fundamental definitions
that are needed for the sequel of the paper.

One key feature of the HERM is the nesting of
attributes. Starting point, however, is a set B of base
types such as STRING, INTEGER, BOOL, DATE
etc., a set D of domains and a domain assignment



dom : B — D . A type assignment takes a given
countable set U/ of attribute names and assigns a base
type to each of these attribute names, i.e., type : U —
B

New types over B can be obtained by the applica-
tion of type constructors such as records, finite sets,
lists, multisets etc. Throughout the paper we will use
the type system t := b | (ay : t1,...,a, : tn) | {t},
i.e.,, a type t € T over B is a base type b, a record
type (a1 : t1,...,a, : t,) with disjoint labels a; € L
for i = 1,...,n and a countable set L, or a finite set
type {t}. The results of this paper, however, can be
extended to multisets, lists and unions.

The domain assignment dom for base types can
then be extended to a domain assignment Dom for
all types in T, i.e., Dom(b) = dom(b) for all b € B,

Dom((ay : t1,...,an : ty)) = H{a,} x Dom(t;) and

Dom({t}) = Po(Dom(t)) where Po(D) denotes the
set of all finite subsets of D. Herein, we make the
assumption that every domain of a base type has at
least cardinality two.

Given countable disjoint sets ¢/ and L of attribute
names and labels, respectively, the set NA = NAU)
of nested attributes is the smallest set that contains
all flat attributes in U, the null attribute A, the record-
valued attribute X (A4,...,Ap) whenever X € L and
Ai,..., A, € NA are pairwise different, and the set-
valued attribute X {A} whenever X € L and A € NA.

Attributes in which the null attribute A occurs in-
side a set-valued attribute have a neat impact on con-
ceptual modeling and do not occur in any other ap-
proaches to nested relations. Therefore, the HERM-
approach to nested attributes is already different from
other approaches to nested attributes such as (Mok,

Ng, Embley 1996),(Ozsoyoglu, Yuan 1987) when we
restrict the type system to base, record and finite set
types.

The type assignment type : U — B can be ex-
tended to a type assignment Type : NA — T by
Type(N) = OK, Type(A) = type(A) for every A € Ll
Type(X(Ai,...,An)) = (A1 : Type(Ay),.
Type(Ar)) and Type(X{A}) = {Type(A )} This in-
duces a domain assignment Dom on nested attributes
with Dom(X) = Dom(Type(X)). Note that the do-
main of OK is some singleton set, for instance {ok}.

In the following, we identify nested attributes up
to occurences of A within a record and up to the
order of the components within a record. Define
= C NA x NA as the smallest equivalence relation

on NA with A(Al, . A, 1, )\ Az—i—l; .. ,An) =
A(Al, . ,A, 1,Az+1, .- An); A(}\) = )\,
A(44,...,A,) = A(A,r(l), ooy Ar(n)) for every

permutation 7 on {1,...,n}, and A{B} = A{C}
if and only if B = C. As an example, the nested
attribute A(B(C, A, D), E{\}, F(A), A, G(H{K} L))
is equivalent to A E{/\} B(C’ D) G(H{K}, L))
'/1*:/(’)11; /the sake of simplicity, we write NA instead of

The nesting of attributes induces an ordering on
nested attributes. Informally, A < B for A, B € NA
if and only if B comprises less information than A
does. We call B a subattribute of A if and only if
A < B holds. More formally, < C NA x NA is

defined as smallest partial order with
e A< )\forall Ae NA,

o A(Aq,...,A,) < A(4L,...
Ajforalli=1,...,m, and

e A{B} < A{C} whenever B < C.

The informal description of a subattribute is for-
mally documented by the following fact. If A < A’

,Al) whenever A; <

holds, then there exists a projection function ﬂﬁ, :
Dom(A) — Dom/(A").

The order < on nested attributes allows to gen-
eralize the concept of a subset. A subset ¥ =
{A1,...,A,} C NA is called a generalized subset
of a ﬁnlte set X C NA if and only if there is

Z—{A LAY C X with A < A; for all
1=1,.

We are ﬁnally prepared to introduce extended
database types in HERM. A database type R =
(comp(R), attr(R),id(R)) of order i consists of a
name R, a finite set comp(R) = {r1 : Ri,...,7p :
R, } with pairwise distinct role names r1,...,r, and
names of database types Ry,...,R, of order j < i
and at least one R; is the name of a database type of
order i — 1, a finite set attr(R) C NA of nested at-
tributes and a finite set id(R) of keys. Every key
k € id(R) is of form k = comp'(R) U X where
comp'(R) C comp(R) and X is a generalized sub-
set of attr(R). Database types E of order 0 have
comp(E) = 0 and are called entity types. Database
types of order 7 > 0 are called relationship types.

Given an entity type E =

({A1,..., A}, {B1,...,Bn}) we define the
corresponding  nested  attribute of E  as
Ng = E(Ai,...,A;) € NA and the primary

key of Ng as NI = E(Bi,...,By,,) with Np < NE.
Given a relationship type R = ({r1 : Ri,...,r :
Ry}, {A1,. .., Au}t, {s1 : S1,-..,8 : S;, B1,...,By}),
the corresponding nested attribute of R is

NR = R(Tl(NRl)J'"ark(NRk)aAlr"aAm) € NA
and the primary key of Np as NE =
R(Sl(Nsl) Sl(N ) By,..., )Wlth NR<N

Finally, a Hzgher Order Entity-Relationship M odel
Schema (HERM Schema) is a finite and non-empty
set S of database types for which for all relationship
types R € S and for all (' : R") € comp(R) also R' €
S holds. An instance T of S assigns to every database
type R € S a finite set Z(R) C Dom(Ng) such that
for all (r : R") € comp(R) and for all t € Z(R) we

have wg(“r(NRl))(t) € Z(R'), and for every k € id(R),

the projection function wxg, |z(r) is injective.

