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Abstract

A key component of many logic programming analysis tasks is
defining a safe (superset) approximation to the success set of
the program. Our primary application is a declarative mode
system which can express polymorphic modes and linearity in-
formation. Others include analysis of type and groundness de-
pendencies. Even analysis of procedural properties generally
uses declarative information. For example, termination anal-
yses use inter-argument relations, which can be seen as safe
approximations to the success set. In this paper we show how
the success set can be approximated by constrained regular
types. This is a domain similar to regular types but can con-
tain constraints to express relationships between multisets of
subterms and between well-typedness of subterms. It allows
very precise analysis. Even meta interpreters can be analysed
with no loss of precision. We define constrained regular types
and describe a system which checks if a constrained regular
type is a superset of the success set.
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mode, type, constrained regular types, set constraint,
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1 Introduction

In a previous paper (Naish 1996) we presented a very
high level view of modes, showing how mode informa-
tion can be captured by a set of ground atoms and
defined a notion of well-modedness. We also suggesed
an expressive mode declaration language for defining
such sets. In this paper we present an extension of the
underlying formalism, which we call constrained regu-
lar types. We view modes as (expressive) types; read-
ers may replace “mode” by “type” throughout this
paper if desired. One of the attractions of constrained
regular types is they are expressive enough to enable
analysis of a variety of meta interpreters with no loss
of precision and minimal loss of efficiency. In com-
mon with most work on analysis of logic programs,
our mode system can be seen as an approximation
to the success set of the program, hence we believe
our work may be of use for a range of program anal-
ysis tasks. In particular, our mode declarations can
express information about groundness, aliasing and
linearity (in the sense that some predicates do not
duplicate or discard certain data structures),

In the next two sections we describe our mode sys-
tem and illustrate the information it captures with
several examples. We then discuss the definition and
meaning of constrained regular types and mode check-
ing in this framework. After discussing related and
further work we conclude.
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2 Declarative modes

Our previous work identified a notion of modes with
a set of ground atoms M, which is a superset of the
success set of a program, SS(P). The restriction to
ground atoms simplifies the domain yet is surprisingly
expressive. This scheme can be seen as a higher level
view of directional types (Boye & Maluszynski 1995)
(Bronsard, Lakshman & Reddy 1992). Directional
types assign each argument of each procedure a type
and directionality (input or output). Type checking
ensures that if the inputs of a procedure are well-
typed then the outputs will be well-typed for each
solution. This is equivalent to taking M to be the set
of atoms such that if the inputs are well-typed then
the outputs are well-typed and checking M D SS(P).
Consider the normal definition of append, where each
argument type is list, in the “forward” mode, which
we declare as follows.

:- type list ---> [] ; any.list.
:- mode append(X=list, Y=1list, Z=list):
X+Y -> Z.

The mode set M is the set of append atoms such that
(X € list \Y € list) — Z € list. The “backward”
mode can be declared similarly, using Z -> X+Y. The
combination of these two modes (ad hoc mode poly-
morphism) can be declared using the conjunction of
the two previous constraints or X+Y <-> Z and the
mode set is the intersection of the two modes above.
A smaller set means we have more knowledge about
the program. The directional types formalism does
not allow us to express this more precise approxima-
tion to the success set. In order to build more flexible
mode systems and better analysis systems in general,
we need more precise approximations. It is therefore
important to consider expressive languages for defin-
ing sets of atoms.

Our previous work (Naish 1996) concentrated
on parametric polymorphism, based on polymorphic
types such as list(T). It informally introduced con-
strained regular trees; we now call them constrained
regular types and this paper defines them more for-
mally. They allow a non-traditional interpretation of
an expression containing type variables. Given an ex-
pression such as list(T'1) and a list, T'1 is associated
with the set (or more generally multiset) of elements
in the list. Mode declarations typically have several
type variables and a collection of constraints over the
associated (multi)sets of terms. For example, the
“forward” polymorphic mode for append associates
T1, T2 and T3 with the sets of elements in each list
and states that the set of elements in the third list is
a subset of the union of the sets of elements in the
first two lists (for simplicity we ignore -> constraints
on the list skeletons):

:- type list(T) ---> [1 ; T.list(T).
:- mode append(list(T1),1list(T2),1list(T3)):



T1+T2 => T3.

