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Abstract

Recent developments in reconfigurable hardware technologes
have offered high-density high-speed devices with the &ility
for custom computing whilst maintaining the flexibility of a
software solution. These feaures are well suited to image
processng algarithms that are computationaly intensive and
repetitive in nature. Very deep ppelining and parallelism,
feaures often required for red time image analysis can be
achieved easily using hardware design. The Hough Transformis
a powerful and robust global image processng tod for feaure
recognition and detection. The CORDIC agorithm uses smple
shift and addition operations to implement complex
trigonometric functions. This paper combines the appli cation of
the novel CORDIC agarithm to the Hough Transform and
reconfigurable technology to propose aparameterisable Hough
Transform with red-time processng throughpu.

Keywords: Hough Transform, CORDIC,
hardware.
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1 Introduction

Proposed by Volder in 1959 the COordinate Rotational
Digital Computer (CORDIC) algorithm can be used to
calculate elerrentary trigonometric functions suchas sne,
cosing, tangent, and arctangent as well as In and exp. It
can aso be used in complex value @lculations for matrix
triangularizaion, etc. Based on an iterative algorithm that
rotates a vedor in two-dimensiona linear, circular or
hyperbdic mordinate systems, the mputationa
attractiveness of the CORDIC is its use of smple shift
and additi on to implement complex calculations.

The Hough Transform has traditionaly been
implemented using software and complex processor
architedure. These are ather slow or complicated dueto
the transform’s intensive @lculations of trigonometric,
multiplication and addition operations. Sedion 2
introduces the CORDIC algorithm, followed by the
Hough Transform in sedion 3. Sedion 4 explains the
adaptation of the CORDIC agorithm to the Hough
Transform followed by the description of a simple, high
performance parameterisable Hough  Transform
architedure. The proposed architedure has been
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implemented on afast-prototyping hardware platform and
its performance evaluated in sedion 6.

2 Radix-2 CORDIC

Consider the situation where a vedor (r, ¢) is to be
rotated through an angle 6 in the positive diredion where
angles ¢ and 6 are measured with resped to the X-axis.
The problem is depicted below in Figure 1:

)

X

Figure 1 Rotation of vector (x,y) by 0

Suppose that the origina vedor is represented in
redangular components (X, y) in the Cartesian space the
resultant vedor after rotation can be represented by (X',
y'). The relationship between the origina and rotated
vedorsis shown below:

X =xcoP - ysind = (x - ytard) cod (1)
y'=ycod +xsing =(y + xtard) cod 2
The CORDIC agorithm performs such a vedor rotation
by means of a sequence of micro-rotations.
2.1 Micro-rotations

Vedor rotation is carried out by means of a finite
sequence of iterations where the i step rotates the
corresponding vedor in either the positive or negative

diredion over a pre-fixed elementary angle a;, which is
defined by:

a, = arctan@™") 3)

Thus, the entire i™ micro-rotation can be described as
foll ows:

X, =% —0y tana, =x -0y, x2" @)

Yin =% —O Y tana; =y, +3,x x 2" (5)



6. =6, +d tan2” =6, +J,a, (6)
i=0123,....

where & O {-1, 1} and contrals the diredion of vedor
rotation for step i. This procedure mntinues until 6; is
suitably close to the desired rotation angle. Apart from a
factor of cosB, equations (4) and (5) are identical to (1)
and (2) respedively.

Negleding the 0 term result in a rotated vedor that is
K times larger than the desired vedor, where K is the
value of the scale factor, and is defined by the ejuation
below for n micro-rotations:

=fL -FT Y

i=0 COS(Ji i=0

Because each CORDIC calculation performs an identical
number of micro-rotations over the same set of angles,
the value of K remains constant for a particular CORDIC
solution.

2.2 Scalefactor compensation

A simple method for scale factor compensation involves
the ontinued addition of the value /K. Used by Zhou
(1995, the result of addition isthen passed on asinput to
the CORDIC where micro-rotations are performed. This
technique dfedively pre-scales the input vaue to
CORDIC calculations, and is sSmple to implement due to
the static nature of operations and values used.

