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Abstract

We describe two algorithms for static path-planning, with the

aim of deriving the trajectory that always maximises the dis-

tance of the path from the nearest obstacle. The bubble al-
gorithm allocates individual pixels to generating points, grow-
ing the area owned by each point at a globally constant rate

to ensure that boundaries are equidistant between neighbour-
ing points. The geometric algorithm derives the same “per-
fect path”, but without examining pixels individually, and thus
with good performance. It compares geometric elements pair-
wise to generate segments of the boundaries, then intersects

these segments to derive the perfect path. The geometric al-
gorithm is the lowest-complexity algorithm yet described that

derives this perfect path.

Keywords: path-planning, tessellation, geometry

1 Introduction

Path-planning(Choset, 1998) can be described as the
task of navigating a mobile robot around a space
in which lie a number of obstacles that have to be
avoided. Path-planning can be static, where the po-
sitions of the obstacles are fixed and a map for the
whole space is produced before motion begins; or dy-
namic, where obstacles can move, appear, or disap-
pear, and the map must be updated “on-the-fly” ac-
cordingly. Path-planning algorithms sometimes as-
sume that the robot is a point, and sometimes assume
that the robot has a non-zero size in space. In this
paper, we shall assume static path-planning and we
shall pre-empt the size question by defining the per-
fect path between two obstacles to be the trajectory
that always maximises the robot’s distance from the
two obstacles, thus permitting the biggest possible
circular robot to follow the path.

Tessellation(Ogniewicz and Kubler, 1995) is the
process of dividing up a space between a number of
generating points that lie in the space. Each discrete
point (or pixel) P in the space is allocated to the gen-
erating point nearest to P. Two generating points A
and B are said to be neighbours if there exists a pixel
P in the space such that P is equidistant from A and B
and P is closer to A and B than to any other generat-
ing point. The Voronoi diagram of the space displays
the boundaries between generating points which are
neighbours (see, for example, Figure 1(d)).

If the generating points in the space represent all
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points on the edges1 of obstacles, there is a clear cor-
respondence between the definition of perfect path
given above and the Voronoi diagram of the space.
Tessellation has been used previously as the basis of
2D path planning for nonholonomic robots in envi-
ronments with obstacles(Mirtich and Canny, 1992),
and for efficient path planning(Nawawi et al., 1999;
Wager, 2000).

In this paper we describe two algorithms that use
tessellation to derive the perfect path through a space.

Bubble tessellation The bubble algorithm works
by “growing” the areas “owned” by the gener-
ating points at a globally constant rate until ev-
ery pixel in the space has been allocated. Each
pixel P is allocated to the first generating point
to “visit” P. Pixels on the boundary between two
generating points A and B are visited simultane-
ously by A and B, so the Voronoi diagram is easy
to generate and clearly correct. Equally clear is
that the bubble algorithm is horrendously inef-
ficient: its performance is at least linear in the
number of pixels in the space. However, the bub-
ble algorithm has two virtues which are useful to
us: it is obviously a correct tessellaton algorithm,
and it extends easily to tessellate between more-
complex features such as lines and obstacles.

Geometric line tessellation The geometric algo-
rithm builds the boundaries between geomet-
ric elements constructively, comparing the co-
ordinates of elements pairwise to build up a set of
“candidate boundaries”, then choosing amongst
these candidates to finalise the Voronoi diagram.
This leads to an algorithm whose asymptotic be-
haviour is much better than the bubble algo-
rithm, but which achieves the same end, i.e. a
perfect path.

This geometric algorithm is significant because it
is the lowest-complexity algorithm yet described that
derives the perfect path. Previous algorithms with
comparable complexity have either placed some con-
straint on the space (for example, they have assumed
convex obstacles), or they have derived an approxi-
mation to the perfect path. McAllister et al. (1993)
present an extension of the Sweepline Algorithm (For-
tune (1987)) which generates a piecewise-linear ap-
proximation to the tesselation between convex polyg-
onal sites. This runs in O(nlog(n)) time, but cannot
handle concave sites and produces only an approxi-
mation to the perfect path. Mayya and Rajan (1994)
describe an algorithm for generating the Voronoi di-
agrams of polygons. By representing the reachable
space of the world as a polygon (possibly contain-
ing holes), their algorithm may be used to generate

1Note edges, not just vertices.
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Figure 1: Point bubble tessellation in action. The crosses denote the generating points. The areas owned by
the points grow at a globally constant rate.

the tessellation of the world. This algorithm runs in
O(B2) time, where B is the average number of ele-
ments in the bounding contour of a site. The algo-
rithm generates perfect paths, but it is not suitable
for worlds where the reachable space is unbounded.