3 Axiomatizing Functional Dependencies in
HERM

This section summarizes the results from (Hoffmann,
Link, Schewe 2002). Fix a set U of attribute names
and a set B of base types together with a type assign-
ment type.

Definition 3.1. Let X € NA be a nested attribute.
The set Sub(X) of subattributes of X is Sub(X) =
{Y|X<Y}.

3.1 The Heyting Algebra of Subattributes

This subsection describes the algebraic structure of
Sub(X). In fact we study the structure of Sub(X)/
=. Given A(Ay,...,A,), it is enough to consider sub-
attributes of the same length, i.e., A(A4],...,A"). For
the sake of simplicity, we will omit the quotient = and
use Sub(X) to refer to Sub(X)/ =. Furthermore, we
can always assume that a given nested attribute X
does not contain any occurence of a A unless X = A
or the occurence is of the form Y {\}. Such a represen-
tative does always exist within the same equivalence
class.

Recall that a Heyting Algebra is a distributive lat-
tice (L,C,M,U,=,0) with bottom element 0 and a
binary operation = which satisfies:

cCa=0b iff alcCb



for all ¢ € L. In this case, a = b is called the rela-
tive pseudo-complement of a with respect to b. The
pseudo-complement —a of a € L is then defined by
—a = a = 0, i.e., as the relative pseudo-complement
of a with respect to the bottom element 0. The top
element is given by 1 = —0.

It is obvious that (Sub(X), <, X, \) is a bounded
partially ordered set with bottom element X and top
element \.

Definition 3.2. Let X € NA and Y, Z € Sub(X).
The meet Y xix Z, join Y ex Z and relative pseudo-
complement Y —x Z of Y and Z in Sub(X) are
inductively defined as follows:

oYy Z=Zif Z<Y,YexZ=YifZ<Y
and A\ —»x Z=2Z,and Y < Ziff Y —x Z = A,

o if X = A{B},Y = A{C},Z = A{D} with B <
C, D, then

Yox Z=A{Cog D} foroé€ {,e}
andif Y £ Z, then Y —»x Z = A{C —p D}.
o if X = A(A1,...,A,),Y = A(4),...,A") and

n

Z = A(AY,...,A"), then Y ox Z = A(A] o4,
Al ... Al oyu, ALY for o € {p<, e, —}. O

Example 3.1. Assume we pick

X = A(A1(Bi1, Bz, B3{C1}), A2{B4{C2(D1, D2)}},
A3{B5 (03{)\}, C4)}) with

Y = A(Ai(B1,B3{\}), A3{Bs5(C4s)}) and

Z = A(A1(Bz2,B3{C1}), A2{Ba{A}}, A3{Bs(C4)}).

Applying Definition 3.2 leads to

Y>x 2 = A(Al(BlaB2aB3{Cl})aA2{B4{A}}a
A3{Bs(C4)}),

Yex Z = A(Ai1(B3{A}), A3{Bs5(C4)}),

Y —ox Z = A(A1(Bz, B3{C1}), A2{Ba{A}}).

O

The following result describes the algebraic structure
of Sub(X) and has been proven in (Hoffmann, Link,
Schewe 2002).

Theorem 3.1. (Sub(X), <, xx,0x,—x,X) forms a
Heyting-Algebra for every X € NA. O

3.2 Generalized Armstrong Axioms

We repeat the definition of functional dependencies in
the HERM, a generalization of the Armstrong Axioms
and mention the main result from (Hoffmann, Link,
Schewe 2002) that these define a sound and complete
set, of inference rules for the implication of functional
dependencies in the HERM.

Definition 3.3. Let N € NA be a nested attribute.
A functional dependency on N is an expression of
the form X — Y where X,Y € Sub(N). A finite
set r C Dom(N) satisfies a functional dependency
X — Y on N if and only if for all values t1,ts € r with
al¥(t1) = w¥(t2) always 7l (t1) = 7 (t2) follows.
A functional dependency on a database type R is a
functional dependency on the corresponding nested
attribute Ng. ([

Note that Definition 3.3 includes the definition of
functional dependencies from the Relational Data-
model for the case of an entity type E where attr(E)
contains only simple attributes.

The notions of implication (=) and derivability
(F%) with respect to a rule system R for functional
dependencies in HERM can be defined analogously to
the notions in the RDM, see for instance (Abiteboul

et al. 1995, pp. 164-168). Let X be a set of functional
dependencies on a database type R. We are interested
in the set of all functional dependencies implied by X,
ie,X* ={p | T ¢} Our aim is finding a rule
system R which allows us to show that ¥* = ¥+ =
{o | Ekx o}

Definition 3.4. The generalized Armstrong Axioms
for functional dependencies on a database type R are
X =Y X=Y,Y—=2Z

X =5 Xy, V' X2z ’

X =Y -

)

These rules are called the reflexivity axiom, the ex-
tension rule and the transitivity rule. O

Example 3.2. In order to sketch how these rules
work we prove the soundness of the meet rule.

X>xY X X-—>Z7
X>xXY > Z
XXNY 2 XXYXZ XXNXYNXNZ->YNXZ
XXY - YXZ
X ->YxZ

X =Y
X —>XXY

O

The main result of (Hoffmann, Link, Schewe 2002)
gives a finite axiomatization for the implication of
functional dependencies in the HERM.

Theorem 3.2. The generalized Armstrong Azioms
are sound and complete for the implication of func-
tional dependencies in the HERM. The generalized
Armstrong Azioms are minimal in the sense that com-
pleteness cannot be achieved with any of its proper
subsets.