The disadvantage of wusing seriadl scale factor
compensation is that pixels in the input binary image
must be processd sequentially. Most pre-processed
binary images only contain feature points that are not
likely to represent a large proportion of the image space
Therefore, many calculations are wasted.

Parallel scale factor compensation was proposed by
Villalba (1995 as an dternative to serial scale factor

compensation. Consider a new angle 3, which is defined
as:

B = arccost/K) (8)
where K isthe scale factor.

Instead of rotating the vedor by 6 and obtaining a single
resultant vedor, the parald scale factor compensation
technique performs two rotations through angles (6+p3)
and (6-B). The two resulting vedors are shown as (x*, y")
and (X', y) below:

"0 [xcos@ +B)-ysin@ + B)0 9)
5°H  Dcos +p)+xsin@ + B)1
X O [xcosP - B)-ysin@-B)0 (10)

58  Bcose-p)+xsin@-p)H

By performing a semi-sum of x* with x” and y* with y’
and performing simple algebrai c manipul ation, we obtain:

(11)

+ -

X +X

= K(xcod9 cosp - ysing cosp)

v 12
%=K(ycos€cosﬁ+xsin6cosﬁ) (12)

Now by substituting the value of cos3 from equation (8)
into the above equations, the right hand side of equations
(12) and (12) corresponds to equations (1) and (2)
respedively. That is, by performing two rotations in
parale and a semi-sum of the results, a corredly scaled
verson of the CORDIC algorithm is achieved. The
benefit of this s<heme over the serial scale factor
compensation isthat only non-zero (feature points) in the
image neel to be processd.

2.3 Micro-rotation sequence

Any elementary angle @an be described by a sequence of
micro-rotations using equation (13). Thisequation al ows
the pre-calculation of the rotation sequence for a given
angle. The ability to calcul ate the micro-rotation sequence
prior to vedor rotation greatly simplifiesimplementation.

Let the rotation sequence be defined by the vedor M =
(momy...my4). The angle 6 represented by M isthen

n-1 m (13)
0 = iZO(_:I-) a,

Consequently, a changein the value of my; in state vedor
M produces a change in the angle 6 of 2o, _, =2*". By
varying M within the range (00....0) to (11....1), 2"

angles within the range [-10C°, 10C°] can be cvered by
the CORDIC agorithm.

It can be shown that some states represented by vedor M
areredundant. That is, there are owerlapping anglevalues
among the 2" posshle states. To oltain a uniform
distribution of angles in the range [-10C°, 1007],
redundant states must be removed. The overlapping angle
states appear when the four most significant valuesin the
micro-rotation vedor M change values from 0 to 1 or
from 1 to 0. To remove angle redundancy, substitute
angle dstates are pre-determined and replace an
overlapping state onceit isreached. Table 1 below gives
an example of where overlapping states are located for
positive angle states in the range [0°, 90°] with n=12
micro-rotations.

MoMyMaMs | MyMsM. ..My
0000 10110000
0001 00010101
0010 00011000
0011 00010011
0100 01001100
0101 00010101
0110 00011000
0111 00010011

Table 1 non-overlapping micro-rotation states




3 Hough Transform

Proposed by Hough in 1962 the Hough Transform
determines global relationships between pixels in an
image. It is commonly used in image processng to
establi sh whether pixelslie on a curve of a spedfic shape.
The advantage of using the Hough Transform for global
image feature extraction isits robustnesseven in cases of
noise or partial ocdusion.

A point with coordinates (x;, y;) can have an infinite
number of straight lines passng through it in urquantised
space These lines can be described in polar coordinates
in the (p, B) space by the equation:

P =X sing +y, cosf (14)
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Figure 2 (x, y) and (p, 6) relationship

Figure 2 above shows the relationship between x;, v, 6
and p. The range of angle 0 is [0, ] measured with
resped to the x-axisand (x;, y;) are coordinates relative to
the centre of the image. Given these mnditions, for an N-
by-N image with origin at the centre of the image, the

rangeof pis[-N/v2,N/+/2].