The mode set is the append atoms such that e(X) U
e(Y) D e(Z), where e(L) is the set of elements in
list L. This mode is polymorphic in the sense that
for any type T, if the first two arguments are of type
list(T) then the last argument is inferred to be of
this type. By separating the constraints involving
type variables, stronger constraints can be added in-
dependently of the modes of the list skeletons. For
example, equality of the three sets can be expressed
by the constraint T1+T2 <=> T3. This expresses the
fact that append can be used for “back communica-
tion”: two lists of variables (or partially instantiated
terms) can be appended and the result passed to an-
other procedure which can later bind all the variables.
Multiset equality can be expressed by the constraint
T1+T2 <==> T3. This expresses the fact that no ref-
erences to elements are created or destroyed by calling
append, an important fact for analysis of garbage col-
lection and structure reuse. For example, we can infer
that if the first two arguments only contain uniquely
referenced terms then the last argument will also have
this properly — precisely the information needed for
one “unique mode” of append in Mercury (Somogyi,
Henderson & Conway 1995). The declaration can also
be seen as a precise description of the aliasing induced
by a call to append, a groundness dependency, a type
dependency, et cetera.

3 Examples

The mode declaration for the following naive coding
of quicksort allows us to show that the multiset of list
elements is preserved. This is useful information for
verification and optimisation. The precision of the
mode information for part is important: although A
is used as an input to part, we need to know that
it is not copied to L1 or L2. Similarly, we need the
multiset equality constraint for append.

:- mode gsort(1list(T1),list(T2)): T1<==>T2.
gsort (L1, [1).
gsort(A.B, C) :-
part(A, B, L1, L2), gsort(L1, S1),
gsort (L2, S2), append(S1, A.S2, C).

:- mode part(T0,list(T1),1list(T2),
1ist(T3)): T1 <==> T2+T3.
part(A, [1, [1, [1).
part(4A, B.C, B.D, E) :-
A @>= B, part(A, C, D, E).
part(A, B.C, D, B.E) :-
A @< B, part(A, C, D, E).

The following code does a breadth first tree traver-
sal, collecting the elements in the tree to form a list
or constructing a tree from the list elements. The
traversal is done by bfq which uses a queue of trees,
represented as a number (the length of the queue)
and a difference list. A logic variable representing
the tail of the queue, QT, is introduced in the second
and third arguments of the top level call to bfq. It
never becomes ground and results in cyclic dataflow
and aliasing, making program analysis challenging.

The mode declaration for bfq is able to capture the
precise relationship between the multisets of elements
in the list and the (sub)trees within the front and back
of the queue. This, plus the top level call to bfq, can
be used to verify that bf preserves the (multi)set of
elements. If we only had information about the sets
of elements in bfq we could not verify this property
of bf. Mode analysis derives a constraint of the form
At+QT <==> As+QT and the single occurrence of QT
can be dropped from both sides. This cannot be done

with a set constraint. Similarly, groundness analy-
sis of this program using positive boolean functions
Armstrong, Marriott, Schachte & Sgndergaard 1998)
a domain closely related to set constraints) is unable
to establish any relationship between At and As due
to the repeated variable QT.

:- type tree(T) ---> nil ;
t(tree(T), T, tree(T)).
:- type nat ---> zero ; s(nat).

:- mode bf(tree(At),list(As)): At <==> As.
bf (At, As) :- bfq(s(zero), At.QT, QT, As).

% as above using a queue of trees

% (Length, [Front|Rest], Rest)

:- mode bfq(nat, list(tree(QH)),
list(tree(QT)), list(L)): L+QT<==>QH.

bfq(zero, Q, Q, [1).

bfq(s(N), nil.QH, QT, As) :-
bfq(N, QH, QT, As).

bfq(s(N), t(L,A,R).QH, L.R.QT, A.As) :-
bfq(s(s(N)), QH, QT, As).

The following code, taken from (Boye &
Maluszynski 1995), takes a tree of numbers and builds
another tree of numbers of the same shape, where
each element is the maximum element of the first
tree. Due to cyclic dataflow (through the variable
Max), checking that a tree of number is indeed cre-
ated is a challenge. The dependencies are expressed
elegantly with —> constraints. They show the skeleton
of the second tree is dependent only on the skeleton
of the first tree, the elements are dependent only on
the “global” maximum (argument two) and the max-
imum is dependent only on the elements of the first
tree.

