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Abstract

An efficient hierarchical approach for image multi-level
thresholding is proposed besed on the maximum entropy
principle and Bayes' formula, in which no assumptionsof the
image histogram are made. Five forms of conditional
probability distributions are employed for optimal threshold
determination. Our experiments demonstrate that the
proposed method is effective and achieves a significant
improvement in speed compared to the exhaustive seach
method.

1. Introduction

An important approach to image segmentation is gray
level thresholding. It is a popular tod for computer
vison and widely used in image anaysis as a pre-
processng tod. There are two kinds of thresholding
methods: bilevel and mutilevel. For an image with
clear objeds in the background, the use of hilevel
thesholding method is accepted. Over the years, many
multilevel  thresholding techniques have been
developed. Some are dired extensions from hilevel
thresholding techniques. But as the number of levels
required increase, the complexity and computation
time will also significantly increase.

Segmentation by peak detedion methods is based on
the dustering of gray levels around the peaks of the
histogram to define homogeneous gray-level areas. In
this approach, peaks and valleys arefirst deteded from
which thresholds are set to form gray-level clusters.
Chang [1] usesalowpass/ highpassfilter repeatedly to
adjust (deaease/increase) the number of peaks or
valleys to a desired number of classes and then the
valleysin thefiltered histogram are used as thresholds.
Recantly, fuzzy theory has been widely employed to
sded optima thresholds by maximizing the fuzzy
entropy [2-4]. However, the search schemes used by
these methods, such as, exhaustive search and the
genetic algorithm, are time wnsuming.

In this paper, an efficient hierarchica approach for
multil evel thresholding is proposed based on the
maximum entropy principle and Bayes formula. Five
forms of conditional probability functions with two
parameters are determined automatically acoording to
the histogram properties. The optimal thresholds
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obtained using the proposed method are the same as
that using the exhaustive search method of the fuzzy
entropy model, but our method is more dficient than
existing entropy methods. Furthermore, unlike in the
likelihood method where the Gausdan distribution is
asaumed, no asaimptions are made by our method.

2. Principle based on Bayasian Formulation

Let D denote the two-dimensional intensity domain of
an image |, and G={0,1,...L-1} denote the L intensity
values. Thus, an image | can be mnsidered as a
mapping from the two-dimensional domain D to the
one-dimensional domain G,

I=1(G,j))T G for(i,j)T D
For an image | with L intensity values, we may
consder it a L subspaces in G

D, ={G, )16 )=g, (,)T D}, g1 G.

The purpose of multi-level thresholding of an imageis
to classfy its L sub-spaces (intensity values) in G into
K sub-spaces (intensity values). In general, K<<L. Let
D" ={D, |[k=12,...,K} denote K sub-spaces. D, is
composed of the darkest pixels corresponding to the
smaller intensity valuesand D, iscomposed of those

brightest pixels corresponding to the larger intensity
values. If the dasdfication is achieved, then

D'=D,ED,E..ED;{
D; GD;G..GD =f },
where f denotes an empty set.
Due to the fact that the boundaries between
the sub-spaces D and D; (i,j=12..K and
i1 j) arenot well defined, some of the pixels with

the same sub-space (i.e. corresponding to the same
gl G) may be dassfied into the other. Therefore, it

isasaumed that for each g1 G, D, iscomposed of K
w k=12..K, whee DT D,.
k=12,...,K} is a probahility partition of

D

pats D
Y, ={D

D, and known as the sub-partiti on.

kg ?

Using the probability partition Y, we have,
L-1
D,= D
g=0
Let P, =P(D,), Based on the complete probability
formula, we therefore have

k=1,2,...K.
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P = Py XPyg »  k=01..K. (2
g=0
where
P(D,,)
P, == (29
P(D,)
}%—1
and a by =1 ©)
k=0

Ingtinctively, the doser the gray level g is to the kth
threshold tj, the higher the mnditional probebility

(Pyq» K =012...,K) that g belongsto the kth sib-
space The @nditional probebility p,, therefore, has
the foll owing properties:

Pur > Prpsr 2 Pz 2 2 Pi2 2 P
Pr 2 Prper > Prpz 2 -2 Pug ® Py @

3. Optimal thresholds

In partition space the entropy is the sum of the
entropiesin K sub-spaces:
E(R,P,,...P)=

. g O
-PIgP - PR, IgPR, - ...- P Ig Py

K
where § P =1 (59)

k=1

Thus the entropy function E is a functional of P, ,
k=1,2,.. K, which hasK-1 independent variables. Since
P, is defined by the cnditional probability function

Puig gl G(see guation 2), entropy E is actualy a
functional of Py ( gl Gand k=1,2,..K-1) and

denoted by E(py, |k=12..K). Therefore, the
entropy E(py, |k=12,..K- 1) canbeconsidered asa
measure of the cmpatibility between hy and the
conditional function of p,,, g1 G and k=1,2,.. K.

The larger the value of E(p,, [k=12,..K-1), the
more ompatibility there is between hy and Py -
Since Py should hasthe property shown in Equation

(4), weasuimethat p,,, hasthe following form
For 1<k£(K-1)/2

11 0£g<a,
|

pklg(g'aklck):_i_ fo(g,a,¢) a, £g<c
) c Eg<L

(62)
andfor (K-1/2<k£K-1

i0 0£g<a,
Py (9,34, Cy) :: f.(9.a.¢) a £g<c
b1 c.£g<L
(6b)
where f,(g,a,,C,) is a monotonous continuous
function based on Equation (4). The optimal threshold

in K" sub-space t, isthe onewhere p, =%

For obtaining the maximum value of Equation (5), we
construct a new function:

E'(R.,P,...P)=
- P IgR - R Igh; - ... @
- P lgP +1 (B +P, +..+P, - 1)

where | isthe Lagrange onstant.