4 Solving the Implication Problem efficiently

The implication problem for functional dependencies
in the HERM is to decide whether ¥ = o holds for
an arbitrary set ¥ of functional dependencies on a
database type R and a further functional dependency
o on R. Theorem 3.2 shows the equivalence to ¥ Fx
o where R are the generalized Armstrong Axioms.
This solves the implication problem, however, finding
a derivation is arduous. The goal of this article is to
solve the problem efficiently. It will turn out that that
the results from the RDM (Beeri, Bernstein 1979) can
be carried over to the HERM.

4.1 The Closure

Similar as in the RDM (Beeri, Bernstein 1979), we
introduce the notion of a closure for a nested attribute
with respect to a given set of functional dependencies.

Definition 4.1. Let R be a database type and Ny <
X. Let X be a set of functional dependencies on R.
The closure X € Sub(Ng) of X with respect to ¥ is
X =y, {Y | X =Y e Xt} O
In order to solve the implication problem ¥ = X —» Y
it is sufficient to determine X.

Proposition 4.1. Let X be a set of functional depen-

dencies on a database type R and X — 'Y a functional
dependency on R. Then:

X—>Yext ifand onlyif X<Y.
Proof. f X Y e £t thenY € {Z | X —» Z €
¥+}. It follows immediately by the property of the
meet >y, that X <Y holds.

Assume that Y € Sub(X). Tt follows that ¥ =

Al MXyg - Mg An for Al,...,AnE{Z|X—)
+ XY, X7

Z € ¥*}. The meet rule W(Example

3.2) implies X - Y € X+ O



4.2 A first Approach

We will now present a first algorithm which deter-
mines the closure X of a given X € Sub(Ng) with
respect to a given set ¥ of functional dependencies
on R. Our algorithm is similar to the one proposed
in (Beeri, Bernstein 1979) for solving the implication
problem in the RDM.

Algorithm 4.1 (Nested Attribute Closure I).

Input: X € Sub(Ng), set X of functional depen-
dencies on R

Output: closure X of X with respect to &
Method:

VAR Xold;XneW;X+ S Sub(NR),
X new == X
REPEAT
X o1d = X new;
FOR each U -V € ¥ DO
IF X pew < U THEN
X new := X new XNg V;
ENDIF;
ENDDO;
UNTIL X new := X o143
X+ =X new;
RETURN(XT);

O

We show that Algorithm 4.1 is correct, i.e., X = X .
Proposition 4.2. Algorithm 4.1 is correct.

Proof. We first show that X < X1 holds. The al-
gorithm starts with X pew := X and X < X holds
obviously. The REPEAT loop computes the meet of
X new and V for which U =+ V € ¥ and X pew < U
holds. U must therefore be a subattribute of X and
Proposition 4.1 implies X — U € +. We conclude
X = V € 7T by transitivity and X < V. We have
shown that X < X pew is invariant for the REPEAT
loop, hence X < X+,

We show now that X+ < X holds as well. Since
the definition of X depends on £+, we assume that
there is a chain

T=%C¥ C...CEF

where every X; results from ¥; ; by application of
some derivation rule of the generalized Armstrong
Axioms. Let ¥; be arbitrary with Y — Z € X; and
Xt <Y. We show that X* < Z holds in this case.
In particular, XT < Z follows from ¥ — Z € ¥+t
with X+ <Y. We obtain X+ < X by using Y = X
and Z = X. For what remains to prove we proceed by
induction on i. If i = 0, we assume that Y — Z € X.
If Xt <Y, then X pew <Y at some point. The RE-
PEAT loop computes X new := X new Xny Z and we
obtain X+ < Z as stated. If i > 0, then ¥;—%;_; con-
tains exactly one Y — Z. There is nothing to show
for all functional dependencies in ¥;_; (hypothesis).
Thus, we consider only Y — Z and distinguish three
cases.

o If Y — Z results from applying the reflexivity
axiom, then Y < Z. Since Xt <Y by assump-
tion, we obtain X < Z immediately.

o If Y — Z results from applying the extension
rule, then Z =Y iy, U with Y — U € X;_1.
But then Xt <Y imglies X* < U by hypothesis
and therefore also X+ < Z.

o If Y — Z results from applying the transitiv-
ity rule, then there is some U € Sub(Ng) with
Y—)UGZi_l andU—)ZeZ,-_l. IfX+ SY,
then we conclude X+ < U and X* < Z by hy-
pothesis.

O

In order to study the complexity of Algorithm 4.1 we
need to comment on how X < Y can be tested for
X,Y € Sub(Ng). Furthermore, it is described how
to compute the meet X pay, Y.

4.3 Subattribute Basis

We are going to characterize the subattribute rela-
tionship between two nested attributes. Therefore,
the notion of a subattribute basis is introduced.

Definition 4.2. Let X € NA. The subattribute basis
SubB(X) of X is the smallest set SubB(X) C Sub(X)
which contains A and where every Y € Sub(X) can
be represented as Y =wix Z for some Z C SubB(X).

U

Example 4.1. Take for instance the nested attribute
X = A(A1{B1(01;02{/\})}7142(32,B3f[03}),Asg,
A(AléBl(Cz{/\})}),A A3(B2)), A(A2(B3{A})),
A(A2(B3{Cs})), A(As)}-

We will now show some properties of the subattribute
basis.

Proposition 4.3. Let X, Y € NA. Then X <Y if
and only if SubB(Y') C SubB(X).

Proof. Suppose X <Y. Let Z € SubB(Y). Assume
that Z ¢ SubB(X). Since Z € Sub(X) we must
have Z = X; ix --- <x X, with X; € SubB(X),
Xi¢{\Z}forl<i<mandn >2 FromY < Z
follows ¥ < X; for 1 < ¢ < n. We conclude that
X; =y Y; for some Y; C SubB(Y) for 1 < i <
n by definition of a subattribute basis. Therefore,
Z =pqy Y' with Y’ C SubB(Y) and | Y' |> 2. This
contradicts the minimality of SubB(Y") and the fact
that Z € SubB(Y). It follows that Z € SubB(X)
and, therefore, SubB(Y) C SubB(X).