:— mode maxtree(TO=tree(X=num),
T=tree(Max=num)) :
(TO -> T), (X -> Max).
maxtree(Tree, NewTree) :-
maxtreel(Tree, Max, Max, NewTree).

:-mode maxtreel (TO=tree (XO=num) ,GMax=num,
Max=num, T=tree(X=num)) :
(TO -> T), (X0 -> Max), (GMax -> X).
maxtreel(nil, _, 0, nil).
maxtreel (t(L, X, R), GMax, Max,

t (NewL, GMax, NewR)) :-
maxtreel (L, GMax, MaxL, NewL),
maxtreel (R, GMax, MaxR, NewR),
max3 (X, MaxL, MaxR, Max).

:— mode max3(A=num,B=num,C=num,Max=num) :
A+B+C -> Max.

The following code is a simple interpreter. With
appropriate declarations, which we give later, our sys-
tem is able to analyse this code with no loss of pre-
cision — something which is well beyond the capa-
bilities of typical program analysis frameworks. For
example, in a call such as solve(gsort (X,Y)) it can
be determined that the multisets of elements in the
two lists are the same.

solve(true).
solve((G1,G2)) :- solve(Gl), solve(G2).
solve(A) :- cl1(A, B), solve(B).

cl(append([], As, As), true).
cl(append(A.As, Bs, A.Cs),
append(As, Bs, Cs)).



4 Constrained regular types

As well as giving a more formal basis for our pre-
vious work (Naish 1996), we present two important
improvements: constraints can occur within the def-
inition of types and -> constraints are supported.
We first discuss definitions of simple constrained reg-
ular types. This is essentially a reconstruction of
conventional regular types which makes the associa-
tion between type parameters and multisets of terms
more explicit. We then consider more expressive con-
straints.

4.1 Simple constrained regular types

We first describe the syntax of simple constrained reg-
ular type definitions:

Definition A simple constrained regular type is de-
fined as follows:

:- type t(P1, P2,..., P,) ——> C1;Cs;. ..
t/n is the name of the type, the P; are distinct pa-
rameters and the each C; is of the form

f(TlaT27"'7Tk):Pl:E15P2:E2"'7Pn:En

f is a functor of arity k, the functors in each C; are
distinct, each T; is type expression, possibly contain-
ing variables V; (distinct from the parameters) and
each E; is a (possibly empty) set of V;’s denoting the
union of these multisets. Kach V; occurs in exactly
twice, in an F; and a T;.

Ezamples (we use empty to denote the empty set and
+ to denote multiset union):

:- type list(Es) ---> [] : Es = empty ;
E.1list(Esl) : Es=E+Esl.

:- type pair(F,S) ---> F1-S1 : F=F1, S=S1.

There is a trivial mapping between these defini-
tions and standard discriminated union type defini-
tions. The only difference is that we rename occur-
rences of parameters on the right hand side of the
definition, as specified by the equations. The result is
that different multisets of terms are denoted by dif-
ferent variables. In the definition of type list, for
example, Es denotes (the multiset of) all members of
the list, while Es1 denotes the members of the tail of
the list and E denotes the head.

A type expression denotes a set of functions from
terms to booleans and multisets. When an expres-
sion such as list(T) is “matched” with a term, we
obtain a boolean (true if the term is a list) and a
multiset of subterms T' (we give a more formal and
expressive definition later). Where the type expres-
sion contains several type parameters, several multi-
sets are returned. A nested type expression such as
list(pair(F, S)) associates F' (and S) with the multi-
set subterms “matched” with F' (and 9, respectively)
in a list of pairs. For example, matching with the
term [a-c,b-c] we would associate F' with {a,b}
and S with {c,c}. Nested type expressions are not
essential for an expressive type system but are very
convenient for the programmer. They can be consid-
ered a shorthand a new implicitly defined type. For
example, list(pair(F, S)) can be seen as equivalent to
list_pair(F,S) defined below. Each equation for the
single parameter of list/1 is duplicated for the two
new parameters.

:- type list_pair(F,S) --->
[1 : F = empty, S = empty ;
pair(F1,S1) .1list(pair(F2,52)) :
F=F1+F2, S=S1+S2.

Ideally, the expression list(pair(F2,S2)) in this
definition should then be replaced by 1ist_pair(F2,
S2). In our algorithm we essentially generate cases of
these new definitions dynamically. In Figure 1 we de-
fine matching_case which returns a new case of a type
definition given a (possibly) nested type expression.