To achieve mmputational efficiency, the parameter space
of the Hough Transform is quantised or subdivided into
Ne-by-N, accumulator cdls. Ng is the number of 6
quantisation levels, while N, is the number of p
quantisation levels. The result is N? computational
complexity for an N-by-N image. Initidly, the
accumulator cdlsare set to a \elue of zero. The transform
is then applied to the image with appropriate (p;, 6;)
acaumulator cdls incremented for each calculation.
Therefore, for N? image points in the x-y plane, N°Ng
calculations are needed to perform a complete Hough
Transform.
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Figure 3 Quantisation of parameter space

High N, and Ng values are desirable to achieve high
predsion Hough Transform results.

Under Hough Transform, a point in the x-y plane is
trandated into a sinusoidal curve in the p-06 plane (also
known as the parameter space). Furthermore, colli near
points in the x-y plane will have their assciated
sinusoidal curves in the parameter space interseding at
(p;, 6)), where

p; =xsing, +ycod, (15)

describestheline.

The Hough Transform thus involves calculating the p-
value for al 0 in therange[0, 1] for each feature pixel in
the binary image. Mathematically, it is performing
regresson estimation over the parameters of a binary
image. Post-processng using athreshold value of Pyresnold
determines whether a (p, 8) pair describes a line in the
original image.

4 Hough Transform using CORDIC

The simil arities between equations (14) and (1) and (2)
mean the application of the CORDIC to the Hough
Transform is relatively natural. Consider the rotationof a

vedor (x, y) by 900, AL then

p . =xcosg +ysing (16)

NI

Pr :xcos@+g)+ysine+g) =yco¥ —xsind (17)

By interchanging the x and y inputs to the CORDIC
computation, equation (2) matches the po_,y value in
2

equation (16) above. The p,y_n value in equation (17)
2

also corresponds to equation (1). Therefore, bath outputs
of the CORDIC agorithm are utilised in Hough
Transform  calculations, effedively halving the
computational complexity. As a result, the range of 0 is
reduced to [0, 172].

The micro-rotation sequence used by the CORDIC
algorithm can be pre-calculated and stored in lookup
tables or calculated duing the CORDIC computation
using work by Zhou (1995. Suppose the number of
guantisation levels of B isNg, then

(18)

Aezl
NB

So for an n-iteration CORDIC, theratio of A@ to micro-
rotation stepsize 2*" is

_ A6 m

_ (19)
a= 22—n

Ng 22—n

By interpreting the rotation vedor M as a number, an
increment by a will produce a corresponding change of
A6 in the angle. In order to minimise eror, it is usualy
desirableto oltain an a valuethat isclose to an integer.



5 High-speed parameterisable
Transform architecture

A Hough Transform using CORDIC algorithm can be
implemented in hardware devices for high-spedl
processng. Using reconfigurable hardware, parameters of
the Hough Transform do not have to ke fixed duing
development to achieve high computation rates (sedion
5.4).

This sdion describes components used in the
composition of a parameterisable Hough Transform.
Fixed-point number representation is preferred for its
higher predsion and arithmetic simplicity when
compared to floating-point numbers (Zimmerman, 1999.

Hough

51 CORDIC for
architecture

The CORDIC algorithm is highly pipelinable due to its
regular and repetitive nature. From equations (4) and (5),
the i'"" iteration right-shifts the results of the (i-1)™ stage
by i bits and performs exactly 1 addition and 1

subtraction. Hence by capturing the operations of one
iteration of the CORDIC algorithm into one stage of a
pipeling, then an nriteration CORDIC can be reali sed by
an n-stage pipeline. This pipelined CORDIC architedure
with its x and y inputs svapped for Hough Transform is
shown in the diagram bel ow:

Hough Transform
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y
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Figure 4 Pipelined CORDIC architecture for Hough
Transform

A simple register pipeline propagates micro-rotation
sequences alongside the CORDIC pipeine.  Fixed-
shifters are anployed in each stage that shiftsitsinput by
i bitsfor stagei.

For n = 12 iterations, the latency of the pipeined
CORDIC is 12 clock cycles. However, the data
throughput is one set of complete alculations per clock

cycle.