The remainder of the paper is organised as fol-
lows. Section 2 introduces some terminology that we
use in the paper. Section 3 describes the bubble al-
gorithm for point tessellation and discusses its com-
plexity. Section 4 extends the bubble algorithm to
tessellate between obstacles, giving the perfect path
through a space. Section 5 extends the bubble al-
gorithm to tessellate between lines, again giving the
perfect path. Section 6 describes a more efficient geo-
metric algorithm for line tessellation, shows that this
algorithm too generates the perfect path, and dis-
cusses its complexity. Section 7 concludes the paper
and discusses some possible improvements to the ge-
ometric algorithm.

2 Terminology

Throughout the paper, we use the following terms.

pixel A pixel is a set of co-ordinates in space.

point A point is a generating point for a tessellation.
For the purposes of path-planning, a point will
be a vertex of an obstacle.

line A line joins together two points. Lines are also
used as “generating points” for a tessellation. For
the purposes of path-planning, a line will be an
edge of an obstacle.

obstacle An obstacle is a polygon in space that
should be avoided by the robot. Obstacles are
also used as “generating points” for a tessella-
tion.

perfect path The perfect path between two obsta-
cles is the trajectory that always maximises the
robot’s distance from the two obstacles.

3 Point tessellation with the Bubble Algo-
rithm

In a Voronoi diagram, each point A owns the pixels
that are closer to A than to any other point. The
bubble algorithm “grows” the area owned by each
point outwards from the point itself until every pixel
in the space has been allocated to a point. The areas
owned by the points grow simultaneously at a glob-
ally constant rate to ensure that the final boundaries
are equidistant from the relevant points. Initially,
the area owned by each point is circular. When two
areas meet, they stop growing directly towards one
another, but they keep growing in other directions,
and eventually they form the (straight line) boundary
between the two corresponding points. The process
stops when every pixel in the space is owned by some
point.

This process is illustrated in Figure 1. In the fig-
ures, ownership of a pixel is denoted by the colour of
the pixel. Figure 2 describes the algorithm in pseudo-
code. The use of distances (d) in the algorithm en-
sures that areas grow equally in all directions (i.e. as
a circle) on a rectangular pixel array.

Bubble tessellation is horrendously inefficient: it is
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Figure 3: Obstacle bubble tessellation in action. The black areas denote the obstacles. The areas owned by
the obstacles grow at a globally constant rate.

make each pixel uncoloured
assign a different colour to each point
d := 0
repeat

d := d + 1
for each uncoloured pixel p

if p is within distance d of a point with colour c
then give p the colour c

until all pixels are coloured

Figure 2: Point bubble tessellation in pseudo-code.

at least linear in the number of pixels in the space2,
which is usually far greater than the number of points.
However, bubble tessellation has two virtues:

• it is a very good algorithm for visualising the
process of tessellation: the fact that the areas
owned by the points grow at the same rate means
that the algorithm is “obviously” correct; and

• it extends naturally to an algorithm that is more
useful for path-planning.

4 Obstacle tessellation with the Bubble Al-
gorithm

The bubble algorithm applies almost without mod-
ification to the problem of tessellating between ob-
stacles. The only difference is in the initialisation
phase: all of the vertices and edges on the obstacles

2The version described here has an even worse complexity.

are viewed as generating points, and all of the ver-
tices and edges on one obstacle are assigned the same
colour. The area owned by each obstacle grows in the
same way as before, outwards from the obstacle itself
at a globally constant rate, until every pixel in the
space has been allocated to a obstacle. The final area
for each obstacle is the part of the space owned by
that obstacle, and the edge of this area is the path to
follow around the obstacle to maximise the clearance
for the robot, i.e. the perfect path as defined above.