Ezample: Consider the type list(pair(F,S)) and
the definition of list(Es) in the recursive case,
E.list(Esl) : Es = E + Esl. We replace Es by
pair(F,S). For the equation pair(F,S) = E + Esl,
we replace E and Esl by new variants of the left hand
side to get pair(F, S) = pair(F'1,S1) + pair(F2,52).
We then replace the equation by two equations to ob-
tain the result given above in the list_pair definition.
Note the restrictions on variable occurrences in defi-
nitions are important for this operation.

4.2 Adding constraints (high level)

We describe the role of =>, ==> and -> at a high level,
in the user-supported syntax. In our implementation
this is translated into a lower level form, which sim-
plifies the coding and allows a more detailed formal
treatment. Adding extra constraints to constrained
regular type definitions allow us to have much finer
control over what terms are in the type (the boolean
returned); the multisets returned are never affected.
Constraints over sets and multisets allow us to ex-
clude more terms from the type, returning false as
the boolean in more cases. We allow cases in type
definitions of the form:

f(Tla'-'

where each S; is a (multi)set constraint over variables.
Matching with such a case will only return true if each
S; is true, restricting the type.

For example, the following type defines triples of
lists where the elements of last list are all elements of
the other lists (similar to append):

,Tk):Pl ZE]_,...,Pn:En,Sl,Sz,...

:- type appl(P1,P2,P3) --->
a(list(L1), 1list(L2), 1list(L3))
P1=L1, P2=L2, P3=L3, L1+L2=>L3.

Matching the term a([a], [b],[a]) with this type
returns (true,P1 = {a},P2 = {b},P3 = {a}).
Matching a([a], [b], [c]) with it results in false be-
ing returned (the multisets are also returned, though
they are generally not of interest if the boolean is
false).

In simple constrained regular types all subterms
must be well typed (an implicit conjunctive con-
straint). Explicit constraints such as -> allow us
to include more terms in the type, returning true
as the boolean in more cases. In the following type
definition, the well-typedness of the three arguments
are associated with boolean variables, B1, B2 and B3
(the booleans returned from the recursive matching
of these subterms). The constraint B1+B2->B3 means
B1 A B2 implies B3.

:— type app2 --->
a(B1=1list(L1) ,B2=1ist(L2),B3=1ist(L3)):
L1+L2=>L3, (B1+B2->B3).

Matching the term a([al, [b],b) with this type re-
turns (false). Matching a([a],b,b) with it returns
(true), since B2 is false. To precisely approximate
the success set of a program it is vital to have such
a method for including “ill-typed” atoms. Note also
that we have not included parameters in this type
(their values would typically not be very meaning-
ful due to the presence of non-lists). Variables do
not have to occur in equations. This allows flexibil-
ity similar to ezistential types, which are supported



matching_case(T, f,k); T is a type expression, t(Ai,...,A,), A; containing parameters P; j,

the definition of ¢/n contains case C, f(T1,...
variables renamed so they are unique):
replace each Q); by A;;
for each equation 4; = E;

aTk):Ql :El,...,Qn :En (Wlth

replace both occurrences of each variable in E; by a new variant of A;;
let the parameters in A; be (in order) P;1,..., P n;

replace the equation by m equations of the form P;=F;1<j<m,
where F; ; is E; with each type expression replaced by its jth variable;

return the modified version of C;

Figure 1: matching case algorithm

in some functional programming languages and re-
cent versions of Mercury (such variables correspond
to existentially quantified type variables).

There is an important difference between -> and

multi)set constraints. Both arguments to (multi)set
in)equalities must be collections of multiset vari-
ables. The arguments of -> can be arbitrary con-
straints, not only variables, and + is just syntactic
sugar for conjunction. As well as supporting primi-
tive constraints (either boolean variables or (multi)set
constraints), constraints are closed under conjunc-
tion, implication and disjunction. Thus each case
in a type definition can be seen as having just one
constraint, defining the boolean, plus the equations
defining the multisets. Recursive matching gives val-
ues for all boolean and multiset variables, allowing
the constraint to be evaluated to a single boolean,
which is returned.