Finding the derivative of Equation (6) to the variables
P',P,,....P,, wehaveK-1 equations as foll ows

P =e'?, k=12..K-1 ®)
So Pk* is a constant. Considering Equation (8) and

(5a), we have

P :%, k=12,.K o)

Equation (9) shows the entropy E achieved at the
maximum when the sub-spaces have the same

1
probabilityE which is the theoretical base of our
paper.

4. Conditional Praobabilities

As down in Equation (6a) and (6b), the seleded
conditional probabilities p,, with that a pixel locates

in the k" sub-spaceis with two parameters a, and ¢ .
The total number of parameters for the entropy

function are 2(K-1). Al Py, k=12,...K are

symmetrical informswith the midde sub-spaceif K is
odd, or the midde two sub-spaces if K is even. Many
monotonous continuous functions could be seleded as

f (9,8,,C,). The smplest of al possble functions

is the one where &= ¢, that is, f,(d,8,,C,)=0.In

this case, the total number of parameters are deaeased
to K-1. For comparison, we name this form as the
simple form in the experiment. We here seled four

other forms of f,(g,a,,C,) intherang of [a,,c,)
asfollows:

Linear



,rg'ck O<KE(K _1)/2
f(9.a,¢) =1 X a -g

i &9 (K-1)/2<k<K

Tak'

Parabda Convex(with the apex in a):

- g% +23g+c(G - 2a) 0<KE(K-1)/2
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f(9.a.6) =

i
)
'[
I
% (K-1)/2<k<K

Parabda Concave (with the apex in c)

I a2
i M 0<kE(K-1)/2
i
fk(g,ak,ck) =1 (ak Ck)
el +chﬂ+a(ak %) (K-1/2<k<K
1 @ - 6)2
SFunction
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5. Hierarchical Approach

Asaume H, ={h}|gl D} is the normalized

histogram of the k™ sub-space. Based on the definition
of pg, Equation (2) can berewritten as

L-1
o

P, =a hgk Pye»  k=01,..K. (10
g=0
where  hf =hf"p, o (11

Thus, we develop a hierarchical approach based on
these two equations. The Dy is first partitioned from
darkness and brightness into the lowest and highest
subspaces D, and D, , which iscalled thefirst layer.
Then partiti on the second lowest and highest subspaces

D, and D, _,, the second layer, and so on till the
K & .th
g—— layer. Thus, each layer includestwo gray levels
€29

except the last one. For the last layer, if K is odd, it
only includes one gray level which is the midde

subspacein D’ .
The procedures of our hierarchical approach are as
foll ows:
Stepl: computing the normalized histogram h;
of theimage
Step2: initializing the parameters of k™ sub-
spaceby a, =0and ¢, =L-1
1. computing p,, by one of five formsin
Sedion4.
2. computing P, by equation (10).

3. if <e, wheree is a small

.1
Pl

number which indicates the predsion,
threshold t, =(a, +c,)/2

Otherwise,  increasing a, to
a, =(a +c)/2 if (%— P)>e,
or deaeasing c,to ¢, =(a, +c,)/2 if
(P - %)>e, then go to Step2.1

with anew (a,,c,)
Step3: modifying histogram hs by Equation
(11) and setting next sub-space k=k+1.

6. Experiment Results

We present the results of applying the proposed
method to many kinds of images. Two o the original
images and their histograms are presented in Figure 1.
The sizes of the images Ball and Model are 392x432
and 277x574respedively. Both are quantified to 256
gray levels (8hits).

Figure 2 shows the thresholded images with two-,
three and five-levels. We @n see that the image
qualiti eswith multi -level s are much better than the one
with two levels.

The results of five forms of conditiona probabiliti es
applied to the images Ball in threelevelsare shown in
Figure 3. The five thresholds obtained by these five
forms are quite different. The two thresholds in the
Linear form (90,137) are quite different from the two
thresholds in the Smple form (102 124). This means
the number of pixes in the midde sub-space by the
Linear form is much bigger than that by the Smple
form. Unlike two-level thresholding method used in
[5], the five forms are not obvioudy different for
higher level thresholding. Based on this experiment,
when K>5, the ohjedive resultsare quite simil ar.
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Table 1. Thresholds and Parameters a and ¢
Two- Threeleve Five-level
level
t ty t t; t 3 4
Images| (ac) (a,€1) (a2,C2) (a,c1) (a2,C2) (83,C3) (24,,C4)
106 90 137 77 98 118 157
Ball (17,195 | (45136 (23045 | (52102 | (56,14) (181,56) | (193122
158 126 221 73 141 195 235
Modd | (61,255 | (50,203 | (246197 | (13134 | (33249 | (249141 | (250220
Histogram
0«:» 50 100 150 200 250 300
(b) Model iido gram

Figure 1. Original images
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Figure 2 Thresholding imagesin Linear form

Linear (90,137 Concave (89,135 Convex (102135

S-function (95,144 Simple (102124)

Figue3 Fiveformsof Pigat threelevelswith two thresholds (t;, t2)