Suppose now that SubB(Y) C SubB(X) holds.
Since Y =iy Z for some Z C SubB(Y) and
SubB(Y) C SubB(X), it follows that Y =y Z for
some Z C SubB(X). Moreover, every element in Z
is also a subattribute of X and, thus, ¥ =mix Z.
Consequently, X <Y. O

?

The next lemma can be shown using a simple induc-
tion on the structure of N.

Lemma 4.1. Let N € NA and X,Y € Sub(N). If
X Xy Y < Z holds, then Z = X' >y Y' for some
X' € Sub(X) and some Y’ € Sub(Y). O

The next result allows us to form the meet X <y Y
by computing the subattribute basis SubB(X) and
SubB(Y) and taking their union.

Proposition 4.4. Let N € NA and N < X,Y.
Then SubB(X iy Y) = SubB(X) U SubB(Y).



Proof. From X >y Y < XY follows
SubB(X),SubB(Y) C SubB(X wx Y) by
Proposition 4.3 "and, therefore, SubB(X) U

SubB(Y) C SubB(X <y Y). We show

that for any Z € Sub(X >y YY) there
is some Z C SubB(X) U SubB(Y) with
Z = Z. It follows then by Definition 4.2
that SubB(X iy Y) C SubB(X) U SubB(Y).
Let Z € Sub(X >y Y). Lemma 4.1 implies that
Z = X' by Y' for X' € Sub(X) and Y' € Sub(Y).
Moreover, X' =paxs X for some X C SubB(X)
and Y =pay: Y for some Y C SubB( ).
Consequently, Z = X' >y Y' =y Z for
Z = XUY C SubB(X) U SubB(Y). Since
7Z € Sub(X <y Y) the meet can be taken over
X xyY. O

For all up-coming computations, we assume that ev-
ery given nested attribute X does not contain A unless
it is X = X or A occurs in the form Y{A\} within X.
Please note that a given X might even be transformed
into such a form and that such a transformation can
be achieved in linear time. Algorithm 4.2 computes
the subattribute basis SubB(X) for a given nested
attribute X in time O(| X |) where | X | denotes the
number of all symbols used in X.

Algorithm 4.2 (Subattribute Basis).
Input: X € Sub(INg) for a database type R
Output: SubB(X) C Sub(Ng)

Method:

VAR a : STRING, Apnew € Sub(Ng), A prefix,
A qufiix : STRING, level (1q, level : INTEGER;

level:=0; level 44 := 0;
SubB(X) := {\};
WHILE (Select Next Label a in X) DO
IF (level 41q > level) THEN
Delete last (level ;g — level) ’a[’-entries
from the end of A Lrenx ([ €{'(,'{'});
Delete first (level 5q — level) *]-entries
from the head of A gumx (] €{7),'}'});
ENDIF;
level 14 := level;
IF Type(a)=Record THEN
prefix = A prefix T @ + '
A suffix ‘= ’), + A suffix
ELSE IF Type(a)=Set THEN
A prefix = A prefix T @ + ’{’§
A sufix = + A suffix;
A prefix T A+ A guffix;
Append A pey to SubB(X);
ELSE IF a!="X" THEN
Anew:=A prefix T @ + A suffix;
Append A pew to SubB(X);
ENDIF;
ENDDO;
RETURN(SubB(X));

A new ‘=

O

The function ’Select Next Label a’ searches through
the input string for the next attribute label. While
searching the counter ’level’ is incremented whenever
an opening brace or parenthesis is found. In the
same way ’level’ is decremented when finding a clos-
ing brace or parenthesis. ’Type(a)’ determines the
corresponing type constructor that is used with the
label a by looking at the next symbol. The next ex-
ample illustrates the algorithm. Since every symbol

from the input X is read exactly once, the complexity
of Algorithm 4.2 is O(] X |).

Example 4.2. Toke X = A(B{C(D,E{F})},G) as
input for Algorithm 4.2. The following table shows
the computation steps.

a A prefiz A suffiz level A new
y) Al ) i
B A(B{ 19 2 A(B{A})
c| AB{c( )} 3
D A(B{C( )}) 3 A(B{C(D)})
E | A(B{C(B{ | })}) 4 | A(B{C(E{AD})
F 1 AMB{CE{ | })}) 4 | AB{C(E{F}})
e Al ) i A(G)
The result zs therefore SubB(X) = {\ A(B{\}),
A(B{C(E{\1)}), A(B{C(E{F})}), .

itay
Given a set Z C Sub(N) of subattributes, we will now
present an algorithm to compute the meet <y Z €
Sub(N). Algorithm 4.3 has complexity O(| Z | - | N |
). If Z is a subattribute basis of some subattribute
of N, then | Z |<| N | and the time complexity of
Algonthm 4.3 is quadratic in | N |.

Algorithm 4.3 (Computation Meet).

Input: Z C Sub(Ng) for some database type R
Output: <N, Z € Sub(Ng)

Method:

VAR A, X meet € Sub(Ng), a,b : STRING, levely:
INTEGER;

X meet 1= A;
FOR each A € Z DO
IF X meet = A THEN
meet ‘= A,
ELSE
Select First Label a IN A;
WHILE (Select Next Label b In X meet) DO
IF a = b THEN
Select Next Label a In A;
ELSE IF b Is Last Entry On level4 THEN
IF b = A THEN
IF Type(a)= Flat THEN
Replace b by a;
ELSE
Replace b by a[*];
ENDIF;
ELSE IF a # A THEN
Determine End Of Level level 4 in b;
IF Type(a)= Flat THEN
Append a To End Of level, in b;
ELSE
Append a[*] To End Of level4 in b;
ENDIF;
ENDIF;
ENDIF;
ENDDO;
ENDIF;
ENDDO;
RETURN(X meet);

O

The string ’a[*]” denotes the attribute label a together
with the whole record or set structure on its nesting
depth (levely).