4.3 Adding constraints — the low level

We make several changes to our definitions in order
to incorporate these more general constraints. These
changes allow us to simplify the matching algorithm,
treat the boolean and multisets returned from match-
ing in a more uniform way, allow more flexibility in
what multisets of terms can be returned and avoid
some overloading of type parameters (so far we have
used them to create nested type expressions and also
return multisets). We support the same user-level
syntax in our system, but convert type definitions into
an internal form based on what follows.

Instead of associating booleans and multisets with
only some type expressions (those preceded by B =
and type variables, respectively), we do so for all type
expressions. Each type is given two additional special
arguments (a superscript and subscript may be more
intuitive but it complicates presentation). The first
argument of each type is associated with the multi-
set of terms the type is matched with. The second
argument is associated with a boolean. All other ar-
guments are used as conventional type parameters,
allowing nested type expressions. We also introduce
the universal type any, which replaces some uses of
type variables. We only associate a meaning with
closed type expressions, in which the only variables
occur as special arguments.

Definition t(Py, P2, T1,...,Ty) is a closed type ex-
pression if P; and P, are parameters and T3,...,7T,
are closed type expressions. All parameters are dis-
tinct.

To convert a high level type expression such as
T=tree(list(M)) to an equivalent low level closed type
expression two steps are required. The first is to
add the special arguments to each non-variable ex-
pression. Boolean variables are reused where they
exist; otherwise new variables are used, for exam-
ple, tree(Xi,T,list(X2, B2, M)). This makes all

the booleans and multisets associated with these
expressions explicit. =~ The second step replaces
each type parameter P by any(P, B;), for example,
tree(Xy,T,list(Xs, Ba,any(M, B3))). This makes
the multisets associated with the type parameters ex-
plicit. The booleans introduced in this step will al-
ways be true; we keep them for consistency with other
types.

Definition A constrained regular type is defined as
follows:

:- type t(Py, P2,...,P,) ——> C1;Co;. ..

t/n is the name of the type, n > 2, the P; are distinct
parameters and the each C; is of the form

f(TlaT27"'7Tk) P =F...,P,=E,

f is a functor of arity k, the functors in each C; are
distinct, each Tj; is type expression, containing mul-
tiset variables MV, in argument one of (sub)terms,
boolean variables BV; in argument two of (sub)terms
and nested type expressions or type variables T'V; in
other arguments. Each F;,i > 2 is a (possibly empty)
set of T'V;’s, denoting a union of multisets and/or a
conjunction of booleans (the empty set representing
true). Each T'V; occurs in exactly twice, in a F; and a
T;. Es is a constraint over the BV;’s and set and mul-
tiset constraints over the MV;’s. There is an implicit
equation defining P; to be the multiset containing the
single term which is matched.

Ezamples (we use underscore for “don’t care” vari-
ables; note the use of any instead of type variables in

app2):

:- type list(X, B, Es) --->
[ : Es = empty, B=true ;
E.list(_,B1,Esl1): Es=E+Es1, B=B1.
:- type app2(X,B) --->
a(list(_,B1,any(L1,_)),
list(_,B2,any(L2,_)),
list(_,B3,any(L3,_)))
B = (L1+L2=>L3, (B1, B2 -> B3)).

The meaning of type expressions is given by
matching with ground terms. In Figure 2 we give
an algorithm which matches a term with a type ex-
pression to produce boolean and multiset expressions.
The matching algorithm is defined for arbitrary terms
and symbolic expressions containing variables may be
returned. For ground terms the expressions can be
evaluated to booleans and multisets. Matching non-
ground terms is discussed later.

Definition A closed type expression containing 2n
parameters denotes 2n functions, my,...,m, and
b1,...,b,. Functions m; are identified with the pa-
rameters appearing as argument one and map ground
terms to multisets of (sub)terms. Functions b; are



match(X,T); X is a term, T is a closed type expression containing parameters Py, ...

, Pp:

Case 1: T is any(Py, Py): return (P, = {X}, P, = true);

Case 2: T :t(Pl,Pz,Al,...,Am), X = f(Xl,...Xk):

if the definition if ¢/m has a matching case where

matching_case(T, f, k) = f(T1,...,Tk) : Po = Es, ...

