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Abstract

A new graph algorithm for multiscale segmentation of three
dimensional medical data sets is presented. It is a three-
dimensional generalisation of an existing two-dimensional
Mumford-Shah region-merging segmentation agorithm. The
Mumford-Shah functional formulation leads to improved
segmentation results compared to aternative gproaches; the
graph theoretic approach yields improved performance and
simplified data structures; and the aitomated stopping
estimation allows a fully non-supervised agorithm with no
tuning parameters required (except for an optional parameter to
select the depth of segmentation).

1 Introduction

Segmentation is a fundamental low-level operation for
visualization and automated analysis and dagnosis of
medical images.

Energy-minimisation approaches have been shown to be
an effedive segmentation scheme. In this approach, an
explicit energy is defined by a functional over the set of
posshble segmentations and the segmentation with the
minimum energy is, in theory, sdeded. In some sense,
this framework can be viewed as the most general
approach and other, ad hoc, schemes can be viewed as
spedalizaions in this framework (Morel and Solimini
1995. The Mumford-Shah functional (described in the
sequel) isthe most popular such functional.

The problem that needs to be solved in applying this
framework in practice is to approximate a numerical
solution tractably within this energy-minimisation
framework. Several approaches have been applied to this
end, including variants of sandard numerica
optimization routines such as gradient descent, but these
suffer from speed problemsfor large 3D data sets.

In Koepfler, Lopez, and More (1994, an efficient
algorithm for the solution of a simplified Mumford-Shah
functional for 2D images is presented using a pure
region-merging approach using only local operations. In
this case, local neighbours of minimal energy are merged.
(Rudin (1993 briefly discusses extending this algorithm
to 3D). Unfortunately, this algorithm uses an iterative
approach that requires the user to seled, as a parameter,
an increasing lambda parameter of the Mumford-Shah
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functional for each iteration. The segmentation resultsare
very senstive to this shedule of parameters, and no
tedhnique to automate this is described.

In Redding, Crisp, Tang, and Newsam (1999, a so-caled
“full -lambda schedule”’ variant of Koepfler (1994 for 2D
images is described which avoids the nead to sdled a
vedor of lambda parameters and instead has only asingle
stopping parameer.

In this paper, the algorithm of Redding et al (1999 is
generalized in several ways, including recasting it in a
graph-theoretic formulation, and applying it to the
problem of threedimensonal medica data set
segmentation.

2 Algorithm Description

First is described the underlying 2D segmentation theory,
then the agorithm itself and its generalisation to 3D
segmentation.

2.1 Two-dimensional Mumford-Shah
mer ging segmentation theory

As described in Koepfler et a (1994, a variational
formulation of the 2D image segmentation problem using
a Mumford-Shah functional has been found to give high-
quality segmentation results. The input image g is a
(potentially) vedor-valued function with m components,
defined over aredangular grid of pixels x. For example,
in colour image segmentation, g(x) may be a 3-vedor in
some mlour space but for MRI or CT data, g(X) is
typically a scalar-valued function

region-

The segmentation is obtained by minimising the smplest
Mumford-Shah functional

E(u.B)=Y E(u.g)+AI(B) "
: 1

where B is a set of boundaries with total length 1(B)
defining the segmentation, u is an approximating
function, E; denotes the approximation error over region
Vi, and A is a regularisation parameter. Intuitively, the
first term limits the eror in image approximation
resulting from segmentation, and A controls the fineness
of the segmentation by limiti ng the total boundary length
of the segmentation. The approximating function u(x) is
piecevise mnstant with valueu; over each region V;. The
approximation error over region V; isgiven by

EWg= 3 (9()-u) (g(x)-u)
xOV,
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The minimising argument Ui is smply the mean of g
over V;. The corresponding minimum approximation error

(residual) isdenoted by i .