Example 4.3. We continue Example 4.2 and take
Z = SubB(X) as input for Algorithm 4.8. The inter-
mediate steps are shown in the following table.



A X meet
A
A A
A(B{A}) A(B{A})
A(B{C(D)}) A(B{C(D)})
AB{C(E{A})}) | A(B{C(D,E{A})})
A(B{C(E{F})}) | AB{C(D,E{F})})
A(G) AB{C(D, E{F})},G)

We obtain X jeet = X as expected. O
We bring now Algorithms 4.1, 4.2 and 4.3 together.

Algorithm 4.4 (Nested Attribute Closure II).

Input: X € Sub(Ng), set X of functional depen-
dencies on database type R

Output: closure X of X with respect to X
Method:

VAR XnewaXold - SubB(NR),X+ € SUb(NR);

X new := SubB(X);
FOR each U — V compute SubB(U);
REPEAT
X old = X new;
FOR each U -V € ¥ DO
IF SubB(U) g X new THEN
Compute SubB(V);
X new := X new U SubB(V);
Y:=X-{U—-V}
ENDIF;
ENDDO;
UNTIL X pew = X o1d;
Xt = XNg X new;
RETURN(X+);

O

Algorithm 4.4 is correct due to Propositions 4.2, 4.3
and 4.4. If a functional dependency U — V € X
has once been used to extend SubB(X new), it can be
removed from the set .

Example 4.4. Let Np = A(B{C},D(E,F,G{H}),
K{L(M,N)}) and X = A(B{A}, D(E), K{L(M)}).
As functional dependencies we take ¥ = {U; =
AD(E,F)) - AK{LM,N)}) = WV, Uy =
AK{A}) — AB{ALD(F) = VW, Us =
A(B{A}, K{L(N)}) — AB{C}) = Vs, Ui
A(D(G{A}) — A(D(G{H})) = V4}. Now we apply
Algorithm 4.4 to the input X,%. The precomputation
yield

e X new ={X, A(B{)}), A(D(E)), A(K{\}), A(K{L(M)})},

e SubB(Ui) = {\, A(D(E)), A(D(F))},

e SubB(Us) = {X, A(B{A}), A(K{A}), A(K{L(N) 1},

o SubB(Us) = {X, Uz} and SubB(Us) = {\, U}
In the first loop SubB(Uz) C X pew, therefore,
we compute SubB(Va) = {\ A(B{\}),A(D(F))}
and insert A(D(F)) into X pew. The second loop
gives first SubB(U;) C X pew and SubB(Vy) =
{A A(K{A}), A(K{L(M)}), A(K{L(N)})}. ~ Only
A(K{L(N)}) s added to X pew. We also
find SubB(U3) C X pew with SubB(V3) =
{NA(B{\}),A(B{C})}.  Consequently A(B{C?})
1s inserted into X pey- Nothing new hap-
pens during the last loop and finally, X+ =
A(B{C},D(E, F), K{L(M,N)}). O

Proposition 4.5. The complexity of Algorithm 4.4
is O(| Nr |- | 2 | -min{| Ng [,| 2 |}).

Proof. As seen before, it takes O(| Ng |) operations
to compute SubB(Ng) and clearly | SubB(Ng) |<

Ngp | If Np < X, then | SubB(X) |S| SubB(NR)

by Proposition 4.3. The precomputation of the sub-
attribute basis SubB(U) for every U — V € X takes
therefore O(| Ng | - | £ |) computations.

In each step of the REPEAT --- UNTIL loop,
the inner FOR-loop is executed exactly | ¥ | times.
The inclusion test SubB(U) C X pew takes at most
| SubB(NR) | operations. The same holds for all op-
erations within the IF ... THEN branch. Therefore,
O(] Ng | - | ¥ |) operations are necessary for the inner

~loop.

The REPEAT - -- UNTIL loop is executed at most
| SubB(NR) | times since the subattribute basis can-
not have more elements and at least one element is
added in each step. Moreover, the REPEAT --- UN-
TIL loop is executed at most | ¥ | +1 times as ev-
ery element in ¥ can contribute to the extension of
SubB(X new) at most once. Finally, the computation

of g X new takes O(| Ng |?) operations. O

4.4 Optimization

The idea of the optimized Algorithm 4.5 is the fol-
lowing: for every subattribute A € SubB(Ng) one
considers functional dependencies U — V € ¥ with
A € SubB(U). An array IN stores this set of depen-
dencies for every element in some SubB(U). More-
over, one considers for every dependency U — V the
number of subattributes in SubB(U) which have not
been added to the subattribute basis of the closure.
This is done using an array N.If N = 0, every element
in SubB(V) is added to the subattribute basis. The
set X, contains subattributes A which will definitely
belong to the subattribute basis of the closure, and
N(U — V) is decremented whenever A € SubB(U).

Algorithm 4.5 (Optimized NAC).

Input: Ng € NA for database type R, set ¥ of
functional dependencies on R, X € Sub(NR)

Output: the closure Xt of X with respect to X
Method:

VAR X,, X' C SubB(Ng),
N: Array ¥ of INTEGER,
IN: Array Ng of sets of functional dependencies;

X' :=0; X, := SubB(X);
FOR each A € SubB(Ng) DO
IN(A) :=0;
ENDDO;
FOR each U -V € £ DO
N(U = V) :=| SubB(U) |;
IF U = A THEN
X, =X, USubB(V);
ELSE
FOR each A € SubB(U) DO
IN(A) := IN(A) U {U = V};
ENDDO;
ENDIF;
ENDDO;
WHILE X, # § DO
SELECT 4 € X,;
Xy =X, - {A};
X =X"U{Ad}
FOR each U -V € IN(A) DO
NU = V):=NU = V) -1
IF N(U — V) = 0 THEN
X, =X, U (SubB(V) — X');
ENDIF;
ENDDO:;

RETURN(X™);



Proposition 4.6. Algorithm 4.5 is correct and its
complezity is O(| Nr |- | 2 ).