7Pn:En

recursively match each X; with 7} to get expressions for each variable;

replace each variable by its assigned expression;

return (P = {X}, P = Es,..., P, = E,);
otherwise

return (P; = {X}, P, = false,... Py 1 = ¢, Py; = true,...);

Case 3: X is a variable, T' # any(-,.):
return (P, = {X},... P, =m(X,T,i),...);

Figure 2: matching a type expression with a term

identified with the parameters appearing as argument
two and map ground terms to booleans. Ground
terms which b; (argument two of the top level type
expression) maps to true are said to be members of
the type. The functions are all defined by the func-
tion match, defined in Figure 2, which takes a type
expression and a term and returns an assignment for
each parameter.

Example: The following algorithmic trace illus-
trates matching of the term a([al, [b], [b]) with
app2. For brevity we skip returning assignments to
underscore variables. Multiset and boolean expres-
sions are left in symbolic form: they could be simpli-
fied/evaluated as part of the algorithm or as a sepa-
rate pass to obtain the value true.

call match(a([al, [b], [b]),app2(P1, P2))
call match([al, list(-, B1, any(L1,-)))
call match(a,any(E1, Bg1))
return (E; = {a}, Bg1 = true)
call match([1,list(., Bri,any(E2, Bgs)))
return (Br; = true, B2 = ¢, Bga = true)
return (B, = true, L, = {a} U ¢)
call match([b], list(-, Ba, any(Ls,-)))

I‘et;..l‘I'Il (B2 = true, Ls = {b} U ¢)
call match([b], list(-, Bs, any(Ls,-)))

return (B3 = true, L3 = {b} U ¢)
return (P, = {a([a], [b], [b])},
Py =({a}upuU{b}us D {b}U$

A (true A true — true)))

4.4 Approximating the success set

The key to our declarative view of modes (and much
analysis of logic programming) is a set of atoms which
is a safe approximation to (superset of) the success
set. In most approaches to program analysis there
is a (relatively inexpressive) type domain which is
used to describe terms but not formulas. The ap-
proximation to the success set is based on additional
constraints over the types of arguments of atomic for-
mulas, such as the non-parametric modes of append
we discussed in Section 2. Constrained regular types
are much more expressive and we use them to de-
fine an approximation to the success set directly. We
call this type success. It is a monomorphic type but
captures the polymorphism (and other information)
of individual predicates using constraints within the
different cases of the type. The set of mode declara-
tions in a program, including builtins, can be seen as
a distributed definition of success as follows:

:— type success —-->
true: true ;
call (A=success): A

(A=success,B=success): A,B ;
T1=T2 : T1<==>T2 ;
gsort(list(T1),1list(T2)): T1i<==>T2 ;

append (A=1ist(T1), B=1ist(T2),
C=1ist(T3)): T1+T2=>T3, A+B<->C;

The first case states that the atom true is in
success. The next states that call(X) is in success
if (and only if) X is in success. This is more precise
than most analysis systems, which must assume any
atom of the form call(X) may succeed. The next
case states that a conjunction of two atoms (or for-
mulas) is in success if both are in success. The next
case states that X=Y is in success if the multiset con-
taining X equals the set containing Y. No precision is
lost for any of these predicates. For predicates such as
gsort we lose some precision, as expected. The con-
straints given for append are chosen for an example
we give later, and could be strengthened.

Mode checking must verify that this implicitly de-
clared type success is indeed a superset of the success
set. Checking if a given set is a superset of SS(P) is
undecidable so no complete (and sound) algorithm
is possible. Qur earlier mode checking system (like
many other analysis systems) was based on the suf-
ficient condition that M D SS(P) if M D Tp(M),
where Tp is the immediate consequence operator for
the program (Lloyd 1984). That is, it checks success
is a model of the program. Resorting to model check-
ing/inference is the typical (partial) solution to the
undecidability of program analysis. The bf pro-
gram provides an example of incompleteness of model
checking. If we replace the multiset constraints by
weaker set constraints (or even weaker groundness de-
pendencies) success becomes larger but is no longer
a model so analysis fails.

Our current mode checker does not use Tp. We use
a more direct approach which is possible due to the
expressiveness of constrained regular types. Models
are normally characterised in a declarative way: M is
a model if for every ground clause instance H :-B, if
B is true in M then H is true in M. If we think of
M as a type (success) this condition can be seen as
a type dependency between B and H and can be ex-
pressed by a constrained regular type. Type success
is a model, and hence a superset of the success set, if
every ground clause instance is in type clause, defined
as follows:

:- type clause --->
(H=success :- B=success): B->H.