The underlying segmentation strategy is based on the so-
caled full-A-schedue 2D segmentation agorithm of
Redding et a (1999. By viewing the problem in a graph
theoretic formulation, the ad hoc data structures described
therein are smplified and improved- in particular, an
adjacency list graph representation is used with a
Fibonacd heap to arder the eldges. This improved graph
theoretic formulation is described here.

As in Redding (1999, the dedsion to merge adjacent
region pairs (Vi, V;) occurs when A exceels the merging
cost t;; given by

o= E -(E+E)
LI 10V V.

for a monotonically increasing A-schedue. The
numerator is the increase in approximation error due to
the merge, and the denominator is the length of the
common boundary. Using (2), the numerator of t;; may
be shown to evaluate to a smple area-weighted Eucli dean
distance
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The full-A-schedule segmentor iteratively performs a
global search over al region pairs for the smallest value
of tj;, merging the wrresponding regions V; and V,.

where isthe area of region V.

Let the segmented image be represented as a smple,
undireded, weighted graph G(V, B), where vertices V
represent regions, and the ealges B represent the
boundaries between regions. A region V, is the pair

(”_i ,|V‘|). The alge weights are VYD) The
following algorithm can be used to find alocal minimum
for functional (1):

1. Populate graph G with the trivial segmentation of
theinitial image datai.e. add each pixel to Gasa
separate region, with the four dired neighbours
separated by boundaries of length one.

2. Remove the region boundary Bj; from G that has
the minimum t;; as calculated by (4).

3. Contract the two regionsV; and V, to form merged

region V;, where |Vij|:|Vi|+|v“|and U isthearea-
weighted average of U Y
U = @ N[+ T v v v

and i.e

4. If any multi-edges have been introduced by the
mergein step 3, merge the repeated edgsto again

make G smple, setting the length of the merged
boundary to the @mbined length of the two
constituent boundaries.

5. Repeat steps 2 to 4 wntil terminating according to
some stopping rule (seesec 2.4).

2.2 Two-dimensional Mumford-Shah region-
mer ging segmentation implementation

To efficiently implement the algorithm described abowe,
graph G is implemented wing an adjacency list
representation, with a Fibonacd heap (or similar priority
queue) used to store and order the boundaries Bj. Fig. 1
gives a block diagram of the complete data structure.

The regions V; are stored in a list L. The regions V,
themselves are represented as a dstructure that has
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members for ' and as described in sec2.1. It also

Region list L
'( Adjacency list A

Region 24>{ Adjacency list for Region 2 Ii

Region i 4»‘ Adjacency list for Region i
| —|

Region 1_5‘ Adjacency list for Region 1

77777777777777777

hdd;
‘ Priority queue of boundariesBjj

Boundaries Bjj point to their endpointsiand j

Figure 1: Data structure.

has as a member an adjacency list A; of pointers to the
boundaries B that are incident on V;, which defines the
graph structure. It also stores a list of the pixels defining
the region. (Note that the list of pixelsis updated duing
the merging step 3, but is never itself used in the merging
calculations and is provided only for later processng of
the segmented result).

The boundaries Bj; are represented by a structure that, in

addition to the aelge weight 1O(.V)) asdescribed in sec
2.1, aso stores pointersto the endpoint regions V; and V,,
and the alculated merging cost t;; for the boundary, to
enable fast dynamic modifications to the graph data
structure.

The Fibonacd heap isinitialy sorted on priority order of
ti;, as defined by (4), when G is first populated. After
steps 3 and 4 abowe, the Fibonacd heap is updated with
the new merging costs ty;; of all boundaries Byj; incident
on region Vj;, causing the heap to reorder. This efficiently
maintains the boundariesin priority order on t;;, allowing
step 2 to be performed quickly.

Access to the priority queue's minimum eement is
O(log(N)), so it can be shown, with minor changesto the
algorithm analysis in Redding et a (1999, that the
algorithm is O(NlogN), where N is the number of pixels
or voxes.