This process is illustrated in Figure 3. Again, own-
ership of a pixel is denoted by the colour of the pixel.
Figure 4 describes the algorithm in pseudo-code.

make each pixel uncoloured
assign a different colour to each obstacle
d := 0
repeat

d := d + 1
for each uncoloured pixel p

if p is within distance d of an obstacle with colour c
then give p the colour c

until all pixels are coloured

Figure 4: Obstacle bubble tessellation in pseudo-code.

It should be clear that this process is guaranteed to
give the perfect path around each obstacle: because
the areas owned by the obstacles all grow at the same
rate, boundaries derived between two obstacles must
be equidistant from the obstacles. However, the com-
plexity is still very poor.

We would like to be able to define an efficient (geo-
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Figure 5: Line bubble tessellation in action. The black lines (most easily seen in (a)) denote the lines. The
areas owned by the lines grow at a globally constant rate.

metric) tessellation algorithm between obstacles, but
it is difficult to define an algorithm that derives the
perfect path under our definition. An alternative ap-
proach is to tessellate between lines representing the
edges of obstacles, so we first extend the bubble al-
gorithm to deal with lines, then use that as the basis
for developing an efficient geometric algorithm to tes-
sellate between lines.

5 Line tessellation with the Bubble Algo-
rithm

Direct efficient obstacle tessellation is hard, so we re-
sort to line tessellation instead. In this section we
present a line bubble tessellation algorithm, then in
Section 6 we present an efficient geometric line tessel-
lation algorithm.

Line bubble tessellation is again only a minor vari-
ation on point bubble tessellation. The only change
from point bubble tessellation is in the initialisation
phase: all of the pixels on the lines are viewed as gen-
erating points, and all of the pixels on one line are
assigned the same colour. The “growing” phase of
the algorithm is unchanged.

This process is illustrated in Figure 5. Again, own-
ership of a pixel is denoted by the colour of the pixel.
Figure 6 describes the algorithm in pseudo-code.

This algorithm returns a superset of the bound-
aries returned by the obstacle tessellation algorithm.
Simply ignoring the boundaries between lines on the
same obstacle again gives the perfect path through
the space. Another difference is that the path around
an obstacle is returned in segments, one segment cor-
responding to each line on the obstacle. A simple way

make each pixel uncoloured
assign a different colour to each line
d := 0
repeat

d := d + 1
for each uncoloured pixel p

if p is within distance d of a line with colour c
then give p the colour c

until all pixels are coloured

Figure 6: Line bubble tessellation in pseudo-code.

to see this is to assign a different base colour to each
obstacle and to assign the different lines on the ob-
stacle different shades of the obstacle’s base colour.
The perfect path then corresponds to the boundaries
between different base colours.

We now have a bubble algorithm that gives the
perfect path with poor performance, but which can be
used as the basis of a geometric algorithm that gives
the same path with acceptable performance. We use
the idea of returning segmented paths to build the
perfect path constructively without examining indi-
vidual pixels.
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6 Geometric line tessellation

To tessellate between lines, we break each line into
three ‘elements’: the two points at the ends of the
line, and the line itself, not including its endpoints.

For each element E of line segment L we first cal-
culate the subset SE of the space in which pixels are
closer to E than to any other element of L. For exam-
ple, if E is a line segment (not including endpoints),
SE contains all pixels whose projection onto the infi-
nite extension of L are also on L. The division of space
for a line AB is shown in Figure 7.

Figure 7: Space division for a line AB.

The next step is to loop through all elements E’ on
the other lines (i.e. not L), generating the boundaries
between E and E’. This boundary is the equidistance
curve between E and E’, i.e. the curve along which
all pixels are equidistant from E and E’. Equidistance
curves fall into four categories.

Point to Point (Figure 9(a)) The equidistance
curve between two points is the perpendicular
bisector of the line segment joining the two
points.

Point to Line (Figure 9(b)) The equidistance
curve between a point and a line is a section
of parabola, with the directrix lying along the
line and the focus being the point, by definition
of a parabola. The start and end points of
the section are perpendicular to the start and
endpoints of the line.

Line to Line (Figure 9(c)) The equidistance
curve between two lines is a section of the line
through the intersection of the lines, which
bisects the angle between the two lines. The
section of the line which forms the equidistance
curve is the section within which every pixel has
a projection onto both defining line segments.