Proof. For the correctness proof we show X < X+
and Xt < X (, or equivalently SubB(XT) C
SubB(X) and SubB(X) C SubB(Xt)). The first
inclusion follows from the initialization of X' and
X, C SubB(X). In fact, only subattributes from X,
are added to SubB(X'). On the other hand, X, is
only extended, if N(U — V) = 0 for SubB(U) C X,.
This is only possible if every subattribute in SubB(U)
is already included in X, i.e., SubB(U) C SubB(X).
Using the transitivity rule we infer SubB(V) C
SubB(X).

For the inverse inclusion SubB(X) C SubB(XT)
we consider, as in the proof of Proposition 4.2, a chain

r=%Cy Cc...cxt |

where every X; results from ¥; ; by application of
one rule from the generalized Armstrong Axioms. If
Y;issuchasetand Y = Z € ¥; with XT <Y, we

show Xt < Z. The claim Xt < X follows then as in
the proof of Proposition 4.2.

We proceed by induction on i. If ¢ = 0, then
we assume that Y — Z € 3. If XT <Y, ie, if
SubB(Y) C SubB(X™), then every subattribute in
SubB(Y') belongs to X, at some point in time. This
means, the subattribute will be selected during the
WHILE loop and N(Y — Z) will be decremented.
As this holds for all subattributes in SubB(Y), the
number N(Y — Z) becomes eventually 0. In this
case, SubB(Z) — X' is added to X, and indirectly to
X'. This implies SubB(Z) C SubB(X™) as claimed.
For ¢ > 0, the set ¥; — ¥;_; contains exactly one
Y — Z. The statement can then be proven as in the
proof of Proposition 4.2.

In order to prove the complexity, we first look
at the initialization loop. As a FOR loop it is exe-
cuted | ¥ | times. Building SubB(U) and calculat-
ing | SubB(U) | takes at most 2- | Ng | operations
together. The inner FOR loop is executed exactly
| SubB(U) | times. Since adding a functional de-
pedency to IN(A) can be done in constant time if
IN(A) is represented in an appropriate way as a list,
and since | SubB(U) |<| Ng | we obtain a complexity
of O(] N | - | £ |) for the initialization.

The WHILE loop is executed at most |
SubB(Ng) | times since every subattribute can be
selected at most once. The inner FOR loop is exe-
cuted at most | ¥ | times. Clearly, if N(U — V) =0,
then all the subattributes in SubB(U) have been con-
sidered and U — V cannot occur any further in the
algorithm. Hence, the IF test evaluates to true at
most | ¥ | times. Since the union operation on X,
takes O(] Ng |) time, it follows that the statement
X, == X, U (SubB(V) — X') takes on the whole also
O(| Ngr | - | £ ) time. Hence the algorithm has time
complexity O(| Ng | - | X ). O

We illustrate Algorithm 4.5 with an example.

Example 4.5. Take Np =
GLHY), K{LOLN)}), X =
K{L(M and ¥ = {U
A(D(G{HY)) = Vi, Us =

~—
—
N~

Vo, Us = A(K{L(N)}) — A(B{C}) = V5, Us
A(D(E,F)) - A(K{L(M,N)}) = V4, Us = A\ =
A(D Vs}. The precomputations yield the fol-

Il

e IN(AD(G{A}) = {Uu. - W},
INAK{)\})) = { 2 — ‘/2,U3 — ‘/3 B
IN(A(K{L(N)}) = {Us = Vs},
IN(A(D(E))) = {Us —» Vu}, IN(A(D(F))) =
{U4 — V4}

e Xy = {NAB{A},AD(E)), A(K{L(M)}),
A(D(F))}

We show the respective values for every run through
the WHILE loop:

1.A = )\ X, = {AB{}),ADE)),
AK{L(M)}), ADF)}, X+ = {A}
N(Ul — Vi) = 1, N(U2 — ‘/2) = B
N(U3—>‘/3):2, N(U4—)V:1):2

2. A= AB{}}), X, = {A(D(E)), A(K{L(M)}),
AD(F)}, X+ ={)\AB{A})}

3. A= A(D(E)), X, = {A(K{L(M)}), A(D(F))},
X+ ={\AB{A}), ADE)}, N(Usy = Vy) =1

4. A = AK{L(M))), X, = {AD(F))}, X+ =
{A A(B{A}), A(D(E)), A(K{L(M)})}

5. A = ADF)), X, =0, Xt = {)\, A(B{)\}),
A(D(E)), A(K{L(M)}), A(D(F))}, N(U,

Vo 20, S A A oy

6. A=AK{\}), Xg = {AK{L(N)}}, X* = {}\,
ABOD, ADE), AUKILOD), AD(F),
AK{\})}, NU, - V) = 0, X, =
{AK{L(N)})}, N(Us — V3) =1

7. A = AK{LN)}), X, = 0, Xt = {)
A(B{A}), A(D(E)), A(K{L(M)}), A(D(F)),
A(KA{AD), A(Ki}L( D NUs = Vs) =0,
X, ={A(B{C})

8. A = AB{CY}), X, = 0, XT = {)\, A(B{)\}),
A(D(E)), A(K{L(M)}), A(D(F)), A(K{A})
AEK{L(N)}), A(B{C}ﬁ}

The final computation results in <y, XT =
A(B{C},D(E,F),K{L(M,N)}). O
In the literature, O(| Ng | - | £ |) is usually con-

sidered as the order of the input. From this point
of view, Algorithm 4.5 is a linear time algorithm for
the computation of the closure of a nested attribute
and also the main part of a linear time algorithm for
the implication problem for functional dependencies
in the HERM.