5.2 Micro-rotation generator architecture

The micro-rotation sequence used in CORDIC
calculations can be obtained by pre-calculating the
sequences for al angles and storing them in a Look-Up-

Table (LUT) or using equation (13) to calculate
sequences at the same rate as the CORDIC.

The latter method allows the Hough Transform angle
resolution parameter to be dhanged without recal culating
the entire set of sequences because only the step size a
nealsto be altered. Hence, the only values that need to be
pre-calculated are the starting sequence and the angle-
overlap boundaries. Figure 5 below shows the
architecure of a micro-rotation generator.

v a

Micro-rotation
Segence register

v

initial micro-rotation
sequence

Adder
|

Figure 5 micro-rotation generator design

A small LUT stores the angle-overlap boundaries and
thelir corresponding replacement sequences © the
CORDIC does not carry out any redundant calculations.
ThisLUT isomitted from Figure 5.

5.3 Scalefactor compensation

The serial scale factor compensation scheme @n be
implemented using the design shown in Figure 6 below.
The x and y vaues have an initia vaue of
—-N/2K where N is the dimension of an N-by-N
sguare image and K is the scale factor. 1/ K is then
iteratively added to the x and y register values when the
next pixel is to be procesed. The —N/2K vaue
converts green coardinates to image @ordinates while
the 1/ K factor ensures the input to the CORDIC is pre-
scaled by the scale factor.

_N v % _N
2Kyl X Y L« 2K
v vy
Adder Adder
] ]

Figure 6 Serial scale factor compensation design

A CORDIC with serial scale factor compensation is
simpleto implement and processe an entire binary image
instead of only those pixelswith avalue of 1.

When only feature points of a binary image need to be
Hough Transformed, the parald scae factor
compensation scheme @n be adopted. Consider the value
of the scale factor in the dosen 12-iteration CORDIC
implementation. Using equation (7), for 12 iterations,
K =1.64676 Therefore, using equation (8), the 3 angle
used in parallel scale factor compensation in equations
(10) and (11) is 52.6088. Since the range of 6 values



used in performing the Hough Transform is [0°, 90°],
then with parald scale factor compensation, the
CORDIC must cover an angle range of [-52.6088,
142.6088]. However, the CORDIC agorithm can only
perform calculations for angles within the range [-100°,
1007].

Calculations using equation (10) is unaffeded by the
differencein angle range because it performs cal culations
within the range [-52.6088 37.3917. However, equation
(9) involves calculations with angle values of

6+B>100. By letting a=90°-(0+pB), then
consider
X'=xcosa - ysinga = xsin@ + B) —ycos@ + ) (20)

y'=ycosa +xsina = ysin@ + ) + xcos@ + f3)

By interchanging the abowve x and y values, then we have
the foll owing equivalence between X' and y’ of equations
(20) and (9):

x'=-x" (21)
y=y'
Therefore, x" and y* is calculated for angles -52.6088 to

37.3912 while x and y is calculated for angle 37.3912
t0-52.6088.

The divide-by-2 operation of the semi-sum operation in
equations (11) and (12) can be arried out at theinput to
the CORDIC to avoid arithmetic overflow for fixed-point
arithmetic. Theresultant architedureis sowninFigure 7
below:

1-bit right shifter

Micro-rotation Micro-rotation
Sequence W2 gy v2y w2y Sequence
Generatorl Generator2
(9 — ﬁ) CORDIC unit CORDIC unit 20- (9 + ﬁ
X X* y y*
subtractor adder

¥ y

Figure 7 Parallel scale factor compensation design

5.4 Parameterisable Hough Transform

The proposed component designs form the basis of a
Hough Transform that is parameterisableby image size, p
resolution and angle resolution. Larger N, and Ng values
lead to finer-grain parameter space that produce more
acaurate Hough Transform results. The absolute limit of
bath angle and p resolution depends on the underlying
CORDIC implementation.

To ater angle resolution, only the a constant in the
micro-rotation sequence generator need to be tanged
acoording to equation (19). The rest of the architedure
remains untouched.