Line ‘pointing at’ Line (Figure 9(d)) When the
intersection of the lines lies on one of the line
segments, a second curve (corresponding to the
perpendicular to the first curve, at the intersec-
tion of the two lines) is also required. The section
of this line which forms an equidistance curve is
determined in the same way as for the simple
‘Line to Line’ case.

Figure 10(a) shows the curves produced for one of
the lines on the top obstacle, and Figure 10(c) shows
the curves produced for all of the lines on the top
obstacle.

Now let U be the union of the pixels on the equidis-
tance curves for E. We then choose MINE ⊆ U ∩ SE

such that no pixel in U lies on the perpendicular be-
tween E and any pixel in MINE . Formally:

∀p(p ∈ U ∩ SE ∧ ¬ ∃q(q ∈ U ∧ q between p and E)
→ p ∈ MINE)

This set of pixels MINE forms the part of the tessella-
tion for which E is directly responsible. Figure 10(b)
shows the boundary produced for one of the lines on
the top obstacle, and Figure 10(d) shows the bound-
ary produced for all of the lines on the top obstacle.

To calculate MINE from U, we begin with an empty
set of curves C. For each curve K in U, we merge K
with C. This operation is linear in the number of curve
sections in C.

To perform the merge operation, we first find K’ by
removing all sections of K which are separated from
the generating element E by any portion of C. If K’
is non-empty, we then perform the reverse operation,
and we find C’ by removing all sections of C which are
separated from E by K’. The resulting set of curves
C’ ∪ K’ becomes the new boundary C, and when all
of the curves from U have been merged, MINE is set
to C.

The union of MINE for all elements E in the space
is the tessellation between the lines in the space. Fig-
ure 10(e) shows the path produced for the entire
space. This should be compared with Figure 3(d).

6.1 Refinements for path-planning

For the purposes of path-planning, lines are arranged
into polygons representing obstacles. If E is an end-
point of a line, we can limit SE to include only space
which is closer to E than to either of the line seg-
ments neighbouring E. We also remove from SE all
points which are either inside the obstacle, or sepa-
rated from E by any part of the obstacle. This re-
moves all sections of the graph which intersect, or
lie ‘behind’, portions of the obstacle. The division of
space for an obstacle ABCD is shown in Figure 8.

Figure 8: Space division for an obstacle ABCD.

Also, when generating U, we omit equidistance
curves between segments on the same obstacle.

Taken together, these two refinements limit the
set of curves generated by the algorithm to be ex-
actly the tessellation between obstacles, hence pro-
viding the perfect path through the space.
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Figure 9: The four classes of equidistance curves.

(a) (b)

(c) (d)

(e)

Figure 10: Geometric line tessellation in action. The hollow areas denote the obstacles and the lines radiating
from the top obstacle show the space division for that obstacle.
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6.2 Complexity of geometric line tessellation

Let n be the number of lines in the world. Then there
are O(n) elements in the world, and O(n2) pairs of
elements. For each pair of elements we:

1. Generate an equidistance curve K: O(1)

2. Merge K with the current boundary C: O(n)

The merge with the current boundary is O(n) in the
worst case, because in principle the boundary can
contain O(n) curve segments. Hence the worst-case
complexity of the geometric algorithm is O(n3).

However, cases in which C contains a large number
of segments are rare, and for the sorts of obstacles
we have investigated, C generally does not grow with
n. Thus the average complexity of this algorithm is
O(n2). Note that the length of C (during the merging
process) for an element E depends to some extent on
the order in which the equidistance curves involving E
are merged. Thus the average case performance can
be improved by sorting the equidistance curves before
merging them.

7 Conclusions

We have described and implemented two path-
planning algorithms based on tessellation that de-
rive the perfect path through a space, in the sense of
maximising the clearance for the robot at all times.
The bubble algorithm is clearly correct but has a
very high complexity; the geometric line tessellation
algorithm is more complex but provides acceptable
performance. The geometric algorithm is the lowest-
complexity algorithm yet described that derives the
perfect path.

We plan to modify the geometric algorithm in the
near future to reduce its complexity further. We plan
to use ideas from Sharp and Cripps (1991) to limit
further the area in space that each geometric element
must search. We also plan to explore the extension
of the geometric algorithm to 3D environments, and
to extend the algorithm to account for real robots
with non-zero dimensions, probably by “growing” the
obstacles in the intialisation phase of the algorithm.
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