Theorem 4.1. The implication problem for func-
tional dependencies in the Higher-Order Entity-
Relationship Model is decidable in linear time. O

5 Implementation and Tests

After investigating the implication problem from a
theoretical point of view we will now look at it from
a practical perspective. Our aims are 1) to demon-
strate that the presented algorithms can be imple-
mented, and 2) to evaluate their efficiency and inves-
tigate the practical relevance of the complexity results
using randomly generated sets of input arguments.



5.1 Remarks on the Implementation

This subsection comments on the implementation of
the algorithms outlined in Section 4. All algorithms
have been implemented in C based on the pseudocode
presented.

Algorithm 4.1 computes the closure X of a given
subattribute X. Here, we chose to represent X as an
unbalanced tree. Each path in the tree corresponds
to a subattribute of X. The tree of X is constructed
in a way that it contains a path for every subattribute
of X. Thus, the test whether X,.,, < U holds corre-
sponds to the test whether the tree representing U is
a subtree of the tree of X,,.q,.

If Xyew < U holds for some U — V, then the
meet of X,,¢, and V must be computed. Having the
tree representation of X, and V this computation
corresponds to extending the tree of X,,¢,, with paths
that exist in the tree of V' but not in the tree of X, -

The implementation of Algorithm 4.4 is based on the
notion of a subattribute basis. However, we have al-
ready used something similar in Algorithm 4.1. Each
path in the tree representation of X corresponds to an
element in the subattribute basis of X and vice versa.
In general, Algorithm 4.4 differs from Algorithm 4.1
in three aspects: the precomputation of SubB(U) for
every U — V € X, the string representation of all
subattributes of X, and the deletion of functional de-
pendencies U — V from ¥ that have been used to
extend X.

Having such a subattribute basis the subattribute
test can simply be replaced by a subset test and
the meet computation by a union of sets. Both can
be implemented efficiently if the subattribute bases
are sorted. Therefore, it is necessary that all input
arguments satisfy the following requirement: every
two entries of the same record-valued subattribute
of X or a functional dependency in X, respectively,
must appear in the same order as they appear in the
corresponding record-valued subattribute of Ng. We
assume that every given argument satisfies this con-
dition. Furthermore, the union of two subattribute
bases is required to have the same order as any
subattribute basis generated by Algorithm 4.2. This
additional property does not increase the complexity
of the algorithm.

Algorithm 4.5 adds further enhancements. Mainly,
the number of computations in the inner FOR-loop
is reduced. On the other hand, this causes a signifi-
cant increase in the number of precomputations. This
algorithm can be implemented under the same condi-
tions as above.

5.2 Tests & Results

We will now present some results of the evaluation
of the three introduced algorithms which solve the
implication problem for generalized functional depen-
dencies in HERM.

First, we outline the aims underlying our evalu-
ation, followed by some remarks on the test system
and an overview of the tests presented in this section.
Finally, test results are presented, discussed and
evaluated.

The evaluation process mainly aims at 1) evaluat-
ing the efficiency of the presented algorithms and
investigating the practical relevance of the outlined
complexity results using randomly generated sets
of input arguments, and 2) determining which sub-
routines/subalgorithms have a positive or negative,
respectively, impact on the overall performance of

every algorithm.

The following properties, settings and restrictions of
our test system are important for the interpretation
of the results.

The test system consists of three modules and al-
lows to predefine test settings via a configuration file.
These include specifications of the maximal number of
entries per record-valued subattribute, a range for the
average number of entries per record-valued subat-
tribute, a range of probabilities for creating a flat sub-
attribute, probabilities for creating a set- or a record-
valued subattribute, the probability for inserting a A,
the number of functional dependencies in X, the num-
ber of non-applicable functional dependencies among
all dependencies in 3, the number of input arguments
to be generated, the test mode, the number of how
many times a tests should be repeated and so on.

The first module generates sets of input arguments
based on the settings in the configuration file. For our
tests, all relevant settings for this module have been
set to random. However, we aim at testing sets of
input arguments that are relevant in practice. Thus,
despite having all of the relevant settings set to ran-
dom, there is an internal limit for some of them, e.g.,
the number of functional dependencies is limited to
1000.

The second module executes the algorithms a pre-
defined number of times and checks whether the com-
puted closure is indeed correct. Herein, the same al-
gorithm is executed repeatedly with exactly the same
input arguments as some performances might be af-
fected by other processes using the same system re-
sources.

The third module collects test values and com-
putes test results according to the specified test
mode. There are four modes: mnormal, memory
usage, split times and an internal mode which is not
relevant for this paper. Any combination of the four
can be used.

We ran three tests with the same sets of input argu-
ments. First, 1000 of those sets have been computed.
Then, the first test was run to determine the average
execution time for every algorithm. The second
test has been used to obtain the average memory
usage for every algorithm. This is an aspect that is
often not considered when investigating the efficency
of algorithms from a more theoretical perspective.
These two tests meet our first objective. Finally,
the third test investigated which subroutines have
a positive or negative, respectively, impact on the
overall performance of every algorithm. Thus, our
second objective.

Test results are shown in Figures 1 and 2. Surpris-
ingly, Algorithm 4.1 has the best results. But why is
this?

Considering Figure 1, the memory usage seems to
have a big influence on the overall results. However,
it cannot be the only reason. When considering Fig-
ure 2 and the execution time of the NAC Algorithm
subroutines, Algorithm 4.1 is still superior. This is
due to the representation of the subattributes in the
algorithms. As mentioned before, Algorithm 4.1 is
using a tree representation which is equivalent to us-
ing a subattribute basis. In fact, it turns out to be a
much more efficient representation as the one chosen
for Algorithms 4.4 and 4.5.