This expressiveness is what allows us to analyse
meta interpreters with no loss of precision. There is
no special treatment of clauses in our current system,
except for the definition of the type above. The same
functionality (and more) can also be user-defined. For



example, the mode declarations for the meta inter-
preter given earlier are as follows:

:- mode solve(A=success) : A.
:— mode cl(H=success,B=success): (B->H).

Analysing the meta program is (almost) identical to
analysing the object program. If matching a clause
H :-B with clause results in the expression Sg — Sy
then matching c1 (H, B) : -true with clause results in
true — (Sp — Sg). Other representations of clauses
can be dealt with in similar ways. For example, we
could use a difference list:

:- mode cl2(H=success, list(B=success),

list (C=success)) (B->H + Q).
cl2(append(A.As, Bs, A.Cs),

[append(As, Bs, Cs) | Cont], Cont).

Although the data flow/modes/instantiation
states associated with predicates such as c12/2 can
be extremely complicated, we have a very simple
yet precise abstraction. One enabling factor is the
very high level declarative approach. Another is
the complexity which is encapsulated by the type
success.  All flexible analysis frameworks allow
the expression of dependencies, such as our ->
constraints, groundness dependencies and other
type dependencies (implicit in directional types).
However, these dependencies are normally only
expressible at the top level. Constrained regular
types allow dependencies to be expressed within a
(recursively defined) type such as success.

At this point we have an expressive language for
defining sets of terms, a condition for determining if
such a set is a superset of the success set and a match-
ing algorithm, which can check if a ground clause
instance satisfies this condition. However, a practi-
cal analysis system requires algorithms for checking if
all ground instances of a clause satisfy the condition.
This is what we discuss next.

4.5 Matching non-ground terms

Matching a non-ground clause with success returns
an expression which can contain program variables.
Instead of being able to simply check the expression
evaluates to true, we need to check if it is true for
all possible values of the variables. It is similar to
checking a purely boolean expression is valid (and
we reduce it to this problem for some classes of con-
straints).

When the matching algorithm encounters a vari-
able (Case 3) it returns symbolic expressions of the
form m(X,T,4), where X the is the program variable,
T is a type expression and ¢ is a parameter number.
The expression denotes the value of the i*" parame-
ter which would have been returned for some instance
of X. For example, if T' = list(Py, P2, any(Ps, P1)),
m(As,T,2) is a boolean representing whether (an in-
stance of) As is a list and m(As, T, 3) denotes e(As)
— the multiset of elements in (the instance of) As.
Matching our previously defined version of success
with append(As,Bs,Cs) returns a symbolic boolean
expression B which denotes

e(As) Ue(Bs) D e(Cs))
N(As € list ABs € list <> Cs € list)
and matching with append(A.As,Bs,A.Cs) returns
an expression H denoting
({A} Ue(As) Ue(Bs) D {A} Ue(Cs))
A(As € list ABs € list <+ Cs € list)
Thus to check all ground instances of the recursive
clause for append are in type clause, we need to check
B — H is true for all instances of the program vari-
ables.

The algorithm we use sacrifices completeness at
some points. This does not overly concern us, since
the fact that we can only detect models of the pro-
gram (rather than arbitrary supersets of the success
set) leads to incompleteness anyway. We have concen-
trated on getting the system to support a wide class of
typical programs. Space limitations prevent us from
presenting the algorithm in full, but we describe how
the example above is dealt with.

We first substitute variables for some parts of the
expression to make the domain simpler. Each dis-
tinct basic type constraint, such as As € list (actu-
ally the equivalent m(...) expression returned from
match) is replaced by a new boolean variable such as
Lys. Basic multiset expressions, such as e(As) and
{A}, are also replaced by variables. Set (but not mul-
tiset) constraints are reduced to boolean constraints:
the empty set is replaced by true, U by A and D by
— (this preserves validity). This gives the following
purely boolean expression:

(EAS ANEps — ECS)
ANLas A Lps ++ Lgs)
— (SA ANEass NEgs — Sa /\Ecs)
A(Las N Lps < L)
We then check this formula is valid, which is a suffi-
cient condition for all instances of the clause to be in
type clause.