2.3 Extension to three-dimensional

segmentation

From this de<criptionof the ssgmentation algorithm asan
abstract graph algorithm, it can be seen that, after the
graph isfirst populated, the dimensionality of the origina
data is not used again. Therefore, the algorithm can be
straightforwardly generalised to a 3D segmentor by
simply populating the graph with voxels (the 3D analogue
of pixels) and the rresponding six dired neighboursin
3D rather than with 2D pixels and the corresponding four
dired 2D neighbours as described in sec2.1.

2.4 Stoppingrule

Step 5 of the agorithm (sec 2.1) requires a rule for
defining when to halt the segmentation process There
are several stopping rules that are useful in different
contexts e.g. empirically determining afinal t; j, or halting
when a cetain fixed number of segments is reached.
These suffer from the disadvantage that they are not
adaptive to changing image data.

It can be noted that as boundary elements are removed in
priority order, the plot of tj; vs n (where n is the total
number of boundaries removed) trends upward but has
numerous local energy minima representing the merging
of homogeneous regions. The t;; value diredly after the
last such significant local minimum is a good indicator
that al significant regions in the data set have been
segmented, and can be used as a robust default for an
automatically determined stopping point; explicitly
spedfying a lower stopping tj; alows a multiscale
segmentation to be produced SeeFig. 2
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2.5 Optional 3D initialisation preprocessor

As described abowve, when popul ating the graph with new
data, we start with thetrivial segmentation whereby every
voxel is its own region. This can lead to a large initial
memory cost. This can be lessned by initialising using a
til ed octreedecmpositi on of the newly added frame data.
In this case, cubic “tiles’” of MXMxM voxes are added in
scan-line order, where M is some fixed small power of
two, such as 16. For each cube of MXxMxM voxelsit is
determined whether the voxels have the same @lour
within a predetermined small tolerance If this condition
is met, the aibe is added to the graph in its entirety as a
single region; otherwise the abeis subdivided into eight
equally sized smaller blocks. Each of these smaller
blocks are similarly tested for homogeneity, and added as
a single region if so, otherwise the processis continued
reaursively until single voxe regions are reached.

3 Reaults

The results of segmenting a 256 x 256 x 1MMRI data set
are shown at two depths of segmentation.

Figure 2

Figure 3

Figure 2 shows a single coss ®dion of the 3D
segmentation at high depth of segmentation; at this sale
individual structures have been segmented out e.g.
cerebellum, brain stem.

Segmentation time was 12 minutes on a Pentium 4 17
GHz. Memory usage was approximately 0.5 GBytes.

Figure 3 shows a cross ®dion at a lower depth of 3D
segmentation; individual structures are not segmented out
at thisscde.



4  Conclusion

A new graph agorithm for unsupervised 3D medical
image segmentation based on Mumford-Shah energy
minimization hasbeen presented.

The advantages of thisalgorithm include-

(1) The graph-theoretic abstraction of the basic
approach of Redding et al (1999 leads diredly
to a more dficient implementation using a
priority queue, and a smpler underlying data
structure.

(2) The graph-theoretic formulation alows a
straightforward extension to threedimensiona
segmentation.

(3) An automatic algorithm for deducing the single
stopping parameter of Redding et a (1999 is
provided- there are no arbitrary agorithm
parametersthat require empirical determination.

(4 The underlying Mumford-Shah  energy
minimization provides a high qudity
segmentation due to the variational formulation
which explicitly incorporates bah region
homogeneity and compactnesscriteria

(5) Multiscale segmentations can be produced by
explicitly varying the stopping level, and the
algorithm applies to arbitrary vedor data & per
Kopfler et al (1994.

5 FutureWork

A problem that remains isthat, even though the algorithm
is O(NLogN) where N is the number of voxels, three
dimensional data sets have a cubic number of voxelsfor a
given sampling density and so segmenting huge data sets
(e.g. whole bady scans) is intractable in space and time.
Further extensions to the described algorithm to handle
this problem are to be described in a future paper.
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