Angle predsion is limited by the length of the micro-
rotation sequence If extrarotational predsion isrequired
for the pipelined CORDIC architedure, one additi onal
pipdined stage is required for seria scale factor
compensation, two if parall el scalefactor compensationis
employed. Hence there is a linear increase in hardware
resources required to increase rotational predsion.
However, calculation throughput is unaffeded by this
change.

The procedure to vary p resolution in the Hough
Transform is similarly non-intrusive. The resolution limit
is dependant on the data representation used in the
underlying CORDIC. Higher arithmetic predsion can
only be achieved by using larger hit widths to represent
data. Thisgenerally leadsto alinear relationship between
size of data width and size of hardware resources as well
as path delays. Since CORDIC arithmetic predsion is
usually much higher than p predsion in order to minimise
the wmulative eror introduced by micro-rotations, the
method of changing p resolution is to smply ater the
number of most significant bits from the CORDIC result
to the Hough Transform outpLi.

To adapt the Hough Transform to new image sizes, one
can either change the proportion of integer/fractional bits
used in data representation or ater the computation data
width. Both of which can be esily achieved using
reconfigurable devices.

6 Performanceand error analysis

A Hough Transform using 16-hbit fixed-point arithmetic,
12-iteration CORDIC was implemented using a Xili nx
XC4010XL-PC84 FPGA for fast prototyping. Design
entry used the VHDL hardware description language.

An FPGA isaremnfigurable logic device mnsisting of a
two-dimensional array of RAM-based programmable
cdls known as Configurable Logic Blocks (CLBS)
(Xilinx, 200)). Each CLB consists of a number of
function generators implemented as memory look up
tables (LUTS), storage elenentsto latch generator results,
aswell asinputsand outputs. In addition, dedicated carry
logic drcuitry is avallable in the CLB's function
generators for the fast generation of carry and borrow
arithmetic logic to increase the dficiency of adders,
subtracters, accumulators, comparators and counters.
Programmable routing resources (channels) provide
interconnedions between the inputs and outputs of
configurable dements within an FPGA to appropriate
networks. The functionality of each circuit block can be
customized via configuration bit-streams.

The Xilinx X$4010XL-PC84 FPGA is a medium
capacity device @pable of running at moderate spedls. It
has 400 CLBs arranged into a 20x20 array, which is
equivalent to approximately 10000gates.



6.1 Hough Transform performance

The Hough Transform using pipelined CORDIC with
serial scale factor compensation utili ses 83% or 333 out
of 400 CLBs of the XC401(XL FPGA. This
implementation can be docked at more than 40 MHz
with a computational complexity of 8(N?) for an N-by-N
image. At this frequency, a Hough Transform of a 128
by-128 binary image with 128 dscrete angles
(A6 =1.40625) takes 128x128x64 _ ) )<, seconds to
40x10° '
transform one image. At approximately 38 frames a
seond, this architedure @n perform real-time Hough
Transforms.

Hough Transform with parall € scale factor compensation
scheme was not implemented because of the limitation on
CLB resources. However, the path delay for such a
design will be similar to a Hough Transform using seria
compensation. Hence, asuuming 1/p proportion of the
image are feature points, then the processng rate is
128x128x64 _ 0.0262 semnds for one image. Since
40x10° x p p

p=1, this design can Hough Transform a 128-by-128
image at a minimum of 38 frames per second.

A typica software program that performs Hough
Transform was written as a bass to compare
microprocesor performance and that of the FPGA. A
program was congructed to perform 128 p-vaue
calculations using sine and cosine functions for 128*128
= 16384 pxes. The folowing C++ code shows the
calculation segment of the program.

register int i, j;
register double k;
start = clock();
register double result = 0;
for (i=0; i< 128; i++) {
for(j=0;j<128;j++){
for (k=0; k< PI; k += P1/128) {
i*sin(k) + j*cos(Kk);

}
}

finish = clock();

Figure 8 Code segment of software Hough Transform

This program was developed in Microsoft Visual C++
6.0, built, and run in Debug mode on a PIll 667MHz with
133MHz FB and 51XKB cache Windows 2000 PC.
Results ow that the software Hough Transform can
process 16384 ppxels in 0.921 seconds. This is over 35
dower than the throughput of a comparable pipelined
CORDIC Hough Transform. The performance advantages
made avallable by an FPGA's ability for custom
computation is clear from this comparison.