There are several properties of this example which
result in simple and efficient analysis. First, we have
avoided multiset constraints, which are significantly
harder to deal with than set constraints. Second,
append is well typed in the Hindly-Milner style, so
each variable is matched with only one type. If a
variable is matched with more than one type (such
as num and int) then analysis of sub-types may be
needed, and that can also be expensive. Third, there
are no disjunctive constraints, which makes checking
validity easier. For this (very useful) class of programs
our procedure runs in time polynomial in the size of
the clause. For other classes of programs our proce-
dure can have exponential complexity and it may be
that further tradeoff between completeness and com-
plexity is desirable.

Our implementation has rudimentary support for
subtypes. If program variable N is matched with
types num and int a constraint denoting N € int —
N € num is added. Multisets constraints cannot be
reduced to booleans in the way we have done for
set constraints. For example, for multiset inclusion
e(As) 2 e(As)Ue(As) but Egs — Eas A Egs. We use
a specialised algorithm to check if a collection of mul-
tiset constraints is valid and have limited interaction
between set and multiset constraints. We have shown
that multiset mode checking is NP hard in general but
we believe data structures which are single threaded
should not cause exponential complexity. Devising
improved algorithms which take advantage of this is
an area for future work.

5 Related work

Layered modes (Etalle & Gabbrielli 1996) are another
extension of directional types and are also less ex-
pressive than -> constraints. The mode system of
Mercury has recently been made more flexible using
constraints (Overton, Somogyi & Stuckey 2002). Sim-
ilarly, the mode system of Hal (de la Banda, Stuckey,
Harvey & Marriott 2000), which is implemented on
top of Mercury. The mode constraints for Mercury
are lower level than ours, for example, constraints
that each part of each variable has only a single pro-
ducer. While we hope to apply the ideas behind our
mode system to languages such as Mercury, there is
still a significant gap between our high level descrip-



tion of modes and the level of Mercury code genera-
tion.

The proposed program analysis domain based
on ACI unification of polymorphic type expressions
(Codish & Lagoon 1996) has some similarities with
our set constraints. Two advantages of our approach
are that types can have multiple parameters and our
use of constraints can avoid (an exponential number
of) intermediate results during analysis. Another do-
main based on ACIl-unification (Codish, Lagoon &
Bueno 1997) captures linearity information, whether
an element occurs just once or multiple times, thus
being closer to our multiset constraints.

6 Further work

In a separate paper (submitted for publication) we
discuss application to floundering analysis of corou-
tining programs. Perhaps surprisingly, purely declar-
ative analysis (ignoring the computation rule) can ob-
tain quite precise information. We have built into our
mode checker the types ground and nonvar. Pre-
cise floundering analysis relies heavily on these types,
analysis of subtypes and well-typedness constraints
(->, conjunction and disjunction). Other applications
of our work related to groundness analysis (particu-
larly inference) may also be of interest. More general
mode inference is also an obvious area to investigate.
An initial approach would be to start with type infor-
mation, either declared or inferred in some way. The
types would not have to be a superset of the success
set but constraints could be inferred (particularly ->
constraints) so the resulting constrained type has this
property.

It is straightforward to generalise our framework
to support additional domains. For each domain we
need a unit value (true, ¢) and an operator for com-
bining values (A, U). We have done some initial work
on domains which measure term size or depth for
termination analysis, using 1 and + or mazimum.
Rather than (multi)set inequalities we can use nu-
meric inequalities to map the domain onto boolean
constraints.

Our work may also be helpful in the design of lan-
guages, particularly strongly typed ones. Its gives a
basis for more flexible type system, including sub-
types, and mode systems which support paramet-
ric polymorphism and linearity /uniqueness. Finally,
more work is needed on algorithms for checking the
validity of constraints. The applications we have sug-
gested above may benefit from specialised algorithms
which take advantage of the particular domains.

7 Conclusion

We have introduced the constrained regular type for-
malism for defining sets of terms or atoms. Its great
flexibility has been demonstrated by describing a
mode system for logic programs. Parametric poly-
morphism using set and multiset constraints has been
discussed in previous work, but here we have given a
more formal treatment. We have also shown how to
incorporate ad hoc polymorphism using boolean con-
straints and how constraints can be incorporated into
type definitions. This allows the success set to be pre-
cisely approximated by a single constrained regular
type, a more direct way of checking the approxima-
tion is a model and analysis of meta interpreters with
no loss of precision. We are hopeful the formalism
will be found useful in other applications.
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