Furthermore, we have to keep in mind that only
practically relevant sets of input arguments are
considered. Therefore, execution times are quite low.
Therefore, the influence of expensive operations, such
as access to main memory, string operations etc, have
a big impact and cannot be ignored. Complexity



Results of Tests 1 and 2 with Random Input Arguments
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Figure 1: Test Results with Random Arguments
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Figure 2: Evaluation Results of the NAC Algorithms

considerations, on the other hand, do not take this
into account.

Comparing Algorithms 4.4 and 4.5, Algorithm 4.5
does not really benefit from the enhancements pro-
posed. It has to maintain slightly more memory re-
sulting in a slightly higher average execution time.
Considering the individual test results for the 1000
sets of input arguments there is an indication that
this changes.

Figure 2 outlines the differences between both
algorithms. Algorithm 4.4 has a much faster initial-
ization and precomputation phase than Algorithm
4.5. This is no surprise since Algorithm 4.5 pre-
computes much more information. The advantage
of these increased precomputations come into play
when considering the execution time of the algorithm
itself. Since Algorithm 4.4 has to compute subat-
tribute bases with every loop, Algorithm 4.5 reuses
precomputed information. However, Algorithm 4.5 is
not superior due to the fast execution times and the
low number of times that one of the precomputed
data is reused. Finally, postcomputation times are
almost equal.

In summary, the practical evaluation of the algo-
rithms presented has determined that the represen-
tation of the data and the size of the memory main-
tained have a decisive impact on their performance.
Complexity considerations have only a minor influ-
ence when considering practically relevant sets of in-
put arguments. Therefore, it might be interesting to
analyze the complexity from a parameterized point of
view. Research in this direction will follow. It would
also be interesting to know how both, Algorithm 4.4

and Algorithm 4.5, perform using much more efficient
representations. Therefore both, Algorithm 4.2 and
Algorithm 4.3, must be modified too.

6 Applications of the Implication Problem

The algorithms from Section 4 for solving the impli-
cation problem are sufficient to solve several other
problems related to functional dependencies. We will
demonstrate some applications in this section.

Let ¥ be a set of functional dependencies on a
database type R and 0 : X — Y € ¥t. A sub-
attribute A € SubB(X) with A # X is called ez-
traneous in o relative to ¥ if X' — Y € ¥t with
X' =y, (SubB(X) — {A}). If o does not contain
any extraneous subattributes, then it is reduced.

In order to test whether A € SubB(X) with A # A
is extraneous in o, one can apply Algorithm 4.5 to test
if X’ 5 Y e It for X' =y, (SubB(X) — {A}).
A subattribute Z of X that functionally determines
Y but does not contain any extraneous subattributes
can be found using the following simple procedure:

X' = SubB(X) — {A};

FOR each A € (SubB(X) — {\}) DO
Z :=pany (X' —{A})
IF Z - Y € ¥t THEN

X' =X —-{A};
ENDIF;
ENDDO:
Z =y, X'

This reduction procedure is effective for functional
dependencies in ¥ (and those in ¥t — X). Therefore,
it can be used to find a set X, of reduced functional
dependencies with X = X*t. Since it takes time
O(| Ng |- | £ |) to detect an extraneous attribute in
asingle given functional dependency, it takes time O]
Ng |? - | £ ) to find a reduced functional dependency
and time O(| Ng |*> - | £ |?) to find Z,.

Another application of our algorithms is to elim-
inate redundant functional dependencies. A func-
tional dependency o is called redundant in a set ¥
of functional dependencies for a database type R, if
(E—{o})t = =*. A non-redundant cover of ¥ is a set
© of functional dependencies on R where @1 = X+
and © does not contain any redundant functional de-
pendency.

In order to determine if ¢ is redundant in ¥, one
can apply Algorithm 4.5 to test if 0 € (X —{o})T. A
subset ® C ¥ that is a non-redundant cover of ¥ can
be found using the following procedure:

0:=3%;
FOR each 0 € ¥ DO
IF o € (0 — {o})* THEN
=0 —{o};

Note that O is always a subset of X, although this
is not a requirement of a non-redundant cover. The
running time of the covering algorithm is obviously
O( Nk |- | T ). |

A nested attribute X € Sub(Ng) is called a su-
perkey for the database type R, if there is a func-
tional dependency X — Ny on R. Hence, a test if
X € Sub(Ng) is a superkey for R is equivalent to test-
ing if X — Ng € 7. In order to test whether X is a
minimal key, i.e. X is a superkey and no proper sub-
attribute of X is a superkey, is equivalent to testing
whether X — Npg is reduced.



7 Discussion and Future Work

Functional Dependencies are a valuable tool in Rela-
tional Database Design. Recently, the notion of func-
tional dependencies and their finite axiomatization
have been generalized to a different data model, the
Higher-Order Entity-Relationship Model (Hoffmann,
Link, Schewe 2002).

The article continues this line of research. It is
demonstrated how to solve the implication problem
for functional dependencies in the HERM in linear
time. This generalizes the solution to the same prob-
lem in the RDM.

There are several ways to continue research in this
direction. Next we would like to build up a normaliza-
tion theory in the HERM, similiar to the one in the
RDM. We are confident that the results for Boyce-
Codd Normal Form and Third Normal Form can be
generalized to the HERM.

Currently, we are also working on an axiomatiza-
tion of multi-valued dependencies in the HERM, pos-
sibly leading towards a generalization of the Fourth
Normal Form.

Looking at nested attributes, we would like to ad-
dress the finite axiomatization and efficient solution
for the implication problem of functional dependen-
cies in XML and semi-structured data.

Finally, the axiomatization of error-robust func-
tional dependencies has recently been studied in the
RDM (Link, Schewe, Thalheim 2002) and the HERM
(Link, Schewe 2002). These are functional dependen-
cies which are even satisfied after some errors occur.
The question is how to solve the implication problem
for this class of dependencies efficiently.
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