6.2 Precision and error analysis

The Hough Transform error depends on the quantisation
of the parameter spaceaswell aserrorsintroduced by the
CORDIC. For an N-by-N image with Ng and N,

guantisation levels of the parameter space then

NAO =" and Ap = V2N . The angle and p errors are
N, N,

A8 and 2P respedively.
2 2

Two non-ideal factors adversely affed the CORDIC
algorithm predsion, namely limited rotational predsion
and arithmetic predsion. The rotational accuracy of the
CORDIC depends on the number of micro-rotations it
carries out (Zhou, 1999. For an N-by-N image, the
choiceof n’ iterations instead of n resultsin a maximum
absolute aror show in equation (22) below.

22
lerror| _ = Zx% (2" +27 M 42 4 (22)

=NV2x2"@+ 1+ Y+ )

=Nx 2—(n—1}é)

The arithmetic predsion of the CORDIC depends on the
number of fractional bits chosen to represent data. When
M fractional bits are used, a single CORDIC micro-
rotation contributes a maximum absolute eror of 2™.
Becuse this error is cumulative due to the CORDIC's
iterative nature, the maximum absolute eror for an n-

micro-rotation CORDIC is 2™ n.

The total error in performing a Hough Transform using
the CORDIC is the sum of rotationa and arithmetic
errors. Hence the use of 128by-128 images with 12-
iteration CORDIC and 16-hbit signed 2s complement
number representation with 8 fractional bits gives an
absolute eror of lessthan 0.135. Given that p resolution
isusualy 1, thiserror value is acceptable.

To improve CORDIC predsion, one @n either increase
the number of micro-rotations to enhance rotational
acauracy or expand the number of bits used in data
representation, bath schemes involve trade offs in terms
of hardware resources needed and the speed at which the
designs can processdata.

One stage in the 16-bit pipelined CORDIC requires 18
CLBs when implemented in the XC4010XL FPGA.
Hence, at least 18 more CLBs arerequired, 36 if parallel
scale factor compensation is employed if extra rotational
predsion is required for a pipeined CORDIC
architedure. There is a linear increase in hardware
resources required to increase rotational predsion.
However, calculation throughput is unaffeded by this
change.

Higher arithmetic predsion can only be achieved by
using larger bit widths to represent data. This leads to
higher hardware sts and longer path delays. In order to
measure the dfed of higher predsion in aremnfigurable
environment, a single arithmetic unit used in the
pipelined CORDIC is g/nthesised and implemented for
various data widths. An arithmetic unit in the CORDIC
performs two fixed-shift operations, 1 addition and 1
subtraction. This experiment accurately determines the
effed of required predsion on size and speel of design.



Figure 9 and Figure 10 below show the results of the
investigation.
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Figure 9 Precision versus CLBs required
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Figure 10 Precision versus Longest Path Delay

The abowe graphs clearly show that predsion is linearly
related to hardware resources required. Interestingly,
there appears to be a logarithmic relationship between
predsion and the speel at which designs can be docked.
Generaly, for high predsion, a linear increase in
hardware resources leads to a linear rise in path delays.
The presence of dedicated carry logic drcuitry in the
FPGA and design optimisationby development tools may
be the reason for the relationship between predsion, area
and spedl in this case.

7  Conclusion

The vedor rotation and trigonometric computation
provided by the CORDIC agorithm not only applies to
Hough Transform, but are also used in other image
processng applications such as graphics animation,
Discrete Cosine Transform (DCT) and Discrete Fourier
Transform (DFT).

Utilising remnfigurable devices ability for custom
computation, work carried out here has $own that a
Hough Transform processor using the pipelined CORDIC
algorithm is a viable alternative to software and complex
processor solutions. Using only shifts and additions, a
small custom parameterisable FPGA Hough Transform
processr offers ASIC performance with software
flexibility.
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